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Abstract

We give constructions for the generating character of non-commutative Frobenius
rings, which is used in constructing the MacWilliams relations for a given ring. We
show how to construct this character directly for any finite Frobenius ring and give

examples for various families of Frobenius rings.

1 Introduction

The MacWilliams relations are one of the foundational results of algebraic coding theory.

They relate the weight distribution of a code and the weight distribution of its orthogonal.
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These relations were first proven by J. MacWilliams in [8] and [9] for binary codes and this
proof naturally extended first to codes over finite fields and then to codes over Frobenius rings
in [11]. This result is one of the major reasons why coding theorists generally restrict their
alphabets to Frobenius rings. The key element of the MacWilliams relations for Frobenius
rings is to find a generating character for the ring. In [6], the technique for finding this
generating character when R is commutative was described. In the commutative case,
the main tool is the generalized Chinese Remainder Theorem which decomposes arbitrary
Frobenius rings into local Frobenius rings. Then a generating character is constructed for
local rings and the generating character for the ambient ring is constructed via the Chinese
Remainder Theorem. See [4] for a complete description of this technique and for a description
of the use of Frobenius rings in algebraic coding theory. For non-commutative rings there is
no such decomposition into easily handled subrings, which complicates the situation greatly.
In other words, one cannot assume that an arbitrary finite ring has a decomposition into
local rings or any other type of ring with an easily constructed generating character. In
this work, we shall study the construction of this generating character for non-commutative

Frobenius rings. We begin with the necessary definitions both for rings and for codes.

1.1 Rings

For any ring R, we define the Jacobson radical as the intersection of all maximal left ideals
in R. It turns out that this is equal to the intersection of all maximal right ideals as well.
We denote the Jacobson radical by J(R) and note that it is a two sided ideal. The right
socle of a ring R, denoted by soc(R) is the sum of all minimal right ideals. For a complete
description of these ideals and for a reference for the results from ring theory see [7].

Let M be amodule. A character of M is a homomorphism from the additive group (M, +)
to the multiplicative group of nonzero complex numbers. Note that sometimes characters
are understood to have images in Q/Z but we prefer the image to be the nonzero complex
numbers. These maps will also be referred to as “additive maps”. For an R module M, let
M be the set of characters of M. This set is an abelian group: if o, 7 € M , then we define
(c+7)(m) to be o(m)7(m). Notice that if Mg (respectively g M) is a right (respectively left)
R-module, then M is left (respectively right) R module via (r.p)(m) = ¢(mr) (respectively
(p.r)(m) = @(rm)) where ¢ € M and r € R.

Throughout the paper, we assume that a ring has a multiplicative unity and that all
rings are finite. Rather than providing a definition for Frobenius ring we shall give its char-
acterization as given in Theorem 3.10 in [11]. This states that the following are equivalent
for a finite ring R.

e The ring R is a Frobenius ring.

e As a left module, R rR.



e As a right module = Rp.

Hence, we say that a ring is Frobenius when the second or third condition is met. For a
complete description of the classical definition see [3]. Moreover for a Frobenius ring R we
have L(J) = soc(rR) = soc(Rr) = R(J). Note that for non-Frobenius rings this is not
necessarily true.

A character x of a ring R is a right generating character if the mapping ¢ : R — R
defined by ¢(r) = x” is an isomorphism of right R modules (where (x")(z) = x(rz) for
r,x € R). A character y of a ring R is a left generating character if the mapping ¢ : R — R
defined by ¢(r) = "x is an isomorphism of left R modules (where ("x)(z) = x(ar) for
x,r € R). Theorem 4.3 in [11] gives that a character x on R is a left generating character
if and only if it is a right generating character. Therefore, throughout this paper we shall
restrict ourselves to finding right generating characters and eliminate the adjectives right
and left.

The following is Corollary 3.6 in [2].

Lemma 1.1. [2] Let x be a character of a finite ring R. Then x is a right generating
character if and only if ker(x) contains no non-zero right ideals.

This lemma gives our most powerful tool in the construction of right generating characters
and we shall use it throughout the paper when proving that a given character is in fact a

generating character.

1.2 Codes

A code over a Frobenius ring R of length n is a subset of R". It is said to be a left linear
code if it is a left submodule of zfR™ and it is said to be a right linear code if it is a right

submodule of R%. The ambient space R" has an inner-product defined by

v, w| = Z V;W;.

L(C)=Av|]|v,w]=0,Yw e C} (1)

For a code C' we define

and
R(C)={v | [w,v]=0,Yw € C}. (2)
In [5], it is shown that £(C) is a left linear code and R(C') is a right linear code. When the
ring is commutative these orthogonals coincide and are denoted by C*.
For a code over R = {ag, ay,...,as 1}, the complete weight enumerator is defined to be

the following polynomial in commuting variables:

s—1
cwec(Tag, Tays - -y Tay_y) = Z H :cZZ?(C) 3)

ceC i=0



where there are n;(c) occurrences of a; in the vector c.

If x is a right generating character then x*(b) = x(ab), where x* is the character corre-
sponding to the element a of R. We use this to define the matrix 7. Let T be the |R| by
|R| matrix given by:

(T)ap = (x(ab)) (4)

where a and b are elements in R. It is precisely this matrix 7" that we use to obtain the
MacWilliams relations for a given ring R. We note here that the ordering of the elements is
arbitrary and must only match the ordering given in the complete weight enumerator.

If (zg,...,zx) is a vector we let T - (zq,...,2x) = (T(zo,...,2x)")" where M" is the
transpose of the matrix M. The following are the MacWilliams relations as given in Corollary
8.2, [11].

Theorem 1.2. [11] (Generalized MacWilliams Relations) Let R be a Frobenius ring. If C
is a left submodule of R", then

cwec(To, T, ..., Tg) = mcweR(c)(Tt (o, 1, ., X))
If C' is a right submodule of R™, then
1
cwec(To, T1,y ..., ) = mcweg(c)(T (o, T, X))

It follows from these relations for Frobenius rings, that if C' is a left linear code then
|C|IR(C)| = |R|™ and if C' is a right linear code then |C||L(C)| = |R|™. See [3] for a proof of
these facts. This implies that if you can find a linear code and its proper orthogonal whose
cardinalities do not satisfy this then the ring is not Frobenius. Since ideals are codes of
length 1, it is enough to show a left ideal and its right annihilator do not have the product
of their cardinalities equal to the size of the ring to show that the ring is not Frobenius.

a b

Example 1. Consider the ring R = {( 0 ) | a,b,c € F,}. Here |R| = ¢*. Consider the
c

right ideal I = {( 3 g > | 2,y € F,}. This ideal has cardinality ¢*. Its left orthogonal

0 d
L(I)={ N | d,e € F,} which has cardinality ¢*. But ¢°q*> # ¢°. Hence this ring is
e
not Frobenius. In general, the ring of upper triangular matrices is not Frobenius.

a b

Example 2. Consider the non-commutative ring R = {( 0 > | a,b,c € Fy}. One
c

b
might naively assume that the additive map X(( g . >) = (—1)****¢ would be a generating
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00 01
ideal in its kernel, hence x is not a generating character. In fact, this ring is not Frobenius

00 01
character. However, {( ) , < )} is a right ideal of R. The map x contains this

and does not have a generating character.

The previous example shows that a generating character involves much more than the
additive structure of the ring. More to the point, the fact that a ring is Frobenius and has
a generating character, in some sense, says that the multiplication of the ring works in a
compatible way to the addition in terms of orthogonality. The MacWilliams relations can
be defined simply on the additive group structure, where the orthogonality is determined
via a character table. The ring is not necessary at all. However, we want the orthogonal as
defined by the group’s character table to coincide with the orthogonal as defined canonically
with the ring. When the ring is Frobenius the coincidence of the two orthogonals occurs,
when it is not Frobenius it does not. Namely, the group orthogonal comes from characters
alone whereas the ring orthogonality uses the multiplication in the ring.

Other weight enumerators can be defined over specific rings and MacWilliams relations
can be found for some of these specialized weight enumerators. In general, by collapsing

the elements with an equivalence relation denoted by =, we can build a matrix S for the

Sap = Toc (5)
c=b

For this construction to be meaningful, we need

Z Ta,c = Z Ta’,c
c=b c=b

MacWilliams relations by

ifa=d.

Notice that, except for the first row, the rows of the matrix 7" must sum to 0. Indeed if
a # 0, since y is a generating character, the ideal aR is not contained in ker(x). Therefore,
there exists by € R such that x(abg) # 1. We then have x(abo) Y ,cp x(ab) = >, cp X(aby +
ab) = > crx(albo + b)) = > ,cp x(ab). From this we conclude that ), ,x(ab) = 0, as
claimed.

The rows of the matrix S must also sum to 0. For example, the Hamming weight
enumerator equates all non-zero elements in the ring. Therefore, there are two equivalence
classes, 0 and 1. Then we have that >, 5 x(0a) = |R| and >, x(1la) = 0. Hence, the
matrix S for the MacWilliams relations for the Hamming weight enumerator is given by:

1 |R| -1
(1 I- ) ©



As a small commutative example, consider the ring Fy[x]/(x?). Then the matrix T in-

dexed by 0,1, 2,1 + x is given by

— =
|
[u—
—_
|
—_

1 2 1
S=11 0 -1
1 -2 1

However, equating 1 and x would give two different results on the row corresponding to
1 and the row corresponding to x. Hence this is not an acceptable specialization. If the
equivalence relation is that two elements are the same if they are equal by left multiplication
of a unit then it is a simple matter to see that one can always construct the matrix S. This
weight enumerator is known as the symmetrized weight enumerator. We shall denote the
matrix S for this weight enumerator by S;. It is also possible to construct the matrix S,
where the equivalence relation is given by two elements a, b are equivalent if a = +b. This is
known as the symmetric weight enumerator. We shall denote the matrix S for this weight
enumerator by Ss.

2 Generating Characters

We begin our study of generating characters with the following lemma which appears as
Example 4.9 (iii) in Wood’s paper [11]. We include the proof since it is constructive and
shows how to construct the generating character.

Lemma 2.1. Let R be a finite Frobenius ring where
RgR1><R2X"'XRS

where R; is Frobenius for all 1 < ¢ < s. Let xg, be the right generating character for R;
and let ¢ : R — Ry X Ry X -+ X Ry be the isomorphism, with ¢(a) = (a1, as, ..., as). Define
xX:R—C" by

x(a) = H Xr, ().

Then x is a right generating character of R.



Proof. Assume [ is a nonzero right ideal of R. Then [ is isomorphic to Iy X Iy X -+ x I
where [; is a nonzero right ideal in R;. Let a; € I; with yg,(a;) # 1. We know such an
a; exists since g, is not trivial on any ideal of R;. Let a = ¢~%(0,0,...,a;,...,0). Then
x(a) = 1xg,(a;) # 1. Hence x is not trivial on any right ideal I and hence no right ideal is
contained in ker(y) which gives that y is a generating character for R. O

Theorem 2.2. Let R be a finite ring. Let 0 : soc(R) — C* be an additive map such that
ker(#) contains no one sided ideals and x be any additive extension of 0 to R. Then x is a

generating character of R and R is a Frobenius ring.

Proof. Since R is finite any one sided ideal of R contains a minimal one sided ideal. So any
extension x of @ is such that ker(y) does not contain any nonzero one sided ideal. Lemma
1.1 concludes the proof. O

In the next examples, we consider local rings. Here J(R) is the unique maximal ideal
and so R(J(R) is the socle of the ring and is the minimal ideal of the ring.

Example 3. Let Fy = {0,1,w,1 + w} be the field with 4 elements and R = F4[X, 0]/(X?),
where o is the Frobenius map. An element of this ring is of the form ay + ayx where
r = X + (X?) and ag,a; € Fy. This ring is a local ring where the maximal ideal is the
Jacobson radical with J(R) = Rx = xR = {0, lz,wz, (1 + w)x}. Then R/J(R) = Fy. This
ideal is the only non-trivial ideal of the ring and in fact R(J(R)) = J(R) and hence it is a
self-dual code of length 1. See [5] for a detailed study of self-dual codes over non-commutative
Frobenius rings. The additive structure of J(R) is isomorphic to the additive structure of Fy
which is FyxFy. Let T be the character on Fy defined by m(a) = (—1)2 where a = by+byw.
Then define 0 on the minimal ideal by defining 6(ax) = (). We can extend 0 to x where
X(ao + a1x) = 7(ag)7(ar). Then x is a generating character of R by Theorem 2.2. In this
ring there are 3 nonzero non units, namely T = {z,wz, (1 + w)x}. This leaves 12 units.

Then the matriz Sy for the symmetrized weight enumerator is indexed by 0,1,% and is given
by:

1 12 3
1 0 -1
1 -4 3

Since the ring has characteristic 2, the symmetric weight enumerator is equal to the complete
weight enumerator so Sy = T.

Example 4. Let R = F,[X, 0]/(X*). As in the above example we let x = X + (X*). Then
J(R) = Rr =xR and R/J(R) = Fy. The ring is a local ring as all right ideals are contained
in the Jacobson radical. We note that R(J(R)) = Rax® which is isomorphic to Fy. Let T be
the character on Fy defined by 7(a) = (—1)+% where a = by + byw. Then O(ax) = 7(a).

Then we extend this to x to have x(ag + a1z + ax® + azz®) = H?Zl 7(a;) which is an
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extension of 6. Then x is a generating character of R by Theorem 2.2. In this ring there are
192 units, and three additional equivalence classes where the equivalence relation is given by
left multiplication by a unit. They are T,x%, x3 with |T| = 48, |22| = 12, |23| = 3. Hence the
matriz Sy is a 5 by 5 matriz which can be computed from the 256 by 256 matrix T'. This

ring has characteristic 2 so Sy =T

Example 5. Let A = F,[z;0] where ¢ > 2 and o is an automorphism of F, of order 2.
Consider R = F[z;0]ly; o'/ (Rz* + Ry?) where o' extends o via o'(x) = x. The ring is
a local ring with mazimal ideal xR + yR which is then the Jacobson radical. The ring has
cardinality q*. The mazimal ideal has cardinality ¢*. The unique minimal ideal is (zy)R
which has cardinality q. Here we can define a character

X(ao + a1 + agy + azry) = H X]Fq(ai)'

This character is non-trivial on the minimal ideal and hence is a generating character for
R. In this case Sy is not T as in the previous cases. It is a ([£])* by ([£1)* matriz.

Of course, not all local rings are Frobenius. Consider the finite commutative ring
Folz,y]/{x? y* zy). This ring has 8 elements, namely R = {0,1,2,y,1 4+ z,1 +y,1 + z +
y,x + y}. The maximal ideal of this ring contains all non-units and is M = {0, z,y,z + y}.
Here M+ = M, but 4(4) # 8 and so the ring is not Frobenius. It is instructive to point out
that if one were to naively take the character of the underlying additive structure of this

ring you would have a character defined as follows:

a ‘() 1 =z vy x4y 1+2 14y 1+x+y

7
x@|1 -1 -1 -1 1 1 1 —1 (7)

This does not qualify as a generating character because y is trivial on the ideal {0,z + y}.
Moreover there are three minimal ideals, namely {0, z}, {0,y}, {0,z + y}. For a character
to be a generating character, one would need x(z) = x(y) = x(x +y) = —1. However, if
x(x) = x(y) = —1 then x(x + y) would have to be 1, contradicting the earlier statement.
This gives an example of why a non-Frobenius ring does not have a generating character
and the MacWilliams relations do not apply. In particular, the orthogonal of all three of
the minimal ideals would be M if the ring were Frobenius.

2.1 Frobenius Algebras

We shall now determine the generating character for Frobenius algebras. For a complete
description of Frobenius algebras, see [7]. Let A be a Frobenius F, algebra with ¢ = p.
There is a nonsingular bilinear pairing B : A x A — [F, with the associative property. It is
known that the functional A : A — F, defined by A(a) = B(a, 1) has a kernel which contains
no nonzero right ideals, see page 438 of [7]. This gives that there exists a A € H om]Fq(A, F,),
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such that no right ideal I has A(I) = {0}. Let ¢r be the trace map from F, to [, given by

_ mitr(xz)
tr(z) =x+aP + -+ 2P~ where g = p'. Define the map y : F, = C*, pu(z) = e s , for
SN

The following theorem also appears in [12]. We shall use the proof to describe the gener-

ating characters for finite dimensional Hopf algebras. We include the proof for completeness.

Theorem 2.3. Let A be a Frobenius F,-algebra with ¢ = p'. Define a character for A as

V(@) = p(Ma) = p(B(a, 1), forae A (8)
Then x is a generating character for A.

Proof. Since the map A is nontrivial on all right ideals of A we have that the map y is
nontrivial on all right ideals of A. Then, by Lemma 1.1, we have that y is a generating
character for the Frobenius algebra A. O]

This theorem implies that when the bilinear form is known the generating character
follows immediately.

An important particular case of a Frobenius algebra is the case of finite dimensional Hopf
algebras. T'wo prominent examples in this family are the group algebras of a finite group and
the envelopping algebra of a Lie algebra. In order to get a generating character for a I, finite
dimensional Hopf algebra it is enough, according to the previous paragraph, to determine a
bilinear pairing from B : H x H — [F, which is non-degenerate and associative. This is
classical but let us recall that an element ¢t € H is called a left integral if for every h € H
we have that ht = e(h)t where € : H — [, is the counity. Now H* = Hom(H,F,) is also a
Hopf algebra and if f € H* is a left integral it is well known that the map B : H x H — F,
defined by B(z,y) = f(zy) is such a pairing.

Let us now analyze the case of a group ring R = kG where k is a finite field and G
is a finite group. Let us recall that kG is a Hopf algera with comultiplication, counit and
antipode given, for all g € G, by

Alg)=g®g, elg)=1,  Slg=g"

In kG, the one dimensional k-space of left (right) integrals is given by k(3 . ¢g) and in
kG* it is kp;, where p;, is the projection of kG on kl;. The generating character y of kG

is thus given by x(a) = p(p1,(a)).

2.2 Taft Hopf Algebras

Let us now consider the well-known Taft Hopf algebra 7" which is neither commutative nor
cocommutative. Let F, be a finite field with ¢ = p’. For n € N, such that p does not divide
n, we let ¢ € F, be a primitive n'"-root of unity. We define T' = F,(x, g)/I where I is the

9



ideal generated by x™,¢" — 1 and xg — (gx. This algebra can be given the structure of a
Hopf algebra via:

Alx)=zg+ 1@z, Alg)=9g®g €(g)=1, and e(z)=0.

The antipode S of T is given by S(g) = ¢g~! and S(z) = —xg~'. Tt is known that the left

(respectively right) integrals of T is the one dimensional space generated by Z?:_Ol g'x

n—1
(respectively 327" C'g'a"~1). The Taft algebra T is isomorphic to its dual 7. The isomor-
phism of Hopf algebras 1 is given by ¢ (z) = X and ¥(g) = G with X and G (notice that

G is in fact a ring homomorphism) are defined by
X(g'a?) =6,; for 0<i,7<n—1 and G(g)=¢"", G(z)=0,

where ¢ is the Kronecker symbol.

The left (respectively right) integrals of 7™ is the one dimensional space generated by
S GEX! (vespectively S0 CEGEX ™). The generating character x of T is thus given
by x(x) = n(A@)) = p(B(x, 1)) = u(XI) G X1 ().

It is well known that a restricted enveloping k-algebra of a restricted finite dimensional Lie
algebra over a field (also called u-algebra) is a Frobenius algebra. For more information about
this enveloping algebra u(L) we refer the reader to [10]. If the Lie algebra is L = 3" | kaj,
where k is a field of characteristic p # 0, the restricted enveloping algebra u(L) of L has
a k-basis a; = @’ ...a"n where 0 < iy, < p. It is shown in [1] that the element ¢ € u(L)*
defined by ¢(a;) = 0 for every subset I € N”, except for I = p—1, has ¢(a? ' ---a?71) = 1.
We then have that u(L)* = {a¢ | a € u(L)}. This shows that ¢ is a generating character

over k.

3 The Socle and Generating Characters

Let R be a finite Frobenius ring and let J(R) be the Jacobson radical of R. It is well known
that,
R/J(R) = Mnl (F(n) X an (]F(D) X X Mns (]FQS)7 (9)

where M, (F,,) is the ring of n; by n; matrices with entries from the field IF,, (for more details
see [7]). Let us recall that, for ¢ = p® where p is a prime number, the generating character
2mit

XF, of g is defined by XIFq<a) — ¢ » where, fora € Fy, t = tr(a) = a+a’+---+a* €T,
We now define a generating character o for R/.J by

o(My, My, ..., M,) = HXF% (Tr(M;)) (10)

where, for M; € M, (F,,), Tr(M,) is the trace of the matrix M;. It is easily seen from
Lemma 2.1 that this is a generating character for M, (Fy,) x M,,(Fy,) x -+ x M, (F,,).

10



Theorem 3.1. Let R be a finite Frobenius ring. Let x be any additive extension on
o :soc(R) — C*
defined in Equation 10, then x is a generating character for R.
Proof. Since the ring is Frobenius we have that R/J(R) = soc(R). We also have that
R/J(R) = M,,(F,,) x M,,(F,,) x - x M, (F,)
which gives that
soc(R) = M, (Fy,) x My, (Fy,) x -+ x M, (F,,).
Therefore, we can define o as in Equation 10 on soc(R). Then Theorem 2.2 gives that x is

a generating character. O

Note that this theorem gives the generating character for any finite Frobenius ring.
Namely, we explicitly construct the generating character for the socle. Then the additive
structure of the ring is a finite abelian additive group. Therefore, it is a trivial matter to

extend the map o to the entire ring additively.

Corollary 3.2. Let R be a finite local Frobenius ring. Let XTF, be the standard character on
the field of order q. Let x be any additive extension of XF, soc(R) — C* to R. Then x is

a generating character for R.

Proof. The proof is the same as Theorem 3.1, noting that R/J(R) is a finite field of order
q if R is a local ring. O

b 0 b
Example 6. Let R = { g | a,b,c € F,}. Then we have that J(R) = {( 00 ) | be
c
F,}. This gives that soc(R) = R/J(R) = F, x F,. For (o,8) € Fy x F,,a = ag +
ap+ ot e p T B = by +bip+ e+ beapTl (o, f) = GG = & Then

0 0
relation where a = b if a = pb for some unit b we have 6 classes, namely

0 0 10 11 10 0 0 0 1 01 11
(o pelo T o e oo T (0 el o el o )

Using these to index the matrix we get that

0 b
a(( ) = fz. This then gives the generating character x on R. For the equivalence

12 1 2 1 1
1 0 -1 0 —-11
S, = 1 0 -1 0 —-11
1 -2 -2 1
1 -2 1 -2 1 1
1 0 -1 0 —-11

This ring has characteristic 2 so So =T

11



Note that if the ring is not Frobenius then this is not possible to apply the theorem since
R/J(R) is not necessarily the socle. Therefore, we cannot say that the socle is isomorphic
to the direct product of matrix rings and so we cannot define o on the socle. For example,

b
consider the non-Frobenius ring R = { <g ,a,b,c € Fo}. This ring is not Frobenius and
c

therefore does not admit a generating character. However, R/J(R) = Fy x Fy has a (unique)
generating character defined via,

c((0,0)) =1,0((0,1)) = o((1,0)) = =1,0((1,1)) = 1.

Concretely, J(R) = {(8 8) : (8 é)} and

wom=i(3 )5 )0 1) 0

However, this is not the socle of the ring and the so the map cannot be extended. For
example, if one were to define y to be as given on R/J(R) and extend it to the whole ring
defined by

01 11 01 11
N IR TR T o

Then x would be trivial on the ideal

oo)os) ()6 0

and so would not be a generating character.

4 The Hull of the Jacobson Radical

We have shown the importance of finding an additive map on the socle of the ring that
contains no non-trivial ideals. There is an ideal possibly smaller than the socle which can
serve a similar purpose. We now describe that ideal.

For R a finite ring and I a left ideal of R, let H(I) = I NR(I). The notation here is
inspired by the use of the hull when using codes to study designs, which is defined to be
cnct

Theorem 4.1. Let R be a finite Frobenius ring. Then H(J(R)) is a self-orthogonal two
sided ideal with the property that H(J(R))? = 0.

12



Proof. First, H(J(R)) is the intersection of two sided ideals and is therefore a two sided
ideal. Let a € H(J(R)) then a € J(R) and a € R(J(R)) which implies a* = 0 so that the
ideal is self-orthogonal, namely it is contained in its right orthogonal. O]

Theorem 4.2. If R is a local Frobenius ring then H(J(R)) = R(J(R)) = soc(R).

Proof. First since the ring is Frobenius, we have that R(J(R)) = soc(R). The ideal J(R) is
the unique maximal ideal in a local ring R so R(J(R)) must be contained in J(R) which
gives the result. O

Theorem 4.3. Let R be a finite Frobenius ring. If T is an additive map, 7 : R — C* such

that T is non-trivial on right ideals in H(J(R)), then T is non-trivial on all right ideals in
R.

Proof. The socle soc(R) is defined as the sum of the minimal right ideals of R. Hence any
minimal right ideal must be contained in the right socle. Any minimal right ideal I of R
must have an ideal I” which is I N J(R), but I is minimal which means I = I’. Therefore
the ideal is in both J(R) and R(J(R)) = soc(R). This gives that any minimal right ideal in
R is a minimal right ideal in J(R) N R(J(R)) = H(J(R)) which gives the result. O

Theorem 4.4. Let R be a finite Frobenius ring. If H(J(R)) contains no non-trivial right
ideals then any non-trivial additive map T defined on the additive group of H(J(R)) extended

to the additive group of R forms a generating character for R.

Proof. If H(J(R)) contains no non-trivial right ideals then 7 cannot be trivial on a non-
trivial right ideal of R. Since the map is defined non-trivially on the additive group of
H(J(R)) it does not contain this ideal in its kernel. O

Example 7. Let us consider the ring R = Fy[X]/(X™). We have that J(R) is the ideal
generated by x = X + (X™). The ring R is in fact a local ring and H(J(R)) is the ideal
generated by x" " i.e. H(J(R)) = {0, 2"} which is a minimal ideal in R. The only additive
map 7 defined on H(J(R)) is given by 7(0) =1 and 7(z"') = —1.

The conditions of Theorem 4.4 occur often. For example, for local rings, we have that
H(J(R)) is the unique minimal ideal. Then it contains no non-trivial ideals. If R = M, (F,)
then J(R) = {0} giving that H(J(R)) = {0} and therefore it contains no non-trivial ideals.

Theorem 4.5. Let R be a finite Frobenius ring and I be any two sided ideal of R. Then
RH(I)) = LHI))=T+R).
Proof. We have that since H(I) = I N'R(I) then I + R(I) C R(H(I)). Then

Rl _ RO NEDT sy = 11+ RO

ROUON = 1 = ey — )

Then since we have containment and the cardinalities are the same the ideals must be

equal. O
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In particular, R(H(J(R))) = J(R) + soc(R). Notice that we are using heavily that the
ring is Frobenius in that we often use that for a left linear code C' of length n, we have that
|C||R(C)| = |R|™. In the case of the previous theorems, the codes are of length 1.

Corollary 4.6. Let R be a finite Frobenius ring. If J(R) + soc(R) is a mazimal ideal of R
or J(R) + soc(R) = R then any non-trivial additive map T defined on the additive group of
H(J(R)) extended to R forms a generating character for R.

Proof. If J(R) 4 soc(R) is a maximal ideal then R(H(J(R))) is a maximal ideal and so
H(J(R)) is a minimal ideal. If J(R) + soc(R) = R then H(J(R)) = {0}. In both cases, the
result follows from Theorem 4.4. O

5 Conclusion

Generating characters for finite Frobenius rings are the key to finding the MacWilliams
relations for codes over a specific ring. The MacWilliams relations are one of the founda-
tional results of algebraic coding theory. In fact, we only study codes in spaces where the
MacWilliams relations exist. In this work, we have shown how to construct a generating
character for an arbitrary Frobenius ring and we have given numerous examples of finding
generating characters for specific rings. We have also identified another ideal which allows

us to find generating characters based on maps from this ideal.
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