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Abstract.  The goel of  thls peper 1s to develop ful ther the theory of
skev polynonial  r lngs over dlvlsdon rhgs, uslng âs our EaiD tcols lhe
nol lons of lnvâlIant snd seE1-Lnvariant polynoEials.  Tbese tot lons
erise natu!âl1y r 'hen one lr les to sludy lhe alSebraic conjuBecy clâsses
(ln e 6ultôly Seneral lzed seosq) of the underly ing di l , l .s loo !148.
A substant let  pa.t  of  our effol l  v111 âIso be devoled !o the 1Âves!1-
gat ion of the propert les ând the charecter lzât1ons of algebrslc deri-
vat iors,  algebraic endonorphisos'  ând their  respecÈlve blnlEal Poly-
noùiâ1s. thls lnvesl lgat1on 1s iÀâde posslble by the dlscovely of
the relat lonship be!çeen polynoûlal  equat loûs and dl f ferenl ial  equa-
t ions, eod the relat lonshlp betueen polynoEial  dependeoce eôd l iBear
dependence. Appl lca! lons of these results !o the study of non-coD.ùu_
tât ive l l i lbert  go-type theolehs l r i11 be pleselt ted 1! l  a torthcoûing
vork LLL, J ,

è1 Inrrâ.1! ! . r ,1^h

Let K be a divlsloD ring equlpped sith a glven endoEorphisb

S: K-) N. By an S-3g5!:gg!g on K, te Eean an addlllve ùap

D :  K--- t  K ul th the property thet  D(ab) -  S(a)D(b) + D(a)b for  at l

a,  b € K. For a giveo lndelerûlnate t ,  Iet  R = X[I ,S,O] deÈote

the skew polyDoDiâl  r1ûg l r l th respect ro the t r ip le (R,S,D),  consist ln8

of aI1 left polynoolels I art l  (ar€ K) rrhich âre adate.l  la rhe

(*)supported ln part  by N.S.F.



usual way end bult lpl led sccordlng to the lule ta - S(a)t + D(Â) for

erty a € K. Thl.s defû1tion of 6keu pol)'roolal rlDgs vas flrst lntro-

duceal by ore fol, rho cootfnea eall leE 1deâE of Hllbert ( ln tbe case

D - O) ând Schlessl.rter (Ln the case S - I). Ore 1ay a fLrD fourda-

t lon fôr the study of R - f [ t ,S,O] by establtshlng rhe unique facror-

lzation property of *, sod uslng this, he studled, aDong other things,

the probleE of f lDdlng the greatest cooDoD dlvisots aod the leêst .! ,  :
comon EUlÈlples of pairs of skelr polynodtals. Ever slDêe the eppear-

aflêe of orets fundaneûlal p.pe. [o], the skerr polyûonJ.al i lûgs

f[t,S,O] {aaa thelr gereral lzatforr") fr. . , .  played an loportarr! ro1è

ln tron-cor@utatlve r lng theory. Àbout 15 years after orers paper

appeared, âl l tsur LÂl aâde a basic contribution to the study of
l

KlLt,S,DJ by provi .sg a generel izat lor of  a cheore' t  on l inear dl f feren-

t laI  equat{ons in a purely algebralc sett lng. Through thls paper of

.A.Eitsur,  the lnteresr ln8 role played by the so-calLed algebralc deriva-

t loDs (D is cal1ed algebraic i f  l t  sat lsf ies a ronic equât lon

f  " ro '  
= O over X) câEe ro l ishr.  In f ,a, ' ] ,  e.nrts, l r  arso

6tudied, ln the speclal  case irheû S = I ,  the structure of the 2:sided

1deâIs 1n KLt,S,DJ; this l rork has been recent ly extendêd to lhe

seDeral case by cauchon lcJ and Lenonnrer lr,"oJ (s.e arso [ca]).

Our present work 1s, 1n ùlaûy wâys, a cont lnuat ion of the l rork

on skew polynoEial .  r lngs ci ted ebove. The poiDt of deperture is the

lnt!oduct lon of the not lon of . revâluaclon' .  of  6kes polynoElals f€ R

on the corrstanls a € K. Surpr is ingly,  the.discovery of  the r ight



J

defiol l lon of f(a) ca-Ee iather latê ln the gaDe: t lro Pert lDeot

references are LSEJ âDd LLeJ' but eveD 1n tbese refereûces, the fact

that f(E) aEoulrts to the levaluatloûrr of f  et a r.es ooÈ exPl'1clt ly

polnted out. IE LLL1J '  
we recÈlf ied tbls by talt lat ldg the rrotatlon

f(a) for €valuâtionr aûd proved the al l_irPortaDt Product Theoreo

pr,, ,  tz.zl]  for the evaluatloû of a product of tr.o Polynoùlels at

e € K, Thts ûotion of the evâLuallots of PolynoEials at coûstêntsl

enabled us to 8elrere1lze the theory of VsnderEonde aod Wlonskian

Dalrices to the Don-co@utative sett lng, as fn f l l tJ.

Ihe bâ1D goal of the preseût paper is to 6tudy the algeblalc

conjugacy clâsses in a dlvislon ring K equlpped ûtth (S,D). ( l .re

shal l  of te;  ! ' r { !e (K,s,D) to Fefe!  to lh ls set t ing.)  Recal ]  f loo

ftt , ]  thâ! t iro eleoenls a, b € K are sali l  to be (s,D) -ggj-C89!g

tf 1h"." 
"*trts 

an eIeDeDt c € K" such that b = ac :- s(c)ac-1 +

- lD(c)c - .  (S,D)-conjugacy being an equlvâlence Îe1a! lon,  l re shâI1

.  , ' rS.D,.  r  c! 'n i te 4""(^,  ,= . [  a '  :  c € K 
J 

for  the (S,D)-coDju8acy clâss

deÈetulnêd by â. this cless 1s said to bè (S,D)-4lggbg!q (or

algeblalc for 6hort)  l f  there ls a nonzero f  € R ehich vaDishes on

al1 of  A- ' - (a) .  The (unique) oonlc f  of  lhe least  degree ei th

this property is sal i l  to be the nininal  polvnoEial  of  4s 'Dtr) .

Such e polynoniâl  f  Is alsays r ieht invat iant,  in the sense tha!

f-Rç R.f .  Iherefore,  the study of  a lgebraic coûjugacy c1âsses is

closely t led to the study of r ighr invariaûÈ polynoniâls,  which is,

1n turn, t led to lhe study of the 2-s1ded ideâl structure of R.
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thls paper 1s or8atlzed e6 fol lolts. In !2, te f lrst study ! lgh!

{nvarlant polynoElal6 lt R' alot8 irith the rl8ht 6€d-lDverlant Poly-

troel.âls. ( l , le 6ay that g € R tE ËlE!! 6e.lL-l .nvarlap! l f  g.Kg K.g.)

l 'e recall  Cauchoars tesult ou the clesslf lcaÈlon of r ight lnvarlent

polynolt lals, and obtâ1n (1n the speciâ1 case uheD s ls eD autoùot-

phlsE) a pÂral1e1 result oa the classlf icatlon of r l8ht 6en1-lnvarlant

polynooials. fn $3, we study Leûonnierrs noilolr of quesl-algebr:alè

dellElQqq, aûd cherecteriz€ in dlfferent ways the le3st posslble

degree of lhe non-constant r  lght . ,  seûi- l .nvartant pol t 'noeiâls (1f thet

exist) .  In !4,  we f lx ou! at teDl lon on e s ingle (S,D)-conjugacy

class AS'D(") 
"oa 

stui ly Èhe I 'polynoolâ1 depeni lerce" (o! P- i lepend-

ence) anong .eleoents of 7ts'D1a). rt  rurns our thât the p-dependence

aoong elenents of At 'o (r)

of elel leûts of K vierred Âs a r j ,gh! veclot Epace over the divlsion

subr ing c" ' - (a)  : -  {oJt  Ut c € K :  a '  = at .  This facr ts mos!

succintly expressecl by saylng that there is â one-one colrespondeoce

is  "conrrol led" bv the l1near dependence

betçeen the l -a! !Lce of  nful l i  (S,D)-alBeb!aic Eubsets o1 [S'D1";

the 1âtt lce of f ln i !e dlEensional r lght cS'D1";- .ubspaces of l (

Theoreo 4.5).  Ihl .s one-one correspondence ls essent iâl ly given by

the proces s of  "exponent lat ion".

In !5 (r 'h ich is perhaps the heart  of  rhis pape!),  ve rake up

in eârnest rhe study of  the (S,D)-algebralc conjugacy clâsses 1n K.

These classes are chalacter ized in var ious vays, ard Èhei!  olnioal

polynoaials ale l lnked to the r inibal  polynonials of certaln algeb!aic

ând
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de! lva!1oûs. lh ls t le bêt l .eeD the tso klDds of El t l_ laI  PolyûôElals

{s Eâde posslble bt ProPoslt loD 5.8 rrhtch êBtebl.Ehes lhe be31c tê1a-

tlorshlp betr.eê! polyDoElel equati.ons end dlffeledtl:l equlrtloDs '

ooe easll t  atâteal tê6ult ls Corol lery (5.12) shlcb 
'ays 

that R has

at least one (s.D)-3lgg!:31e class lff D 1s the s!@ of all lnner

S-delj.vatlon and- an eLgebla1c S-!g:1*tlo". ADoût the Dany

r€@lf lcat loos of ou! tesults cherâcter lz l î8 the (S' !)-algebralc 
'

c lassês, one f l t lds an interest lng relat loÂshlP beleeen such c1âsses

strd the not loû of pr lol l lve r i [8s: by colol lary 5.23, R ls a lef t

prf t l i t lve r lns unless e1l (S,D)-coniugacY classes are algebrâ1c.

Îoçard the eôd of the pape!,  i le analyze the algebreic clesses of K

accordlng as 5 1s an autooorphlsE of f iû l le lnner ordet or otheir is€.

In the Iât ter case, l te shor. t  thât there ls a! nost oÀe (S,D)-al8eb!aic

cless ( lheoleû (5.25)),  çh1Ie {n the forEe! cese, l re shdt thal '  s i lh

possibly one excèpl ion, the einftal  polynct lels of the algebtaic

classes are scâ1ar Dult lp les ôf centtal  polyûoEials,  and their  de8lees

are al l  dlv is ible by the Lnner older of S ( fheord (5.28)).  Iurther

!esul ts on the èr l ter ia for  an (S,D)-conjùgacy class to be-elgebrelc,

and foE two elen€nts ln K to be (S 
'D)-cof lJugete 

(Proved by using

a certaln "coDposlte Funct ion TheoleE") si l . t  be presented ln a for lh-

coornS l torK LLL2J.

Slnce thls paper Is larBely a cont lnuat ion of our êârl1er sork

and lLLrJ, the norâcions and terotnology In these two papers

I be used rather freely.  I lo lrever,  the cruclel  def inl t ions ate

[ ' ]
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recal led fo!  the coûveûlênce of the teâde! {henever Pos8lble'  the

ateflnitlon of the evaluÂtlon of e Pollrncralal f €- R !l e € R {Ê

ûeecled ol l ly to the extenÈ that f (e) 1s tbe uDlque coûstatt  c such

thât f( t )€ R'( t-s) + c.  l ' lheleas this 1s Do doubt the bes! coDceptual

say to nndetstaoi l  ! (a)r  se noula be reol6s l f  te do Dot beÉtloD at

leasr once the ùcoDputat loDal" def l ' i t l t lon of f (a):  l f  f ( t )  -  t  bi t l ,

rhen f(a) t .  !  Ur lr t") ,  vhere the Na rs are def lûed lnduct lvely

by:  No(a) -  l ,  Nr*,  (a)  
-  s(Ni(s))a + D(N1(s)) .  Note'  hoçev€! '  Èhat

these forûulas apply oûly to the evaluat lon of f  on conslants '

An expression such es t (D) (resP. f (S))  6het1 s l i l l  beve l ts usual

lé{
Èeâning, DaEely,  1t  stends for the oPerator > blD^ ( !esP. à bls-) '

Tne t t in iûal  pblynoûlal  of  D ( ln case D is alEebraic) ls lhe :aonlc

polynoolal  f  € R of !hè least de8lee such thât f (D) -  0 (ând

siûl1ar1y fo!  S).

Often, rJe shal l  hâ\re occesion to sPecial jze to the case S = I

(resp. the case D È O). ht len ! ,e do thls '  ve shel l  droP S (resP' D)

f !o! i  our noÈatl .ots.  Thus'  r le 6he11 vr i te x[ t 'o]  to .ea" x[ t ' , r ,0] ,

aaal r . , r l te x[ t ,s]  to oean x[t ,s,o].  rhe sâne conveDtlons i r l ]1 also

apply ro l1""(e) end c" ' - (a) .  lo eny case'  the abbreviated

Dotal ions shal l  always be clea! f loo lhe context.

l le eish to theûk Professor S. ADltsur for Poit t io8 out to us

thât his theoreE on l lneat di f ferent lat  equat lons fr  Ie]  c."  u.

proved by using tbe Detsi ty theore-[ .  ou! Preseûtat ions ln lhe second

hâff  of  ç5 hâve taken hls lnstghtful  corDoerts into account.



!2,  Invartant snd SeEl- lnvarlânl  PolyDoElâls

Ia thl8 begl.nDlDg sect lonr ee rhal l  lDt loduce tbe tot l 'ons of

lLght lEvarlant 8nd rldti 6etul-lDvatlânt polyooofafs atcl dt6crts6 thelr

basic plopert les Ând charac te r i2at loÂs. Î t€ lEPortal t  to1e6 pleted by

these taro k1od3.of pol t ' f loElels e111 be cleeE 1d the later 6ect1oûs shen

ee Èake up the study of s lgebralê conjugacy classes l ,û dlvis lon l l t rgs.

Thloughout thls 5ec!1on (end 1n facl  the ehole PePer),  ee."",-"  th"t

the data (K,S,D) are glven aûd f ixèd, l rhere K ls e divls loI l  l iDg,

s ls an enclot lorphlsû of K'  and D ls an S-dèrlvât lon on K. We

shalt  a1eâys wrl te R for the assoclated skes PolyDoE.1al r iog

*
x[r ,s,D],  a 'd ! ' r i te K fo!  lhe Dul t ip l icat lve group K\{0} of  K'

Def ln i t ion 2.1.  À polynoEial .

f .R ç R.f .  (Thls Eeens thet

of R.) A polyoooial  g(t)€ R ls cal1ed r ight seEi- lnvâriânt l f

g.Ke K.g.  lef !  lnva!1ân! and lef t  6eoi- lnvar iant  Polynot l ia ls a!e

def ined analogously.

The tero "r ight lnvaÈ1ant" ls falr ly stsndard in r ing theoq_.

our choice of the nes terE "r lght seml- lnvarlaJl t"  ls based on the

fol lor7iDg rât ionale: Since R 1s generated as e !1og by R and t ,

iÈ fol lous lhat f  é R 1s l ight invarlânl  l f f  f  is r18h! sel t i_ lnvar-

ian! aJld 1n addit ion f . !  g R.f .  this says thâ! r igh! seûl-1nvâriance

aEounts to "half"  of  the condit lon for r18ht invariance. Àlso'  oote

that Èhe [onzero r iSht (seni-)  inverlent polynooiâ]s âre closed uj ldel

Eùlr ip l lcat lon,  so they forD â setr lgroup. In pârt icular,  1f  a€ K ,

- i ' f  ( t )  e R 1s cal led r ight lnvarlant i . f

rhe lef t  ldeel  R.f  ls  e 2-sided Ldeal



theD f  lE dght (6eb1-) l l lver lan! t f f  â. f  t6 r tght (ser l-)  lûvar-

Lan!.  Bêcause of thls,  Lt  ls BèDerel l .y 6uff tc ient tô foc!-6 ou! 6tudy

of r tght (6eE1-) taverlànt polyBoBiel6 on the lonlc oDes.

Lema 2.2. For a l lot lc polynoola!.  g(t)  
- deSree D,

(2) 8(t)c -  S"(c)g(t)  for  every c € K;

- .q(3) s ' (c)a ' |  -  à ei f ; (c)  for  everv J elg S:: : l  .  ex,

the folLosiDg are equivalert :

(t) g ts r l8ht éeol-If |vârlant;

+
1,

,

Ë

! 'her€ tbe

oo"." to. .  { f . r t }  are def ined as ar rhe besinning of  qz ot  prr l

Proof. (1)(#(2) fol loÛs by observlûg rhar, as â left polynonlal,

the leadlng càeff tc leat  ot  g( t )c;  ls  Sn(c).  (2)( :+(3) fouows

by conpar lng the coeff lc ienrs of  sn(c)g(t)  s i rh those of

J
alt -c

i

", f r i<"r

/+ -1. . \\ f i  " i " t" , ,7

r j

'i
Q. E. D.

NoÈe that ! f

gular Dat l ix l rhose

the condit lon (3)

Ârr*r{") d"r,oa", the (n+l)X (n+I) lolter rr lan-

( i , i ) -eûrry i "  r l : i ( " )  (cr .  [LL1: (6.8)]  ) ,  rhen

above can be expressed 6uccint ly in the Eatr ix forEl

. ' .  ,  " r , )  A*r{")  -  snç"1{ro,  â1,  . , .  ,  sn)(ao, â1,

Thls says that (â

'" t . i*  2\  n. ,  {")

or 
a1r . . .  r  arr)

çi th "eigenvâIuer '

ls a lef t  "eigenvector" for the
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I r  the c1e6slca1 csse (S, D) -  
( I ,0),  eè rec tDeedlalel l '  thât

the rl.Bht l.ÀverLart end rt8ht aeùl-l.ûveriânt polyDdiêls are lust the

po1yDoEl.a16 of  the fore s.àai t - ,  rhere a€ R aad al l  at 's  beloDg

to the centè! Z(R) of K. I t t  o!de! to eet s good petspect lve oo the

geDeral cese, !e 6hâI1 sork out belos the classes of r lght lavartaÂt

eod right 6eE1-l.ovsrlânt polydodlal6 LÂ the cases !ùeo D - 0 aud rr'hen

S '  I .  ThronShout thls paper,  l re shal1 rr l l te Iâ for the lEûer âuto!

- t*nolphislr  xr--- '  axa - ôf l  K assoclated gi th a€ E, Also, l te 6ha11

- - , - -  , ,s (- - , ,  
- , ,  - \  .  ^ lL ' r l re K - ty€K: s(y)  -yJ 

-d 
Xn- 1y€x: D(y) -0J.

Proposi t lon 2.3.  Assume lhâr D -  0,  and let  f ( ! )

be Eonic of de8ree n. then

(I) f  ls r lght 6ept-lnvariatrq 1ff,  fo! eoy J

çe have S". I  oSJ.
J

e. I  0,

n

'2-
{- -

ert-  € KL!,sJ

6uch thar

(2) f  ! :  r lght lnvarlânt l f f  f

in âddir ion a.  € RS for at t

6at isf les the coodl!1on above and

Proof. (1) Slnce D = O, r,e have f i  = O 
"fr".r"r,"t 

1> j.  rhus, the

coni l i t lor  fn Q.2)(2) 6idpl i f les to Sn(c)a,  -  , j t j ( " )  (Vc € r) .

I f  â.  I  0,  lh1s æounts to

s"(")  -  " .s jc.)ulr  -  ( r"  "  sJ)r" l  (Vc É K),
I  I  

' " t

1.e.  Sn .  I  o SJ. ( tooa..  t te cannor re! ' r i !e th is 
" .  

So- j  -  t
" i  " j

1n general . ,  s lnce S ls ûot assroed !o be an autcEorphlso. In lhe

case r jheo S 1s ân autoEorphisa, ue can plove a buc.h Dole plecls€

resul t :  see (2.12) belol ' . )



( t+c) f ( t )  '

the condit lors on c. ere

If  c * 0,  1t  fol lo! 's by

fhls 1s ûot the câse âs

lhe condlt tons above bol l

(2) t te need to trol t  ouÈ here thè coÀdit ioÀ fo! f ( t ) t  € R.f( t) ,  t .e.

for f (r) t  to be êqual to ( t+c)f( t)  for eooe c € R. sioce

a"t t  *  I  (s(ar-r)  + car) t l+ cao,

rhat al - s(e1) + cei+l (0<1<û), snd cao-o.

irductlor oD 1 that all aa rs are zero.

an = l .  lberefote, ve Dust have c '  0 anil  "

atown to el€ KS for a1l- t .  q.E.D.

Proposit lon 2.4. AssrEe that
=:= S -  I  aûd 1et f ( t ) a.t-€ K l t ,D l

be Ùlonic of degree û. fhen

(1) f( t )  Ls r ight 6eni-1nvàrlant

for âI1 c€ K and al l  J )  ôr

(2) f( t )  ls r lshr lnvariânr 1ff  f

ênd in addi t lon a.  € fç for  a l l

belongs !o t f re center of x[ t ,o]  .

aaD- '  (c)

D

-z

è rrr
?-\r)

fhus the coDdlt lon h

(2) Âgâin, l re need to

equal  ro ( t+c)f( t )

_-L
' l

(2.2) (2)

lrork out

fol  sooe

1t+.y r  1t ;  = t"+r

1rt

sat{sf  les the coodi t lon above

l .  Such a polynorial in fac!

borrs dor^'n t. / | ' l pi- j tuÊ r > l.
\ l /

sLnpli f les to the one ln (I).

here the condl t loD foE f( t ) t  lo be

c € K. Slnce

n
+ Z ( . ._,  + ca{ + Dâ{)  t^  + (ca_+Da_),

ca.+Da.=0 for 0<i<n. Since

and Da. - 0 for aII 1. We have
L

f ( t )c = cf( t )  êIso,  f ( t )  belongs to

Q. E. D.

the condit ions on c

ân = I ,  this anouots

. I .â-  f r l r \ r  = r f l r \

rne cenrer o!  K LÈ,uJ

are thât

to c=0

and slnce



By the above, i re exPect thât there ex16t

senl-tnvallaût Polynodials ehlch ale not ll8ht

recôEd 6o6e 6uch exaEPles be1ou.

Exanples 2,5.

(e) Let D . O, a;d 1el s be an autoùorPhlso of older 2' The[ by

(2.3), tz+a ls r lgh! semi-ltrvatiant for any a € Z(K)' but 6uch â,

polynoll ial 1s r lSht lDvaliant only Lf our e 16 elso f lxed by s'

(b) Le! S . I ,  D be a dellvatlot l , i lh D-' 0' and assÙ.oe thet

cher K = 2,  Then by (2.4) (ot  by an exPlLcl t  câ1culat lo") ,  t2+a is

right seml-invarlant fo! any e € Z(K), but such 2 PolynoElal ls r iBhc

invariant only 1f our a 1s also a constâDt of D.

. .
The fâct tha! l te heve !o ! 'ork l { l th quadrat ic PolynoEials above

has â good reason. 1n fact,  the lesult  below sho! 's that,  1n lhe l lnea!

case, "r iBht lnvariance" and "!18h1 6esi- iDva! iaDce" becoEe sytot l )-nous

Elegtlg_Ll: Hele, l re delermlne, 1I I  the geoerel  (S,D)-set! in8'  aLl  the

r lght tnvariânt and r lght sedi- lnvarlant PolyDonials.rhe (Boolc) 4n9e!

Dart exaEPle6 of l lght

hvsLant. Let us Eolt

l ( .  Then the fol lo l1!8 ele equivâ1ent:

." .  Wr< l (  I

Let f ( ! ) - ! -b,

(3) b€ z- ' - (K) :=

ghere b €

invârlant i

sasi  -1nvar

1a€ K:

We need otr ly

inva! iant .  lhen,

16 r l8b t  seEi-
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.  s(c)( t  -  b)  -  
( t  -

Thus, -S(c)b ' D(c) - bc end

t.e. b € zs'D(K). N- ."",rt.

arSuDerlt,  r.e see that f(t) Is

aho!'hg that (t - b)t € R'(È -

b + O. FroD the equatlon bb -

and so D(b) = brb for  br '  b

holds for b - 0. fhus 
'  

In eDY

b)c's(c) t+D(c)-bc.

hence b -  s(c)bc- l+ D(c)c- l  -  bc,

b € zr 'r '(R). By reversln8 the sbove

rlght seoi-1Dvarlaût. l fe f in16h by

b). Assr@e, fo! the r(ûelttr that

b,  ! 'e hâve s(b)bb -  + D(b)b -  '  b ' t

-  S(b).  Of coutse, D(b) '  brb also

(t  -  b) t  =

so t  -  b 1s,  1n fact ,  r i8ht  invar iant ,

.2 -  ls tu)  + br)r  + b 'b -  D(b)

12 -  (s(b)r  + D(b))  -  bt(r  -  b)

t ( t  -  b)  j : .b ' ( t  -  b)

( t  -  b ' ) ( t  -  b)€ R.( t  -  b) '

I . le hâve observed ear l ier  that ,  1f

both r lght (sedi-)  inval iaotr  theo so is

S 1q aû 3!l!9g9lt!bg of K, tje can Prove

as in peEt (3) of  the fo l lowing lesul t .

!!_9t_9-:i!!!!__Ll-. Let s € Au!(K)' rhen

(1) f ( t )  € R is r lght (senl-)  lDvârlaût

.1
lnvar iânt  (cf .  Lco' :  pD.296-291)) ;

(2)  - I !  f  ls  r lsh!  invar lant ,  l !S!  R' f

6enl-1ovârlant 
'  

theo K'f = f 'K.

Q. E.D.

s ( t )  and h(t)  ln

g(t)h(t) .  ln the

soBe varlat ions of

lef t  (sel ! i - )

R are

this Iact ,

l f f  f  is

= f 'R ;  1!  f  ls  r lghr



(3) l :e!  f ( t )  -  s( t )h( t )

J!g-q I (t) ts rlght

I  0 ln R be riSht

(se$t-) trvarlsnt l f f

(6eoI-)  lnval lant .

h ( t )  lB.

qr!q!, (1) 8y By@etry, Lt- ls Buff iclent to prove the 'rooly l f" Parts.

A6s!ûe f  ls r lgh! lnvarlant.  For aDy p(t)  € R, ee cân \ . ! l te

p(r) f ( r )  -  f ( r ) i ( t )  + r(r)  for  sooe q(t) ,  r ( t )  € R such rhat

deg r( t ) (  deg f( t ) .  (Th1s Ls posslble s lEce s 1s sssuDed to bF aû

autonorphlsu.)  s lnce f  ls  r lght  lnvar lent ,  f ( ! )q( t )  -  q ' ( t ) i ( t )

for  sooe q'  € R. Thus, (p(t)  -  q ' ( t ) ) f ( t )  -  r ( i ) .  By degree consi-

derât ion,  th ls l -np1les that  q ' ( t )  
-  

p( t )  a l ld ! ( t )  -  0,  and so

p(t) f ( t )  -  f ( t )q( l )  € f ( t ) 'R,  1.e.  f ( t )  1s lef l  lnvar lant '  l f

f ( t )  is  r ight  6eû1- lDvat iant ,  the sâEe arguûent for  p( t )

shous tha! f  1s also lef t  s6{- inva!1ant.

â scaler

(2) Thls ls alreedy cover€d by the ar8u.Eent above,

(3) Asstue f( t )  and h(t)  are both !1ght i rvar lant .  then, for  any

r/r)  4 R nh -  hnr fôr  .n."  r r  r  n a. in.ê h {ç ,1cô lêfr  ln lar-

iâ!r t ) .  lhus,  gph = ghpr -  tp '  = p" f  for  sobe prrÉ R, stnce f  ls

r ight lDvarlânÈ. Cancel l ing h on the !1ght,  çe have gi  = prr 8 .

Since p C R 1s arbi t !âry,  thls shor.rs tha! I  ls r lgh! lnvarlan!.

Sini lar ly,  1f  f ( t )  and e(t)  are bolh r i8ht lnvarlant,  i 'e can sho!,

lhat h(t)  ls also r igh! iDval iant.  Ihe arguEeols for the case of

6elt i - lnverlaoce are aloost the saoe as lhose glven above; ve sha11

therefore leave the' l  to the reader.

fn [C],  Cauctron has deÈer-Eined the st lucture of ihe r lBht lnvar-

iant  polynoBials in R -  K[ I ,S,D],  general lz ing ear l ler  ! 'ork of



eraftsur [el {tr the case s _ I.  Fôr the cotvenlence of the reade!'

se 6ha11 recell  Cauchonre result '  ehlch rt l1 be exPlolted 1n !5'

Ceuchonrs lesult bol i ls Dore g€nera1ly for ety attLuLaa 5LtP1ê rlog K'

but ee 6hall  ot ly be concerûed !t1th the case vhen K ls â dlvlsLon

llng here. lnothet Pert l$eot lefe! 'ence fo! the teEult Uefo" fs [Ca]'

ftjg:ÊL?:g. (câuchon) !9g q(t) be a (Doûic) lonconslent rlsh! 
!

lnvarlanÈ poh'nodlal of the leas! deqiee (1f l t  exlsts) '  Then anv

llght lnvariant polvnoinlal l .n R has the forD c('h(t)q(È)r $g!9.

ê{ € K, t  > o g!À h(t)  ls  g DolvnooiâI  in z(R) '  ! !9 center of  R'

Holeover, 1et ho(t) be g !9n!9!.:jgg9 DolïtloElel 1û z(R) of the

leas! desree ql l  l t  exists); then ho(r) = À' q(l)s lgf -grqg ) '  € K*

e$. "  
> 1,  ând z(R) = z(K)s,D[h;( t ) ] ,here Z (K) 5,e 

= z(K) f l  xsf t  5 '

Proopred by thls result ,  ! 'e shel1 l ry to deterûine also thê

slructure of el1 r lght seEi-tnvarlalrÈ PolFoolâls lû R' 0u! nethods

belov ! ,111 lead to such a coBPlete deterninat lon 1û the case vhen s

ls an autoûolPhisB of K'  (The cese whet S is not an autoÉolphlsE

seems to be Duch oote di f f lcul ! ,  and vl l '1 not be atte$Pted here')

Ihe f i lsË 6tep in thls analysis ls Èhe fol lo lJ lng'

ProDosl t ion 2.9.  AssL@e S € Aut(K) '  end let
=-

coûstant r l8ht senl- iovariant polynonlal  in R of the leest degree

(l f  1t  exists).  Then any l lghÈ sedl-1nvarlânt PolyûoElal  f (È) ] i : :

ln x[n(t) ]  = 
{  f " rnf t l l  :  . ,  e rJ ( !he subr lng of  R senerated

by R ând p(t)) .  1.3 ParÈicular,  deg f  ùus!  be â nul t ip le of  deg

p(r) !9g (noni.c) non-

P.
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Proof.  Le!  deg p(t)  '  E > 0 snd deB f( t )  '  D'

Proposlt lot by lDducÈlol! on ûr the case D - 0

o )  0,  vr l te f ( t )  -  q( l )P(t)  + r( t ) '  shere deg

Let c € R. AssuDlng irlthout Loss of geÂeEa11tt

have f( t )c -  5n1c1t1t1 for  eny c € K, aôd so

B) deglee coûsLde!at ion '

He thall Prove the

belDg c1ear.  lor

r ( r )  < û (o!  1( l )=o)

that f  ls Doolcr ee

5"1"1q1t)p(t)  + so(") t ( t )  -  q( t )P(t)c + ! ( t )c

-  q ( t )  sE(c) P(t)  + r( t )c.

T.aîspo6it iot l  Ylelds

(*)  ! ( r )c -  sn(c)r( ! )

(  **)  q(r)sn(c) = sn1.;q1t)

p(r)  -  ! ( t )c -  sn(c)r( t ) .

aod

Replâcing c by S-E(c) ( lhe fact  tha!  S € Aul(K) is needed here) '

(**)  shoes lhâl  q( t ) 'Kç K'q(t) '  1.e.  q( t )  ls  r iSht seni- lnvâr iant  '

using the lnduct lve htPothesls,  l ,e have then q(t)  € K[P(l) ]  '  Fron (*) '

ue see âIso Èha! r( t )  Is r iEht seùi-Lnver lant '  Slnce deg !( t )< 'E '

. ( t )  tust then be s constant '  Thus'  !7e have

f ( t )  -  q( t )p( ! )  +r( t )€ K[p(t) ] .p( t )  +K ç ( [p( t ) ] .  a 'E'D'

f.!q!:-l!ign ?-:-19' Assune that lhe above p ( t ) exis ts (but l ro!  âsst!1-

lns S !o be an autooorphish).  I Ig!  p(t)  l t  ! ! i l !g ! l  !o aIt  addit ive

Is"t")  c {")  -  q(!)s3(ct

constent.  Ho!€over '  .191 a e xt ,  P(t)  + a ls r ight  seEl- lnvar iânt
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r  I  (ehere r t  -  deC p).  In psr l lcula! ,  p( t )  16 unlque

1s Dot en Lnner sutooorDhl,so.

rygg!. Suppose pr(t) 16 aDother csDil ldatè.

froû rùhlch rJe 6ee easlly that pr(t) - p(t)

l terefore,  p ' ( t )  -  p( t )  -  a e f .  ror  P(t)

âctual. ly r lght 6eE1-1.ûvarlant, ne leed

lbeû deg P' '  deg P -

is r lght 6eE1-lnva!1aot.

+a (a€K) to be

S'(c)(P(t)  + a) -  (P(t)  + e)c

- sE(c)(p(r)  + s)  + (ac -  sE(c)a)

for al l  c € R, i .e. So1c1 - "..-1. 
Thus lbe Decessary

cient condit lon ls that sE - Ia . The last stateûeot of

noç fol loçs lEDediately frol l  thlq'.- Q.E.D.

TheoreD 2.11. Assune s€Aut(K),  and 1et p(t)  !S3 (g9q!)  non-

anil

the

suf i l -

Corol lary

l . Ie ale no!|  fu e posit ion to d€terDlne the sec of al l  l lghl  seEl-

lnvârlant pol tnoEial .s 1o R, ln case S ls an auloDorphisn. Lel t inB

Inn(K) denote lhe group of lnner âutoDorphisos of R, the older of S

ln Aut(K)/ Inn(R) 1s cal led tbe inner older of s.  I t  turns ou! the!

t t  is Èhis l rner order rrhlch holds the key to the Etruclure of the set

of r lght senl- lnvârlant polyûooials.

cons tant t lght s eni-1nvâ!1ent Dolvnooial  ln R of the Ieast degree,

( I )  l l  S has lnf in i te inner order,  lben the r lsht seni- lDveriaot

polynoûials ln R are

a€K and r>0.

precisely lhose ot  the forn a.p(t)r  vhere
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LT
(2) !9! s be of f inite l .nner g,!.d-C-f. k, !3L s^'Iu (u€ K ).

I,et d - acd(k, E) !É E1!e L. - dkr r o - dnr. then thê !-18!-!. .9!9!-

lnvariant polvnoElals ln R are p5gg!99ll tbose of the foro

( r ) . . t  t  , r ( r -1) ' ' /k 'n1. ;1 ,
O< 1< r

t=r (aod kr)

g!-9!g a€ K, 6r ' I  9g!  € i€ z(() .

I I99:1. Let f ( t )  e R be a Eonic r lght 5eEl- lnvarlent Polynohlâ1-
, l r

B; (2.9)r  f ( t )  ls  expresslble ln the forE à aip(t)- '  e i th

n = deg f  -  ûr,  and en = 1. lhe r18ht sesi- lnvarlaoce condlt ion

f(r)c = sn(c)f( t )  ( !  c € K) not l  becc,oes

!  s '1"1.rpt t )1 = j 'a.p(t) lc = !  . rs ' l1"1p{t) l  ,

-  
i t

i .e.  sn(c)at  -  .1st1(.)  for  O S 1 < r .  Replactng c by s{ l (c) ,

th is ânounts to st-Él1c)aa -  a lc ( for  e l l  c € K).  Thelefore,  in

case (1),  a l l  a,  rs bust be zero for  1< r ,  enal  ve ge! f ( t )  = P(t)r .

conversely,  of  couise, al l  a.p(t)r  are r lght seDl- lnvaf laDt .  .  Noe

assurne çe are ln Cese (2),  al ld use the notet ions theie. Thelrr  çhenever

a. I  O, r 'e have S" - '  = I"  and therefore the lnner otdêr k of s
' -1

divides û-nl  -  o(r- t) ,  and so k '  dlv ides r-1'  l loreover,

-  -n-nl  -k 
(r-1)or/k '  

- ( r - i )n ' /k '-L 
=5 E5

a.
1-

/r-r  \n |  / t  I

lmpttes thar a,  = €ru" "* ' -  for  sooe Ei  € z(K).  Therefore,

f ( t )  hâs the forû (a) ( ' i i !h a -  1) .  Conversely,  conslder any



a.æand fl(t) - 6r,r(r-1)t '/k'n1t11 or

1 ! r (Dod kr) 6ûd €t € z(K). wrlttta

EL -  er  -  k jûr  ,  so for  ùy c€K!

(*)  t 'helc

r -1 -  k ' l ,

0 < t -< ! ,

re hâvê

f i ( t )c e, , r l " ' .  sd1";  p1t ; t

1 uJE'(s-k)JD'  (s"("))  p( t ) l

r, ,'J''. 1{'(s"(.) ) p(t)1

e, s"1") , , j t 'p( t ) l

s"{")  rr{ t )

1r fo l lo lJs that  any a. I  f , ( t )  as in ( , r )  ls  r lght  sesl- lnvâr lanr.'  -  1-

Q. E. D.

I t  ls uorÈhtrhl1e to record éire stoptest oânlfestat loo of the

theoree âbove, 1n the special  case uheD D - 0.  Note that h thls

câse we caô choose p(t)  = t .

ç9I9-fleq.L:l?. Assune that s € Aur (K) and D = 0.

( I )  l ] l  S has lnf1n1te inner order,  É9! " . . t  
(e € K, r  >

âre a1I the l isht 6eû1-invarlant polvnonlals 1n n = f [ t ,S],

(2) E! s be of f lo i te inner order k,  -gg-L Sk - I . .  .  &g!

r iÊht seal- lnverlent polvnooials 1! R g:9 precisel !  tbose of

0)

the

tbe

forû t .Zo 
"r,rj.t-kj , .ot..e a € K, co = 1, egq c. € z(K),



Quasl-algebraic

tt

derive t lons

tlte ûsterlsl l.! thê BecoDd batf of 52 cells to stteDtlon the

Logortatlt queEtLoûi W:hen does there exlst g (eoÉ, pon-coostant rlght

seûl-1.ûvarlant polynoolàl fn R . KF,S,D] ? Io order ro glve eD

ansçer to thls qwstion, ire !eca11 the fol loçLd8 defltr l t lorl  lrh1ch was

fl-rst lDtloduced tn the 1984 thes15 of B, Leooanlet f leu].

!gl-!&199_3.!. An S-derl.vetion D 1s called auasi-atsèbralc if
II

there exist  e-  € R vl th a.  -  I  such t f rar  J a.O1 fs
1-I  -

âD inneE deri .val ioo i ' l ' th respecr to lhe endooorphlsD Sn. (For lDstancer

any S-lÂner de!1vat1on ls quas i-a lgebraic ,  and so 1s sny algebralc

S-der1vat lon. )

I . l i th this def l l l l lon, çe baue t tre fot lol . {n8 ans! 'e!  to the quest lon

raised ât the be8lnnlng of thls sect lon, r l thout eny assunpt ions inposed

on s. The equlvalence (1)€:+(3) hereln ts i tue to Lenonnier f-Lent

- . , ,  r - .  -1 ' ) .

rh:glI l_:3. The foIlor ' lne âre equlvalenr for R - K[t,S,Dl :

(1) There exlsts â (ggg[) non-constan! r ight EeEl- lnval iant polynooial

!  n:

(2) fhere exists

e -16uch

(3) the :

3 polynoeiê1 e(.)-Ë'rrr€n oith n>l  ard

(*)

that  for3gI c€K:

g(t)c = s"(c)g(r)  (Eod R.r) :

is  quasl-algebralc.S-d€rlvat ion D
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Because of the lnt lLDslc ldtere6t of thls resultr lDd beceilse of

the fact that L€aoûnlelrs proof of (I)(==+(3) t6 Eot êssl ly âccê5s1b1e'

tre 6hall offe! a coûpletê 8da dlrect proof of the lheoletô beloe.

Ploof of  (3.2).  ( r )  +(2) 1s obvlou6 (see (2.2) (2)) .

(2) +(3), (r); iaÀs thâr 8(t)c 6od So(c)c(t) heve the saDe

constatrt terE rrhetr both are t.ritteD out es left PolFoElals. lterefofe,

going ltrrough thê proof of (2)€(3) for Le@a 2.2, we cao êtl l l

co[pare the conslant terûs, sDd theleby âscertÂln the cotrclusloû

(2.2)(3) foE I  = 0,  t .e.  ue' I l  have for al l  c € K :

(3.3)

for suitâbIe
o

gl t )  t= 2_

(3.4)

Replacing x

n-n
-n.  .  €a - t ,  .  €.  -1,  .5 (c iao = 

L a;orct  -  ?_ t ru 1"1.

ED (c) ({c6 K),

(3.3) holdrng

- 1.. Lét

by def int los, lhat D ls quasi-a18eb rai  c.

Suppose D Is quasl-algebrâ1c, say vl th

coûstaots ao, . . .  ,  ar ,  r ' l th D >1, an

ait-  € R. Then, fo!  any x€ K, i re have

_,,  
*  .oI  

, /  
(x) = s"(x)ao

. c e K),  ve ther l  have

c(D) (cx) = st1";st1"1.o -  s"(c)c(D) (*) .

e{o) {x) - (o_.

by cx (çheEe

Therefore,  we have en operetor equat ioo



c(D)c -  sD(c)s(D) (V"e x) ,

irhere the constaÂt6 are Èhought of e6 left Dtrltl.pll.cettor operators

on K. 1trl.6 equatlon holds h the LBage of the ratutel tLDg h@oEor-

phlsû

(3.6) e r r[t,s,o-l ------> End (K, + )

i rhlch sends t to D eDd Gerals the constants ln K to thetr leftr

Eul.t ipl lcetloo operâtots. I . Ie Dow go lnto the fol loutlg two cases.

Câse A. ker € - 0 (1.e. O ls not ê1gebre1c). Here, € 1s tnjecÈlve,

so the equatloD (3.5) pul1s bâck to a pol)mooial equatlon g(t)c =

S (c)g(t)  ln RLr,S,DJ, and heoce g(r)  ts l lghr s€d_lDvar lant.

Case B. ker € I  0 (1.e.  D i i ' .a lgebralc) .  Let  ker € -  R.h

(uslng the fact tha! R Is e left ! ID). Then, since ker € is a

2-sided 1deâl, h I 0 ls r lghr invalienr, in pârt lcu-lar r lghr seEi_

lnvârian!, q. E. D.

l {e have also the foLlowi[g suppledent to the theoren above.

I!-99:_eg_12. AssuEe that R has a (ooalc) uoo-constaat rlght seBi_

lnvariânt Dolynooiel.

(1) !S! P(t) be such a nopic polvnoEj.al of the leest degree,::. I  û.

(2) !g! p'(t) be a nonic nop-copstent polynoolal of rhe leasc i legree,

!3-y.  o '  ,  such rhar pt( t )c = s. ' ( . )p ' ( t )  (s lod R.r)  (  V c € r) ,

(3)  !g!  ao, . . . ,ar ,€ R !S such rhar n) 1,  a-  = 1,  gg{



,  vhere t  1s chosen to be as abal l  as

È . . , . t  .

that  B(t)  and p'( t )  sre in fecr r ight

o < È ând hence n< n'< D noç becoûe

r,e conclude furrher rhâr p(r)  = pr( t )  =

Câse B. ker € I 0. l{r i te ker 6 = X,lt  ehere h ls rhe ElntEaI

polynootel of the algebraic derivatlon D. For the polynonlal g(t),

reca1l that r. 'e have the operator equêrion

s(D)c -  sn(c) s(D) (cf .  (3.5) )

holdlng for every c € K. Li f t ln8 this equat lon back to

hoooBorphlsD €,rehave

uslng lhe

z
{-1

poss{ble; ]g! e(.) -

l trep ee have D - Dr - r,  p'(r), g(r) are both r lght 6et!1-1ûva11snt,

and p(t)  !  p ' ( t )  :  B(t)  (bod K).  Uoreover,

unless SE Ls s.t inoet eutoûotphl.so. If D

and S Ls an autooorphlsE, theo the degree of the ùir lpal polyaoola,l

for D ls aluays a sult lple of o.

Proof.  Froû the proof of (2) :à(3) i r  the rheoleo,we have n (  o ' ,

also n'(  E. As befole, i .e 6hal.L dlst lnguish the

cases dependlng oo the behavior of the hcDoEorphlsE É

aûd o! course

follo!'ing teo

in (3.6) :

Case A. ker é

a.Dl 
-  D

_sor S-

.  i . .

-  0.  Fron the lpul lback"

p(t)-pr(r)-r(r )

happeas to be elgebralc

arguDent useal befole, r?e see

seùl- lDvarlant.  fherefore

equal l t les.  By (2.10) ,

I  ( t )  (Dod K).

(3.  8) g(t)c -  sn(c)s(r)  .  cc(r)h(t) ,



çhere qc(t)  €

deg h> t ! .  I f

EOt Zero!  theot

R depenils olr c. Stûce h(t) ls !18ht lnvarlêÂt 
'

thele etclst6 a c € K Buch thet the LES above 16

fo! thls c '  ue gould heve

n >des (LËs) > des h(t)> û '

a contrai l lct lot .  thèrefore, tbe LHS of (3.8) ts zero for al l  cÉ K'

i .e.  I  1s !1ght 6€ol- lnvarlaot.  RepleclDg g by p' ,  ve see

slùl1ar ly that p '  Ls r lght 5 eEl- lnvarieDt.  Thelefore'  ee cat!  f1o1sh

the ârgr.cent ex:rct ly as ln Câse"A.

The uÂlqueness stateoent ln the Theolen t lo l '  fo l loçs f loo ProP'

(2.10).  In fâct ,  ue â!e f ree to chanBe any oae of  P(t) '  P ' ( t )  ând

B(t)  by en eddl l lve constaût ai€ K l f f  s-  = lâ .  Fheuy'  t f  D

1s algebreic (cesê B above),  l ts E1û18â1 PolynoEial  h(t) '  belng r iSht

1nvâriant,  r '111 be expressible as e ( lef t)  PolFontat ln P(t) ,  ln case

s is an autooorphlsl l  (see (2.9)).  I t  fo l lo l ts then lhat deg h ls

dlvis lble by deg p = E. Q.E.D.

CgI"fEgt_L€. Assume S 1s an âutobotphisE' that D ls algeb!aic

sl th g pinl-Eal polynonlsl  h of gl iEe deRree

end

a.

inner s-der ivat lon,  then no Dt + br-rDt- I  + . . .  +

cân be an inger s - -!eÊggg9g, âJld h(t) hâs the

:g lg::glC!r". riÊht 6 eol-lnvar j.an! polypoElals.

Proof.  Keeplng the

Since deg h -  ^/  
ls pr iùe anal

t -n-2,  l lh lch glves Èhe r l .o

f t .  (3.7),  ve have d€8 c ldeB h.

B - deg t l  I  1 '  ve nust have

de6lred conclusloDs. Q. E.D.

I f

b.D

least

D 1s not an

çIxh t 1 -t

desree aEonq

notat lons 1n
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Eavlng looked at condilloos for the eil'steDce of too-consÈant

rlght BeEl-lûvallant Pol)'noElals ' 
1t is ûattt!âl to loôk for condltloos

fo! the etclsteace of Âoû-constênt !18ht lûvarlant Po1FcD1a16 (i'e'

for the oon-61Ep11clty of R). There seeos to be 6'oe evldence for

tne tol.totJaaS

13.49)--q9!ls9e!g. R has a ton-constant tlsht tuvartant pol]'noûlal

lff !! has a non-constant rtRhÈ sel-lnvarlant pol.v' lorial ' Or 99Éy3-

Ient ly ( ln vlel t  of  th.  (3.2)) '  R 1s non-sl tûDle l f f  D ls quês1-

eleebraic.

(Needless to sây, the eelgh! of  the Conjecture ls In the

"1f"  part .  )

Host lenatkably,  Lel ionnLer has Proved the t iuth of thls Conjecture

in the cese l then S Is ar eutoEorPhlsE [ l . t ] .  nt fs lesult  has P!o-

vlded the strolrgest evidence fo! the Conjecture so far.  Recel l  also

(fron (2.6)) tha! i f  there is a l lnear t ight senl- i tvar iant Polynoniaf

f t  then f  busÈ be âutoDâtical ty r lght invarlân!.  Such a Polynooial_

f  exisrs 1f f  D ls an lnner s-aler ivat lon (cf .  fUr,  t : .a){ f ) ] ) :

ln this case, the ConJecture Ls, therefore, t r lv lâl1y true.

In !- te!r  of  Theoren (3.7),  l t  r ' lU be of lnËerest to Sive as Euch

LnforEal lon as posslbLe on "the" pol) 'noElaf P(t) ,  l f  l t  exlsEs. l le

shal l  conteo! outselvês here by deal lng l r t th the lwo key cases

(â) D = O, and (b) S = I .  In case (a),  r . 'e can Just take p(t)  = t

e id (3.7) glves ê11 the desiredl  infornat ion.  In case (b),  l te hawe



the fo1loç1ng fair ly preclse descrlpt lon of p(t) ,  largely lnspl led by

ldeas rn LA'J and ln LLHJ.

theoretl  3.11. (S = I) Let p(t1 = )aat1 be a ponic non-cotistant

rlght serol.-lnvarlant polvnonlel of the least desree, l3)L h. (gg jIg

âssunins thaÈ p(t) .  exlsts.) Then:

(1) D(ai)  -  0 19! I  -  1,2, . . . ,o,  erd D(ao) € z(K),
-k

(2) l !  char K = p > o,  Èsg p(t)  hâs the foro >

i
c_t '  + a-

rk t

the ceater of

)  c-Dr = D
1=o -

K.

vhere c.  e Z(K)n R- and D(a )  É Z(R).  Uoreover.

(3) If  char x = 0, 
-! !9L 

p(t) =. ' t  + âo e!9 D = D_,

Proof,  Since S = I ,  to say thât â polynomial ls r ight senL-invarlant

sinply nlears that 1t  comrutes t . , i th constanls (see(2.2)(2)).  To prove (1),

the crùcial  observat ion is thar ap(r)  -  p(t) t  coûnutes ç1th constanrs.

In fact ,  for  any c€ K,

[ tp( t )  -  p( t ) t ] c = tcp(t)  -

= ctP(t)  +

= .  [ rp1ty

n(c) )

-  p(È)ct  -  p ( t )  D(c)

p ( t )  (ct  +

D(c)p(t)

-  p( t ) t ]

(3.12)

On the other hand,

rp(t)  -  p( t ) r  = t ' t '  + 
"r_1r '+ 

(D(a'_t)+an_2)r ' -1 +, . . .

- t t l r - . , t t - . . . .
n_1

= I  ot . r l t l

has degree < n.  Thus, (by the Elnlnal  cholce of  D),  rp( t )  -  p( t ) r

nust be a constart  (naee1y, D(ao)) .  This Bives D(a.)  - -  O for !>/  I ,



ta

and (3,12) gives D(ao)€ z(X).

(2) By (2.4)( I ) ,  we have

A , . r '
(3.13) 

""t 
= 

L- ( i ) ato- '(c) fo! any c€ K, and lZ0.

Iot  !> L, def l . le. the Pol) 'noE1els

( pr(r) := Ë. 1f ;  .r . t ' .  *J.,0; r ' i th
(3.r4) j '  r= j"

\  deg pl( t )< o -  J{  n.

calculat ing 35 rn fru:  pp.L255- '1254, ne can check vtâ (3.13) lhat

each p.( t)  ( I<lém) cotùnutes si th coûstants. By the oinj-oa1 cholce

of û, se bust have thet p.( t)  = al  € Z(()  ( ln addiËiotr  to a, € KD

çhich çe proved in (1)) '  and f tod' .(3.14),  l te see that

(  3.  15) ( l ) . t=o V1, j  suchthat 1<j<1<8.

Exactly as fn [nf],  se conclude fron this that, ehen char K = p> o,

a. * 0 ( l>1) ca$ occur gqly rh-g!_ j  ls â poter of p. therefore, p(È) hasj- i rk1

the forn f,  crtP + ao, and it  fol loas froD (3,3) thar I crDP
i=o - - 1=o

is equâl to the hner derlvation D-" (As1de froE the consÈatrt tern

ao , n(t) is a "p-polynonial" iû the sense ot ore [O']. ;

(3) Noç' assune char K = 0. In this case, gett lng i  = n ln (3.f5),

""  
t """  ( i ) " ,  = O çhenever ls j<n. s iûce aD = 1,  the or ly

ûay for thls to be posslble ls when rû = 1. Ihus, p(È) = r + ao ,

and by (3.3) ( for  lnstance),  çre have D = D_ 
o 

.  Q.E.D.



{4.  P-deoendence â!d l lDeer dependence

iJe be81À by tecêItl!8 aooe bastc lotloo6 froD [t']' n"""

aotlons $e!e ltttloduced fn [l] fl the case D '0' but lhey ale

equally oeaningful Ln the Seterêl case. A 6et A ç K ts cel led

(S,D)-glf:!:31g (or Jtl.st elSebralc rf (S'D) is clear froE lhe coû-

text) l f  thele ex1st6 a aonzelo Polytoblâl f(t) € R - K[l,s,D] such

ttrat f(A) - O. Ia thls case' the Doalc f of the 1êast deglee rr l lh

f(^) - O ls cal led the E!g!gâ! fgly!9g13! of A, and the rank ofd

is deftnêd to be the degree of such aD f. the beslc ProPerl ies delel_

oped tn [l] lor blnl'llal polynoltlals carly ovet vlthout change !o the

(S,D)-sett lng. ln part lculâr'  the DinlDal PolyooBlal f  for an (S'D)-

algeb!alc set 

^ 

hes al,^,ays â'cooplete facto!{zatiotr (t-âl).. .(t-aÊ)

in K[t,s,D] lrhere each et ls (s'D)-conjugale to sone elenent of A,

enil  any ?ero of f  ls also (S,D)-conjugate to soûe elenent of À.

If A !s (s,D)-elgebralc, an eleren! b€. R ts sald to be P--É-e!Cg&l!

(or iglg-gglgllf dependent) ott A r.t every pol)'noElal vanishing oo Â

elso vanlshes on b (or, equlvalen!1yr the ûlniDal polynooial of 2\

venishes on b). By uhat ! 'e 6a1d ebove' such an eleEent b bus! be

(s,D)-co:rjugate to sooe elenent of A.

1û thls sèctloa, re shall  focus oul attett lon orl subsets

of a f ixed (s,D)-coûlugacy class As'D(.) .  Let  C deDote lhe

(s,D)-central izer c" ' " (")  = l0 l  U lc€K :  a '=ai  of  a '

Then c 1s a dlvislon subrlng of x lsee [t- lr ]),  and R oay be

vielrei l  as a r lgh! vector 6pace ovei C. II l  this 6ectLon' i te shall  sholt



the! there 15 ! very clo6e relatloûshLP ùetueet P-dePeDdelce for

eleoeÀts t!  At ' !(a) eod rl tht c-l l tee! dePeadeoce.foi êleDente

of K. É!e baslc tool teedled to êstabllsh thls letlttou6hLP l'' the

Idea of an erpoaentlal sPsce" lntroduceil (though rlthout suô a nase)

rn [r, lr1r for tÂy polFoElar f(t)€ K[t 's,D], 1et

(4 .1) E(r,a)-  {o}U{ver*:  t (at) 'o} .  , i

fhls ts easlly 6eeû to be a r{8ht C-vectof 6Pace' heoceforth cal le' l

the ÊIg9!g!!1gl 9p3S9 of f ac a. lo [tlr: Th. (4.2)], ee have

proveal the bâslc lnequeli ty dlûC E(f '  a) ( deg f (t 'hlch, 1tr the

speclel cese a - o, bo11s dolrr to Anltsulr6 fheoleE !t [A]) '  we 6ha-u-

llow e)rplo!è 6ooe colseque[ces of this lEPortaû! 1ûequâ1lty'

Proposit lon 4.2. L9! Y !9 l lJ
rV

i" ' ,  y€YÏ.  Ihen a- {s

diEensionel  over c := c- ' - (s) .

subset of R ,  aîd let  a_ delole

c-ys!!9f SpSg of K Epanned !I

rank (aY) - dlDc spao(Y).

(s, D) -gl8sEgls Lff 6Pân(Y) 19 llsllg

(!S19, sPan(Y) d€notes the rlsht

l . )  Fur lherEore'  ln thls câse,

Proof.  For the "oaly l f l  Pa!t ,  let  f  € R - R[t ,S'DJ

polyûomial of  aI  .  theû Y g E(f ,  e) ând so

be the ldûlglâ1

dlDC spen(Y) < deg f = raok (.Y) < oo .

Conversely,  €uppose spaû(T) has r iSht C_dinensloô D< é'  aod let

y1,. .  .  ,Yo € Y fol ,E a c-basls for sPan(I)  'v Fix a PolynoEiâI

g€ R \{o} of  c legree (  n such chat g(a 1) 'o fo!  t  = 1,2," ' ,n



(6ee fl r trop. 6]). :n.a

y 
-c E(Br !) eod eo g(ar) -

rlgebrglc r'lth . rank (aY) <

!rer.e:1!le!-!é.
(s,D)-9!Egê19.

!!! x € 6peû(Y).

. f  roo! .

;

fo le,  x

--c

Defini t lon 4.4.

1f  every x€ R

y1 é E(g, a) for al l  I  1sP11e6 that

0. thls ehoss thar ar ls (s,D)-

deg g<À -  d loc Epen(Y).  Q'E.D.

that e 'Let Y ç Kr be errch g Às 'D(.) r"

rhen, fo! arY x€ K', ax ls ?-glp9gbg ot

F1!st assume r € 6pân(T).  Conside! s.oy f  € R 6uch that

0.  Then Y ç E(f ,  e)  lopl les that  6pan(Y) g E(f '  a) .  fhere-

€ E(f ,  a),  1.e. f (ax) -  o.  Thts sholrs that ax 1s P-dePendent

conversely,  . . . r , .  
"*  

1s P-dependent oo 
"Y. 

Th". ,  ,"r , t  {"Y, .*}

1J1 ana so, by the Proposlt lon above, ee hâve dioc 
"n""{v,  

*}

span(Y).  Ihls clear ly-{Epl ies that x € span(T).  Q.E.D.

An (S,D)-âlgebraic set  A

tlhlch is P-dependent on Â

is seid to be fuIl

actual  ly  belongs to A.

polynoolâls,  1t  fol lo! , ts

ful1 1f f  A conslsts

l roo lrhât ee said eârLi.èr abou! binlDel

leadll.y that an (S,D)-glÂ9Eg!S set Â tu

of all the ?erqs o! lls qfl14a! polvnoûlal 1n K.

_&_C-9Lgg_!-rL. Let a€ K be alven and let c = c"'-(a). Then lhere is

a one-one correspondence betateen the fu11 (s,D)-algebralc 6ubsets of

A" ' - (a)  end the f ln l te dl-Denslonal  r lght  c- l lûear 'subspaces of  K.

Horeover, thls ope-one correspondence preserves lncluslon end rank.

UProof.  For a f in{ te dloensionat r l8ht C-subspâce ï {  o}  c K.



ee essoclate the (s ,D) -alBebr el.c 6ub6et rY of Às'D("). !9 crelo

that a' ls fnl l .  Iûdeed, !.et t  be en el€oeo! of K Thlch 15

P-dependent on a'. Ihen t 16 e telo of the EiDLDeL PolFordsl

of aY, and 
"o 

, € Âs.'D("). l fr l te z - ar vhere x € xi.  ly

?roposlt lon (4.3),,te Dust have x€ 6PaD(Y) - v ù {O} ând so

"*€ "Y 
, as destreil. Next, re have to 6hoe lhat Y Û {o} r--+ aT

gives the i leslrei l  ooe-ooe coflespotctence. Fi lst, snppose .Y '  
"t t  

t ,

wr'er" r ù to), Y' ù {o} sre both f lolte dlEensloûal l lghl

c-subspaces of K. l teô fo! atry' '  y€ ï '  ve hâve 
"7 -.Y' fo. 

"o."
-  , - l

y'€ Yr.  But theD, conjuget ing by y ' - ' ,  r , re get a -  (ây)y '
_1

av'  
-v 

(see [LLt:  (2.6)]) ,  so y ' - ly€ c,  1.e.  y € y 'c ç Y'Ù{o} .

fbls sholrs that f ç I' and êo by- sloDetry t'e Eust bave Y = Yr .

Flna11y, 1et Â be any.fr1l  (s,D)-al8eblalc subset of  Âs'o(") ,

6ay !r1th Dlnioal polyDonlal  f .  Then Â consists of e1l  zeros of f .

Let ï  := {  re x ' ,  .ve A} .  ro sho. '  rhar Y Û{o} ."  
" r l t rn.

c-subspâce of  K,  1er y l ,  y2€ Y end c1, c2€ c.  çe have f(a *)  =

f (a ' ;  - 
q Êo lf  12€ E(f ,  a), shtch iopl les that y1"f l2"2 €

Yr c1+Ytct
E(f ,  a) .  l f  y t  

L+! 2"2 r l  0,  e€' l l  heve f(e ^ -  '  - )  -  0 and so

a'r  t ' t  z  e Â. ry rhe dtef ia i r {on of  y,  ve have rhen t f l+!2c2e

we have clear ly aY -  A and by Proposl t ion (4.2),  drnc Y UtOJ

rank | 4 co. the ploof ls now cooplete.

h [L], I t  ras shosn that Dany 
", 

a* 
"", 

facts oo 11Dea!

dependence and bases tn l inear slgebta have.vâlld aoalogues for

P-dependence anil  P-bases, (e11 argunents ln [L] êxte$d slthou!



change to the (SrD)-6ettlng.) lte rbove lcrults tl,Ylnt tùê gl!é!

leliti@5hlp bete.eo P-dêpeûdcûcè ùd li,teer dep.ad.Dcê hlvê DoL

êrpl.lnêd thy such . c193. lnal,ogy should eatstr Actu.1ly. this

rê1âttqn6htp hâs .lr.ady ùéet! cxplottêd fn [f,Ir: nr. (4.4 14 our

cooputlGlgn of thê_rûù, of ltr (S tD)-venderùoqde Eatltr. lhê r.ork

l.e dtd h Èh19 sectl.o'lr 81tes . fullêt ttêâtrêdt ôf thè ldêôr fuvolved,

aoil oakes êxpliclt thê ooê-oDc corresponalèûce 1û lheotaû 4.5 above.'

a



3t

We begla r.Lth a fes baslc observatlols.

Rft,s,D:l be a rtÊhr aeEt-t-avsrtanrpolynoolel .Ledûa 5.1.

f !  "e x
!9!  ree'

ls auch that f (a)  -  s, then f ( Âs,D (a) ) - o.

c € R , rre hsve f(t)c - crf(t) for eooe cr € K 
,,

Using th€ ?roduct theore! [f f ,r,  tZ.Zl- l  to evaluâre

thls equât lon at  e,  çe get f (ac)c -  cr f (a)  -  0,

for  . . , . .y 
"6 

K*.  q.E.D.

Proof.  For aEy

depettdlng on c.

the t tJo sldes of

and so f(ac1 -  I

LêEua 5.2.

closêd under

!q! A be 39 (s,D) -31æ!:319 6ubset of K !'hlch

(s 
'D) -sgs1rsg.!19!. (Thls peans that 

^ 

ls the

nt.nbe! of (S,D)-S9$_CESSI classes of R.) Then rhe

f(t)€ R 9:! 

^ 

ts a r lsht Lnvarlânt polynoùiat.

unlon

Dininalof  a f in l le

polynoûia1

!ro of . Conslder:  aûy h(r)€ R. I f  l . 'e

,  then çe L'111 have f .h € R.f

of A .  ly the ploduct Theoreù

can sho\r that f (r) h(t)

as desired. Let b be

e8aln, lre have

l f  h(b) -  0,

t f  c := h(b) I  0.

vanishes

anyon -L\

efel lent

( fh) (b)
0

I (D JC

(-1

In the second case,

also zero,  aDd so

l -Ep] les rhar b- € 4,  f (b")

arr  or  A e.  E.  D.

Proposi t  ion 5.3.  Let

of  (  4.4) )  r ' l th r in iûâ1

valent:

bea r ul . t (S,D)-algeb.âic Âet (1n the sense

5. Algebralc Conlugâcy Clesses

since b € Â

fh vaû1shes on

polynoûia] f  € R. Then the fot lotr tng are equi-



(1)

(2)

(3)

1s closed sgs! (s,D)-sgglssg!!9!;

16 rl.Âht

t: :iÀu:

lûvarlanti

6eEl-Lnverie$t.

ls obvious.

lÀp1ies theÈ

?roo f . (1):+ (2) ts glven by the precedlnÈ J.emâ, and (2) -+ (3)

For (3) =:+(1), let e € A and coosider aÂy coûJugete

Slnce we assr.Ee f t6 rlght seûl-lûvarladt, f(a) - 0 ,

I (ac; 
- I by Lema 5.1. Th€ fect that Â r" f,.rrf

udon

Eeans that 

^ 

coûslsts of al l  the zeros of f .  Iherefore, ee have

."  € 

^.  

Q. E.D.

Proposl t loo 5.4.  Let  A be e f in l te dis lo int Âs'o("r) .U
Ihen the fol lo l . ' lnq ale equlvale 

,q!  
|

(1) 

^ 

ls (s, D) -sl8.e!!3ls;

(1 ' )  Eâch A- ' - (er)  (1<1<n) ts (s,D)-alsebrâic;

(2) There is g Èonzero t lÂht invariant pol-ynonlel  i rhlch j .s a

lef t  Eul t lp le of  a l l  t  -  a,  ( I3 i3n);

(3) There is a nonzero r isht s€nl-1nval iant pol l ' roEiaL vhlch Ls a

col iaoon lef t  Eult lp le of al l  r  -  e1 (1-<l<n),

I f  these condlt lons ho1d, the g9ÉS f(r)  of  the least deBree as in

(or (3))  ls exacrlV rhe plr l l -ma1 potvnopial  of  A. Furthetuore,

nininal .  polynoEtâls f ,  of  Â- ' - (a.)  pelrLl ise comure. and we

f( t )  :  f l ( t ) .  . .  . fo( t )  .

(2)

the

have

f l . lot..  fn rhe stendârd lernlnology of

on the al 's 1n (2) ls rhat rhe lefÈ ldeaf

IJ:  p.38J, the
n

I I  R. ( t -a;  )

condit ion

be bounded.



In rh16 case, the co!ol1.Â!y assert6 thât the "bormd" of f")n '1t-a1)

t6 glveo by R.f, aod thât th13 16 a15o the P.oduct of thê bouods of

R.( t -a,  )  (1(  1(  o).  I

Proof of (5.4), (1)(+(fr) fol loçs frcû the fect tbat the unlon of

a fiBite rr.Ebe! of alSebrelc 6ets 16 el8ebralc. But ve cet âlsô evold

uslng thls fect by provl.ng (fr)=+ (2) and (l) t ' ( f);  for theû ,

r 'et11 have e coEplete cycle of fupl lcetlorls

/1\_-------\ al t \ .------\ /r't --r, at) ---\ (l ) -\',_.1 \L r -......./ \.'

( I r ) :+(2) Let f i  be the EiDioât pot ' 'ùoEial  of  A- ' - (a.) .  Bv

(5.3),  each f1 ls r tght  1nvar lânt .  I t  fo l lo l js  thal  f1. . . . fû 1s

rlght lnvarlant and ls a left Eult iple of each of f l .  sltrce f l  is

a lef t  nu1t1p1e of  t -a1'  f r . . . i in er*,""  the caodidele for  (2) .

(3):+(1) Lel g(t) be a r18hl seni- iûvarlant PolFoElal as ln (3).

then g(ar)  = 0 ( i (1(n) lEpl les thaE t1 2i- ' - (ar))  -  0 by (5.1),

and so 91^1 = g.

The above alguDents elso suff ice to shol '  thet thè Eoric f(t) of

the least degree as in (3) (or (2)) is exactly the EiÀlDaI polynooial

of  A ,  and that 6uch an f  1s a r tght  factor of  f l . . . . fn.  Slnce

by rhe Union Theore-D ln l l ,J (vhich extends velbatlo to the (s,D)-

^ 
5.U- .

setcing) rank A = )  rank A- ' ' (a.)  = )  deg fr  
'  

l t  fo l lot ,s
1=1 -  1- l

that f = f l . ' . . f .r.  APPlylng lhls 1n Èhe case !r = 2' r.e conclude

fùrther thâ!  t r t j  -  t j t ,  eheneve! L l  l ,  s lûce both 6ldes of  Èhe

equar ioo Blve the rolnlnal  porynonial  of  

^t 'D(" i )  

U Âs'Dt.r) .  Q.r .n.



Sefore te proceed further rr l lh our treetoeÂt of l lBebrelc coDJu-

gacy classes, let u6 recell  ôooe facts tto" [ l l r1 ln r forE Dost

6ultable for sppli .catlots lo thla 6ectlon.

Lema 5.5 !9! p(t) €

(1) p(D)(y) -  p€oY)y ;

(2) I  -  o,  ! ! .c!  P(s)(v)  '  P(1Y)Y. (!9!g, rY - s(y)y-l.)

Proof. (1) has been shown ir the Proof of cor. 4.3 or [r.rr1.

r [t,s,o.] end v€ K . Ilgs

Fo! (2),  f i rst  ûote that  N,(1) '  1 fot  a l l  1>

the general lzed "powe! funct lons" i t l th respect to

0.  (The N, rs ate

D-D ^

to ay-

S(c)t+D(c)-ac

S(c) ( t -a)  + S(c)a -  âc + D(c)

s(c) ( ! -e)  + D'(c) ,

.  (Da, 
S 

denotes

s(y)a.)  Therefore,

the

x[, ,  s,o]

(s,D) r Eee [-l-r: !:] I

f ro '  [Ur:  ?rop. (2.9)(1)]  appl ied to the sPecial  case D = O, ee

have then N{(Iy)y - sl(y) Iot aj-f L > o. ( lhls car also be checked

by a direcr calcular ion.)  Thus,^ 1f  p( t )  -  f  . r . . t  
'  

l re hâve

p(s)(y)  -  5.rr t ( r )  -  f , . rnr t tv)r  -  p( lv)y.  Q.E.D.

l ,et a Ê K be a f i"xed eleEent. Then, for eûy ce R'

! rhe!e Dr :-

6ending y

hoaooorphlso

(s.6 )

S-inne! del ivat ion of K

hâve a ! 'e l l -def iaed r ing

A '  x[ t ' ,s,o ' ]  ----->



trhich ls the 1dèttl.ty on K aEil seoclg tr to t-e. clc-arly Â ls

"r, 
l"ororphi"r of rlngs (r,lth the lDvelse tsosolph19t 6eodltrg t to

t '+a). Let t(tr) be any po1' 'D61a1 tn R[tr,s,D'],  s.od Lêt

r ( t )  -  À(e(t ' ) )  é K[t ,s,D].  n 'ea

(5.7)
(  r ( t )  -  

^(c( t r ) )  

-  s(^( t ' ) )  '  s( t -e) ,  sDd

I  e<.,t  -  Â-r(r(.)) -  r( Â-l(t l l  -  r( t '+â).

Âs i |e have observed in l r- l - r :  !Zl ,  the dlvls io!  l l r l8 of coDstanls of

D' is Jusr c :-  C" '"(e).  The fol lo lr iDg leD.oâ Provldes the baslc I lnk

betrêen Èhe so1ut lons of polync,Eial  equat loûs and the 6o1u! lons of

di f ferent lel  equat lons ln K.

*
ProposlÈioo 5'8. ror f É K[l,s,bl as above, e!È g3a y€ K 

'  f9 !3I9

g(Dr)(y)  -  f (ât)y.  Io part lculer,  È:  exponenl la1 929ç9 E(f ,  a)  !

exactly the ! iqh! C-fsqçj: space of sofutlons (1n y) of the differ-

ent ia l  eouat ion g(D')  (y)  = 0.

Proof. I . le I lrst shoiù that, for any b€ K, we hale f(b) - 
g(b-a).

( lhls 1s a spêcLal case of a mole geteral result câl1ed the rrcooPoslte

Applylng the tnverse isooorphiso [ - t ,  t , .  g" t

s(r t )  -  q(r t+a)(rr-(b-a))  + f (b)  rn r [ t ' ,s ,1 ' ] .

Therefore,  by the ReDainder Theor@ (app11ed t"  f [ t ' ,s ,0 ' l l '

Functioû Theoren" 1n [LL2l.) Ir fect, srl te

f ( r )  = q(r)(r-b) + f (b)  ehere q(t)  € K[t ,s,Dl .



f (b)  -  
g(b-a).  Nor. ' ,  1et  b -  e ' ,  rhele y€ R .  Sirce

D'(y)y - tay-s 1y1 s] t-r

- a + S (y)ay-t
- [ o,r, -
. o(y)y-l

_ - lve get f (a ' )  -  g(a ' -a)  -  S(D'(y)y -) .  Therefore,  by (5.5)(1)

(appl ied to g(t ' )€ RLt ' ,S,D' l ) ,  ue have

v-1
f (sr)y -  s(D'(y)y -)y -  8(D')(y) .  q.E.D.

Re$ark 5.9. S. Âm1tsu. [a' l  has strcrgn thâ! the 6o1utlons of the

dif ferent ial  eqûÂtloo g(Dr)(y) 
-  0 forn e r lght C-vector 6pace of

dt$enslon< deg g. ( Is i tsur 's or lglnal  arguûents l . 'orked ooly l l t  !he
i .

case vhen S is ân autcrÀolphis!û. A ære Beneral  aiglnent êstabl lshiog

the !êsu1t for any eni loEorphlsiE S can be found in [Co: p.65].)

Assuning this result ,  lhe above Proposl!1on leads to anothe! proof o!

lhe fect thet,  as e r lght C-vector spâce, E(t ,  a) has C-dl-Eeûsiotr

< deg f  (=deg g).  fhis proof ls soDenhat dl f ferenr LÂ Eplr l r  f lon lhe

proof ue gave ear l ier  1n LLL!:  Th, (4.2)J.

CoEblnlDg the precedlng resulrs sirh rhose of !1,  "e 
e."  

"o"

glve soEe addi l lonal  c! i ter le ( to (5.4))  for  a giveû (S,D)-conjugacy

^c 
Tl  q n

cfÀss A- ' - (a)  to be âlgebraic,  s lnce c- ' - (a)  ls  lust  the div is ion

r lng of the constants of the S-derlvat lon Di : -  D - De,S ,  the

equlvalence of (2) and (3) beloç ls veLl-knor.rû (dat lng f loE rhe ! ,o!k of

Anitsur [Al) .  Borever,  wer1l  prove thls afresh âs our argr.Eenrs wif l



i .  
"s 'o(") ] r .

!!so yleld the êxact lDforoatlor r€latlÀB the El'n!ûal polFoElals of

slgebrslc conjugacy clesse6 alrd tho6e of algebralc derlv l t lors.

JtS_q-e'!_é:P. !g Â € K' the Égllggbg 6re 9gg.&&S!r

(1) As'D(.) r' (s,D ) -4-lg9Egr9;

121 [x r  cs 'D("1] ' i (  
- ;

(3) D' :- D - Da.s 19 !g c.1Â98!& si.e4lgglgn.

t f  these condlt lons holdt then

l, lo!eover,

then the

."rrt As'Di.) - [x

rr  t  1t1 € x[ t ,s,n]

Elîi.pa1 golynoElel of

-  deg (DIn.  poty.  of  D') .

be the

E(fo '  a

t  (aYJ 
-

ElniEâ1 polyDob1al

)  = K ehere fo(t)  :=

0 for al l  y(  K' ,

potYnooiat of Ât 'ot. l ,

Âiven ba

f (r '  + a).

ploof.  Let  Y '  K*.  Then Âs'D(.)  r"  Just  aY. s ince spen(Y) = K

as a r ight  C" '"(a)-vector space, (1)(=$(2) fo l lo l rs f loo ?rop.

(4,2).  The last  part  of  th is Proposi . l ion also gives lhe equal l ry

^q 
n .  q h

ra j lk A- ' - (a)  = 
LR :  C- ' - (a)Jr t

(1):==+(3) Fo! the Dlnlùar polFoEial f(t) of AS'D("), 
"" 

h..,"

E(f ,  a)  -  K.  Let g(t ! )  -  f ( t '+e) € K[t ' ,s ,D' ]  60 f  ancl  I  ar€

reJ.ated âs 1n () . / r .  rnen rropos].E) 'on () .ô,  g] 'ves 8(u,  E u,  so

D' 1s algebralc.

(3):+(1) Ler so(r ' )  € K[r ' ,s,D' ]

of D' .  then by (5.8) aga1n, ! 'e have

Bo(t-a) € r [ t ,s,o] .  th ls reans thet

so Âs'D(.)  i .  (s,D)-alg€br.aic.

ls  the

D' ilr

ElnlDal



Col!!1ulng the erguBent6 1t the le6t tlto peragraph6r lt la ûoe

ê1eer rhet go -  g€ Kl t r ,s,Dr] .  q.E,D.

Iæt us ûoir recotd a fep coûsequences of the Theoteb. As I.e have

elreâdÏ polnted outr the fo11o{. ing conBequeEce (corresPoDding lo the

case a - o) is laigely classlcal: cf. [e] ana [f,e].

corol larr 5.I1. D i.s âlsebrelc !fÉ fK 3 r.^] < oo 1ff the logariEl iôlc'

derlvat{ves lr l th respect to D forû an (S,D)-el.gebrâ1c class A-'-(0).

ln this case, the blnl-EâI polynoE.iel g(t) € K[t,s,D] of D ls equal

to the ûininÀt polynontal  of  A" ' - (0) .  In part lcula! ,  I  sDl i ts toD-

plecely ln KLt,S,Dl, end an elemert b é K ls a logârithoic derlval ive

'" , iÈh respecr ro D i f f  c(b) = 0.
i ' .

Nex!,  note tha! the fheoreo ylelds a cr l ter lon for the exlsteoce

of an (S,D) -algebrai  c c lass:

!_9I_9_t_!e_EI_!.r. K -!-€ -e! 
(s,D)-glgg!I4! coniusacy class lf f D 1s

lhe sr@ of aû Lnner S-derlvatlon and en elgebralc S-!g:!eg!g!.

[ReBârk.  I f  D is tnDer,  say D = Ds,s ,  then Âs'Dt. l  -  {"}

1s obvlously en alBeblalc class. Oû the ocher hand, 1f D is algebraic,

lhen Âs'D(O) f"  an algebraic c lass (seê (5.11)) .  Io generalr  1f

D = D",S + D! l rhere Dr ls an algebralc S-derivaÈlon, then (by the

theoreo) ÂS'D(") f"  an algebralc cLass; ùoreover,  €.o easy calcula-

r lon shoss thar Âs'D(")  =.  + 

^s 'D'(o). ]
I f  X 1s a f ie ld ând S -  I ,  then Da,S -  0 for  every s€ K.

In th is câs€, the Iheoren 81ves the fol lo l r lng:



!g

1s

5.13. lêt  K be e f le ld. and S - I .  thea a derlvatlor D

of tbe (I,D)-!9gll!gSI classesK 1€ âlBebrelc Lff ooe (or al l)

(ggg) alcebrslc.

To put l lreoreo (5.10) 1a pêrspectlve, ûote that, ln Èhe. clâsslcal

case vheD (S,D) -,(I ,0), the concltt toD tt"t As'D(") be âI8ebralc

ueans sûoply Ëhat a {s slgebralc ovet the ceûEer F of K. ar|d 
,

t"rrt Âs'D(.) tu rhen Siven by the fLetd exÈenslon aegree [r1a;3 r]

(see [r , :  p.207]) .  rn th ls case, Èhe equâ11ry [x:  c1.1]  -  [ r ( . ) :  r ]

ls lrel l-knoçn, end ls usuÂUy stated as a psrt of Èhe Double Cetltral-

lzer IheoreD. Thus, the theoren lre ploved êbove Day be viêeed es erl

extension of sobe of the conseaùences of the Double CeD!ra1lzer TheoreE

to the (S,D)-sett lng.

!Ie!glg. Let K be the divlsion rlng of the reel quâternlons and 1er

5 = I ,  D = o,  ârrd a -  - r .  rn"r ,  As'D(r)

the above) el th nlnlEal  polynohial  f ( t )  -

i !  fo l lo lrs that the DiniDal polyâonlal  for

D'-0-D_{r-D{,1s

s(t ' )  - f ( t ! - l )  = ( t ' - r )2 + L -  t '2 -  l t r  -  t i l

t '2-1t ' - (1rr+D'1)

t '2 -  2r t '  e r [ t ' ,o ' ] .

Next, ! 'e shall  obrein an âralogue (and 6uppleEeût) ro Th. (5.10)

ln Èhe case lrhen D - 0. !9! a€ K _bq &lfel!,  snd assrEe a / O.

Since çe nor, l  assu.oe D = 0, çe have

ls  (S,D)-algebralc (by

t2+r e x[ t ] .  r ro0 (5.10),

the loner derlvat ion



(a- l t )c -  " -1s1";a -  . -1s1";" ."-1.  ( for  any c 6 Kr) .

!Jrlt1û8 I _l fo! the !ane! sùt@orphls! ehlch 6ends r to a 
rxa,

.  çe hâve theo (a-rt)c 
- 31c1t there T - f  _ro s. l telefore, se have

a
I weU-deffued rirg hoooBolphlsb

(s.r4) l- r xlt,Èl ---+ r[t,s]

!'hlch t6 Èhe ldentlty on K, anal sendls ? ao 
"-lt. 

As nas the case

for Â ùr (5.6), f  ls an lsomorphisd, ûlth l ts inverse senallng

t to ai. ror any h(î) e r[ï,i], aurr.n"

(5.15)

lle have

f  f ( r )  := l -  ( r , ( i ) )  .  t ( " - r t ) ,  60 rhar
|  !  - - l(  h( t )  -  f  - ( f ( r ) )  .  f (ar) .

i ' .

Do', the fol lowlng analogue of Prop. (5.8).

Plpl!Eil.{.r!-!&. (D ' 0) !1È the âbove notatlons, we have

f(a ' )y -  h(S)(y)  lg-E -1ry y€ K .  tn pâr!1cular,  lhe exponerrLal

S-p-eSC E(f, e) ls exectlv rhe rlRht CS (.) -:_:S!gl !t+g of the soru-

t ions C!!  , )  of  rhe equet lon rr6l<yl  -  0.  bote.  11 (5.8),  E(f ,  a)

j l9 also the solut lon space of  the di f ferenclel  eauat ion g(-Ds,S)(y)=0,

rùerg I  ( t ' )  -  f ( t r+a), ]

Ploof.  Ploceedlng as 1n the proof of (5.8),  ! 'e cer show thaÈ

f(t) = 1,1"-r., ---+ f(b) - rr(a-\) for every b€ K. (Asaln, rhis

1s a speclal case of the Coùposlre Funclion Theore! fo [lf,rJ.) l lo"

apply ins Le@a (5.5)(2) to h(;)é K[; ,8] ;  ve have, for  every y€ K*:



h (3) (y)
È-l

h(s(v)v -)v
J-1

f (as(y)y -)y

f  (a.a -S (y)ay -)y

r  ( .Y) v,

as deslred. q. E. D.

'ùe have nor the fol lcf l^ ' ing tef inedeot of Th. (5. I0) 1! |  the cese

D = 0 (and S any endonorphism of K).

rheorÊ!û 5.17. (D = o) I9r " 
€ K', !!9. L9L19!.bg g9 99siJe-1:g:

r  - l  * t
( I )  A'(a) = ts(c)âc-:  ceKJ is s-ê1E9Ee!9;

.  < r  < .  .1.
(2) lK :  c"(a) l - ,  < oo (where c-(a) = lc€ R :  s(c)ê = ac)]  ) ;

(3) D ^ 
Is ân algebrâ{c S-der lvat lon;

(4) the endonorphisn S=I_rcS ls algeblalc.

I f  these condlt lons ho1d, and f( t)€ Klt ,SJ ls the nini lpal  polYnoniâl

of  A'("1 ,  .n. . ,  the mininal  golynonial  of  D -  .  i !  Kl t ' ,s ,D ^ " l

1s f( t r+a),  ani l  the plnisal  polvnonial  9J- 3 1" x[ i , i ]  l "  r1" i1;

moreover, S glg S rnust be âutomorphisns of f io i te inner order.

Proof.  The equlvalence of (1),  (2) '  (3) and lhe relaÈlon bebreen tbe

nininal polynoElals of Âs(.) . . ,a D-.,s fol1* by special izing

(5.10) to the case D - 0. The equivalerce of (1) sith (4) and the

relatlon beÈween the EininâL polynomials of Zf (") ,rra i  n*

fo11oi., slni larly by applying Proposlt lotr (5.16). ny [r-: t  e'. ,  s],

f ( t )  has the forn ( t -a1), . . . ( t -an)€K[t ,s]  for  sui table 
" .eAs(r) .



Therefoie,

follo!'s tbât

dlvidlng 1r.

f( t )  has constânt tern

Sn=L.so S ls an

Shce S hes the sene

Q. E.D.

set ls f  ies

b -  a. . . ,â I  o.  By (2.3) (r) .  1r

âutoEorphlsm of f ln l te lnnê! older

lnner class es S, the saDe holds

Renark 5.18, I t  fol lows easi ly f lon the above that the S-lnû€r derl-

vat ion D_. c

endomorphlsn

a pol lmoolal  g( t ' )€ K[t ' ,s ,D_a,sl  l f f  rhe

satlsfles the polyoodal rr<il=g<.<?-rlle xli,3].

LeËtlng â -  I  1û Theorêlr  (5. I7) 
'  

t 'e 8et:

l f f  [K :  Rol_- < 
"" ,  

i f f  s  -  r  is  ân arRebralc

S is an algeblalc endomorphism. Fol enV of these

csr! l L4!y_L,_l!. (D = 0) Ils set {s1c1c- l  :  c€ K' l  1s s-âlqebraic

S-der ivat ion,  i f f

condi t ions to hold,

S 4g!!  !9 3! autonolphlsE of f i i l , te inner order.

( I f  S 1s assuned to be an automorphlsm of K to begin ûi th,  the

impl icar lon rhâr LK :  r 'Jr .< 
-  

+ s has f in l te inre!  o lder is,  of

course, a ! 'et l -krol 'n fact in the Galois theory of div ls ion r ings (see'

e. g.  [co:  p.47J )  .

Golng back to the Beneral  (S,D)-sett tng, let  us f lo l ' '  g lve 6orie

slnple character izat lons for the ûini l ta l  polynonlals of rhe (S,D)-

alBebÈalc conlugacy classes ln K.

TheoreB 5.20. for â ùonic

fol10ç1nB âre eouivaler! :

polynomial f ( t )  € R, t_!g



( I )  f ( t )  tB the ùl lnlBâl polvnoolal  of  Ân (s,D) -glgeLlglg conlu8acY

clsqs As'D(a);

(2) f(r) 16 rlshr &y:!-19!!, has e zero 1n K, e!4 has tg plgPgl

lef t  or r iaht faclor ûhlch is r lP.ht invârlant;

(3) f ( t )  1s !14h! seEl- lnvartanl,  has ê zero in R, and has ao DroDel

r lqht factor uhlch ls r lpht lnvariant.

Proof .  (2) : :â(3) ls a tauÈologY.

(3)-(r)  lz t  a€ K be a loot  of  f  .  rhen bv (s.1),  r12\s 'D1a11

= O anal so f i .s r ight divistble by fo, the tdntnâ 1 PolynoElal of

^" ' " / . \  
ç in.â f  {< r{ôhr l f lval lant ,  (3)  lnp11es that f  = f  .

( I )  +(2) We already knoe thât f  is r i8h! invarietr t ,  and that

f  has a loot (nâmel.y,  a ) ,  Cànsider the sirple lef t  R-oodule v =

R/R.(t-a).  we shâu ident l fy v l r i th K vi3 the correspondence

e(.) i -+ e(a).  v leçine K as a lef t  R-r0odule through this ident i f i -

cât ion,  the act j .on of  a polynoElal  g( t )€ R on ar elenent ce K*

ls given by

(5,21) g(t)n c = e(t)" ] r=.  -  g lac)c,

by rbe Product rheoren ln [Lr,r, <z.zl] .  In part icular,

(5 .22)

Therefore, v is â jg!!\Ll si$p1e left R/R.f-Dodute. since R/R.f

1s art inlan, i t  fol lol 's that R/R.f ls a slnple r ing. Thls neans

an,,*  v = {c( t )€R: s(âc) = o V.er-}

= 
{  st t l€ R :  s(Âs'D<") l  = o}

-  R.f  .



lhat  R.f  16

proper r ight

that f has

ûâxlmêl es a

fector irhlch 1a

al6o no prope!

2-61ded r.deal ln

rlght lnvarlûtt.

left facto! rhlch

45

R, strd so f has no

It folloes froo th16

aa r lgnt t 'nvarleût.  q.  r .D.

Ihe observâtlon rre bade 1Ir the Dloof above about th€ 61@1e left

R-Dodule R/R.(t-e) ( for any a) have slso soDe other coûs€quedces

lrhich êre eorth recordlng. I f  â ts such that 

^S'D1"1 

f"  g9g ,

(S,D)-algebralc,  the f l rst  two equal l t les 1n (5.22) i rould shqr thât

R/R.(t-a) ts a lëlgLlsl Bl-Dple Ief t  R-Dodule.  thelefole,  l re have:

Corollary 5.23. n = X[t,S,O] 1s a left primit lve r{nB unless

(S,D)-conJugacy classes âre elgebrsic.  ( In part lcular,  X[ t l  fs a

lef t  pr fut t lve r lng unless K ls aLSebrâic over t ts center.)

AIso. $hether A" ' " (a) is algebraic or not,  for  any PoIy-

nooial  g(t)  € R, the ânnihi lator of  g oo K ldent i f ied l t l th v =

R/R.( t -a)  as a lef !  R-nodule ls (by (5,21))  exâct ly

*^t
{o}U{c€ K :  s(a-)  = o} = e(g,  a) .

This glves a very interest ing new interpretat ion for the exPonent lâl

space E(g, a),  whlch rJas Poioted out to us by Prolessol S. AEitsur

during the Confereoce. In fâct,  as Professor AI[ lÈsu! further PoinÈed

out,  the fact  that  d iDC E(C, a)< deg g fo!  C = C- ' - (a)  cân be

deduced froB the Jacobson-Cheval l -ey Detsi ty TheoreE' uPon not iÉg that

C is lsonorphtc to EndR v as a r lng of r lSht oPeretors on ! .

This deduct ion 1s a lether i l luminat ing exelclse ehich çe sha1l feave

to the reader.  Let us nolt  nake t l to addit lonal reEarks. First ,  1n lbe
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case t,hen As'D(") r"

Artln-wedderburn Theo!eo

algebralc r'lth rÀlnlJtal polyDoolal f' the

lùrpllès that

LeEîa 5.24. I f  z(R)

of desree n > 1, !!S! sn=Ia elg s( .1 )-ol  .

Proof.  For any c e K'  
""  

t ' t t ' "  (c- l t t

Conparing leadlng coeff tc lents '  l te 8et

-  - l  n

Sn = l " r  .  StEi lar ly,  (o l  ^ t"  + . . . .  ) t

Èo s(.(-)=t(- ' Q. E. D.

+ . . . .  )c = 
"1"<-r t t  

+ . . , .

-1o<-S"(c)=cc(- ,so

= i1c<- l to + . . . .  )  leads

noÈ an autoDorPhism of

(5.17) that  K has only

) .

f ln i te lnne!

one S-algebrâic

ln case D=0 and S ls

order,  !ùe hâve shown in Theoren

- 
À,

R/R.f :  Endc (R/R'( t -a))  ;  ! ' ID(C) '

shere n ' [r ,  c];.  = deg f '  secondlv' fhether 4s'D1a; ra

algeblalc o! Bot '  i t  ls al_so Posslble to derlv€ f t@ the Denslty

Theoren sone of the key facts tn !4 relat lng the ?-dependence oi

eleoents 1n ÂS'Df. l  a.  Èhe r lght c- l lneâ! dePendence of the

elenents of K. I lo{ever,  ue i lo"noE feei just l f led to lnclude lhe

deÈal ls of these al tert la l lve p!oofs here'

To conclui le this sect ion'  l te shal_1 now conbine TheorelD (5'20)

wi!h Cauchonts iesult  (Theoren à:8) to derive sor le Dole i t r terest lng

inforEat lon on the Ein1ttal  polynomlals of (s 
'D)-algebrâlc 

classes'

l . le f l rst  Dake the fol lo ir ing easy observat lon on Z(R) (Èhe center

of  R = K[ l ,s,D])  uhich is essent iâ l1v vel l -knolJn:

contalns â polvnoDlel '  h(t)  = ol-1tt  + ""
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q,r
conjugacy clsss, aaEely '  Â(0) -  io j '  çt lh blnlEal polynon{sl  t .

UsLng cauchoar6 TheoreD C2.8) end TheoEeù (5.20),  ee cen aoû geDeral lze

thls fact to the case irhere D oeed not be zero.

theorep 5.25. Âsslûe that S ls not an eutoBorphlso of fltrlte lnnea

order.  ( fhfu tocludes the case nhen S ls r lot  onto.)  lbeû there ls

at Eost one (S,D) -ê!Eg[g!g class AS'D("),  and l f  such a clâss ! '  '

exlsts,  i ts ûlnlhal  polvnonial  f ( t )  1s e non-constant r lght inverianÈ

polvnoElel  of  the least  deBree.

Proof.  Look at ân alBebralc cless [5 'D1r1 .of tn ntnloal polynoElaf

f( t ) ,  and tet q(t)  be a nonic non-constant r lghr lnvarlant polynorr ial

:
of  the leasr degree, as in (2.q). .  Since by (5.24) there 1s no non-

constant centrel  polynonial ,  (2,8) and (5.20) inply thâr f( t )  = q(t) ;

Âs 'D,-  '  ,  -  . .r - ,  . .  .o lque ( i f  i r  exisrs) .  e.E,D.

!gg!:!-1:3-L It cân be sho\.'n that the f(r) above has, ln fact,

nininal  degree aûong a1l non-coDstan! r lght €eqi- j .nvariênt polynoElels.

We shâl l  not prove thls fact here slnce 1t does not fol lorr  dl lect ly

fron the technlques developed in this paper.

t ina11y, çe treat the case rrhen S ls an autoEolPhisn of f in l te

lnner otder.

Theoreû 5.27. Let s be ân autonorphlstn of f in l le lnn-er order k.

t*' * * (s, D) -a!ÂgqIelg cLasses Âs'D(.t y13! r.ry19.1r gg

except lon, the fol lowing holds:



Proof.  BY

Ât 'Dt.)
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(1) rhe E1nloâr poletooiel f(t) of A"'"(a) 119:19 K'z(R);

(2) f(r) cooûures t'lth e11 pon{c llght aepl-lnvallant !9If39E!gL; ard

(3) the lank of {s'D{") 1"- ar*'r"tut. 1a k'

Fina1lv, the renk of gq (s,D) -glg{!9!g cless is dtvlsible !I

deg q(t), wlere q(t) ls a Eonlc non-constaot r lght lû\ 'erlant

polrnolûiel of the leest qgg!99.
! -

(2.8),  the Elnl l tal  Polynot lal  f ( t )  of  ân, atgebralc class

has rbe forE o(.h(t) . r ( t ) ! ,  l t 'hère c(  € x",  t  ( . )  € z(n)

arÂ t  > o,  Br lngtng (5 '20) to beâr '  lJe see that f ( t )  {s ei ther

equal  to q(t)  or  o{  '  h( t ) .  Thus'  ç l th lhe Possible exceP!1on of

one class,  At ' " (")  t t " .  Etninal  PolynoEial  f ( t )  = a 'h( t )  =

",  
1o.- I t t  + . . . .  ) ,  i rhere n = aé'g l t .  oy (5.24),  ve nust have

s'  = ro. and s(o{ )  = cl .  The foroer I 'sPl les that n = t" '*  N'D(t)

1s a nult lp le of the lnner order k of s.  To Prove lhe PloPerty (2)

let  g(t)  be sny Eonic r ight se-ni- invâriant Polynoxdal,  say of

degree o. then we have

s ( t )  f  ( t )  -  s( t )o(  h(t )

= r{  h(r)C(t)

st(a ) g(t)t '  ( t)

f ( t )s(È),

as claiEed. Flnal lY,

q(t) ,  the last  part  of

1s al tays divis lble bY

Nole that Part  (2)

Proposi t lon (5.4) 
'  

that

since ln aûY câse f( t)

câuchon t  s Theoreû (2.8)

is ei lhe! c{,  h ( t)  or

iEpl ies that n = deg f

fâct,  f1!st  Proved in

of  t l ro dist inct  (S 
'D)-

deg q' Q. E. D.

âbove strengthens.the

the ! ! in1na1 polynoDials



algebra{c classes alneys cotûmute.

quence of (5.27)(2) ghen S ls an

aDd, ln vlel '  of  (5.25) '  i .6 vacuous

of flnlte i.trnet otder.
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this fact 1s nol. en obvlouG conse-

autoDolphlso of fltlte in!e! order'

shea S 16 not atr autcnorPhlsû

Of course, ln Tteoreû (5.27) '  an "except lonal" (S'D)-al8ebraic

cless mey lndeeil et(ist, Âûd lt voulil behave aooer.hat dlfferently floB

the other Âl-gebrel .c clâs6es. For lnstatrcer 1et K be a f1èld l ,J l th

an autooorphlsl !  s of oral€r k,  and let  F -  KS. then, ln the

notat ion of (2.8) ( , r l th D = O), we have q(t)  -  t ,  h^(t)  = tk i t r

r  &r 
^S -  -*

R = K[r ,s] ,  and Z(R) = FI- I^J.  Any class A"(a) t r i th â ê x hes

rank k ani l  nininâl  porynoolal  tk -  NK/F(a) (see [L: p.zoe]) '

but the .except lonal" c lass 4laol = iOt has renk I  and olnl l râl

polynonial  q(t)  = t .  The fortner kind of Einlùal  Polyn@1als clear ly

alr  betong to z(R) '  but  q( t )  = t  does not '  rn fact '  I  fa i ls  to

cormute uiÈh al l  nonic r lght seni- invarlent PolynoEials:  for lnstance'

ak + 
" 

("  € K) ls al , , tays t18ht senl-1nva!1ant,  but t  does oot

cordnute wlth l t  unless a€ I .
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