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RINGS IN WHICH ELEMENTS ARE SUM OF A CENTRAL
ELEMENT AND AN ELEMENT IN THE JACOBSON RADICAL
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Abstract. An element in a ring R is called CJ if it is of the form ¢+, where ¢ belongs to the
center and j is an element from the Jacobson radical. A ring R is called CJ if each element
of R is CJ. We establish the basic properties of CJ rings, give several characterizations of
these rings, and connect this notion with many standard elementwise properties such as
clean, uniquely clean, nil clean, CN, and CU. We study the behavior of this notion under
various ring extensions. In particular, we show that the subring C' + J is always a CJ ring
and that if R[x] is a CJ ring then R satisfies the Koethe conjecture.
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1. INTRODUCTION

Throughout this paper, all rings are associative with identity unless otherwise
stated. A ring R is called (uniquely) clean if every element of R is (uniquely) the
sum of an idempotent and a unit. A ring R is called (uniquely) nil clean if every
element of R is (uniquely) the sum of an idempotent and a nilpotent. The concept
of clean rings was first introduced by Nicholson (cf. [16]) in connection with lifting
idempotents. This notion is at the heart of the development of elementwise properties
in ring theory and was generalized in many directions. In particular, the notions
of CN and CU rings have been introduced recently, cf. [11] and [12].

These two classes of rings are proper generalizations of commutative rings and
uniquely clean rings. Inspired by these we introduce the notion of CJ rings.
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If C = C(R) and J = J(R) denote the center and the Jacobson radical of a ring R,
respectively, we consider the subring C'+ J. We say that R is a CJ ring if C+J = R.

In Section 2, we first establish the basic properties of CJ rings and give some
examples. We relate the CJ property with other classical ones proving, in particular,
that CJ rings are Dedekind finite and CU. On the other hand, uniquely clean rings
and strongly nil clean are CJ rings. We also show that if R[x] is a CJ ring, then R
satisfies the Koethe conjecture. We give an example of a ring R such that R/J is
commutative but R is not CJ and an example of a CJ ring with a non CJ subring.

Section 3 is devoted to studying the behavior of CJ rings under various ring
extensions such as direct product, Dorroh extension, ideal extension, and R{D,C}
ring. Moreover, we prove that if R is a CJ ring, then some special subrings of full
matrix rings over R are also CJ rings.

For a ring R, U(R), J(R), Nil(R), L(R), Nil*(R), and C(R) denote the group
of units, the Jacobson radical, the set of all nilpotent elements, the locally nilpotent
radical, the upper nil radical, and the center of R, respectively. For a positive
integer n, Z, is the ring of integers modulo n and M, (R) denotes the full matrix
ring over R, T,,(R) stands for the subring of M, (R) consisting of all n x n upper
triangular matrices and GL,(R) is the general linear group of M, (R). All other
specific notations will be stated explicitly in the text.

2. BASIC PROPERTIES OF CJ RINGS

In this section, we introduce CJ rings and study some basic properties of these

rings.

Definition 2.1. Let R be a ring. An element a € R has a CJ decomposition if
a = c+ j for some ¢ € C(R) and j € J(R). We denote C' + J the set of elements
that admit a CJ decomposition. The ring Ris CJif R=C+ J

Example 2.1.
1) Every commutative ring is CJ.
2) Every radical ring (J(R) = R) is CJ.
3) Every homomorphic image of a CJ ring is CJ.
) C + J is a subring of R stable by automorphisms of R.
) ( [z]) + J(R[z]) = C(R)[z] + N'[z], where N’ = J(R[z]) N R is a nil ideal.
) €

(R[«])) + J(R[[z])) = C(R) + (2).

=2

There is no unicity of the decomposition of a CJ element as a sum of a central
element and an element from the Jacobson radical. In the next proposition, we
characterize the unique decomposition of CJ and CN rings.
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Proposition 2.1. Let R be a noncommutative ring. Then
(1) A CJ ring R is uniquely CJ if and only if J(R) N C(R) = {0}.
(2) A CN ring is uniquely CN if and only if Nil(C) =0 (i.e., C is a reduced ring).

Proof. (1) Suppose that R is noncommutative uniquely CJ and that c € C N J.
Let 0 # j € J(R). We have 1 +j = (1 — ¢) + (¢ + j) and the unicity of the CJ
decomposition gives that ¢ = 0. Conversely if CNJ = {0} and ¢+ j = ¢ + 5’ are
two CJ decompositions we have ¢ — ¢ = j' —j € CNJ = {0} and hence ¢ = ¢/,
j =7, as required.

(2) Suppose R is uniquely CN. Let ¢ € C be such that ¢! =0. For n€ Nil(R)\C(R),
we have 14+n = (1—c¢)+(c+n) and the unicity of CN decomposition gives that ¢ = 0,
as required.

Conversely, suppose that R is CN and C is reduced. Then if c+n = ¢/ + n' are
CN decompositions we get that ¢ — ¢/ = n’ — n and hence n(n’ —n) = n(c—¢') =
(¢ —)n = (n’ — n)n. This gives that n'n = nn' and so ¢ —c =n —n' € Nil(R).
The fact that C is reduced leads to ¢ = ¢/. This yields the proof. O

It is easy to see that if R is CJ, then R/J is commutative. But the following
example (1) shows that the converse is not true.

Example 2.2.

(1) Let C be the complex field and o: C — C given by o(a + bi) = a — bi be an
automorphism of C. Write S = C[z; 0] and R = S/(z?). Notice that the center
of R is R which is reduced. So if R is CJ then it is uniquely CJ. Since (x)/(2?) is
a nilpotent ideal, we have (z)/(x?) C J(R). In fact, since (S/(z)?)/((z)/(x)?) =
S/(z) = C, we have J(R) = (z)/(z?). So R/J(R) = C is commutative. Let
i+z€ R,z € J(R). Buti¢ C(R) since zi + (z2) = o(i)z + (22) = —iz + (z?),
i+ (2?) ¢ C(R), and we quickly conclude that R is not a CJ ring.

(2) We now give an easy example of a CJ ring with a subring that is not CJ. Simply
consider the twisted series ring R = k[[z]|[[¢; o]|, where o is the k-endomorphism
of k[[z]] defined by o(x) = 2. The center of R is k and the Jacobson radical
of R is the ideal generated by x and ¢. Hence, R is CJ. The subring S = k[z][t; o]
of R is obviously not CJ.

Proposition 2.2.
(1) If R is a CJ ring, then Nil(R) C J(R).
(2) If R is a CJ ring, then R is Dedekind finite.

Proof. (1) Let R be a CJ ring and a € Nil(R). Then there exists n € N
such that a® = 0. Let R = R/J. Then @® = 0. Since R/J is commutative,

a € Nil(R) = P(R) C J(R). But J(R) =0. Thus, a = 0 and hence a € J(R).
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(2) Let R be a CJ ring and ab = 1. Put R = R/J. Then ab = 1. Since R/J is
commutative, we have ba = 1 and, from the fact that 1 + J(R) C U(R), we deduce
that ba € U(R). Then baba = ba and hence ba(l — ba) = 0. But ba is a unit, so
ba = 1. O

The next result is due to Amitsur. A ring is locally nilpotent if each of its finitely
generated subrings (without unit) is nilpotent.

Lemma 2.1 ([1], Theorem 1). We have J(R[z]) = Nlx] for a ring R, where
N = J(R[z]) N R is a nil ideal containing the locally nilpotent radical L(R) of R.

Proposition 2.3. Let R be a ring such that J(R) is locally nilpotent. Then R
is CJ if and only if R[z] is CJ.

Proof. Assume that R is a CJ ring. Let f(x) = > a;x" € R[z]. Then there
i=0

n .
exist ¢; € C(R) and j; € J(R) such that a; = ¢; + j; for any i. Let c(z) = > ¢’

and j(z) = ZZ:Ojixi, we have c¢(z) € C(R[z]) and j(z) € J(R)[z] € L(R)[z] C
(J(R|z]) N R)[z] = J(R[z]) by Lemma 2.1. It follows that f(x) = c(z) + j(z) is

a CJ decomposition of f(x). The converse can be deduced from Example 2.1 (3). O

Let us remind the reader that the Koethe conjecture (cf. [14]) asks if the sum of
two nil right ideals of ring is always nil. There are many equivalent forms of this
conjecture and despite many efforts it is still open. One of these equivalent forms
of the Koethe conjecture says that J(R[z]) = Nil*(R)[z]. This conjecture is true, in
particular, when the ring R is commutative.

Proposition 2.4. If R[x] is a CJ ring, then R satisfies the Koethe conjecture.

Proposition 2.5. Assume that R[z]| is CJ. Then R[x]/J(R[z]) = R[z]/N[X] =
R/N[z], where N = J(R[z]) N R is a nil ideal. We have 0 = J(R[x]/J(R[z])) =
J(R[z]/Nlz]) = Nil*(R/N)[z], where the last equality is due to the fact that R/N|[x]
is commutative. Therefore, Nil*(R/N) = 0 and hence, Nil*(R) C N. Thus,
Nil*(R) = N.

Proposition 2.6. Let R be a ring. Then the following statements hold:
(1) UR)N(C+J)CU(C+J).
(2) J(R) CJ(CH+J).
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Proof. (1) Let a € U(R)N(C+J). Thena = c+jforace C(R)and aj € J(R)
and there exists b € U(R) such that ab = ba = 1. We deduce that c=a — j € U(R)
and hence ¢ € C(R)NU(R) C U(C(R)). Therefore, ab = (¢ + j)b = ¢b+ jb = 1.
Then b = ¢~ (1 — jb) € C + J. This shows that the inverse of a is indeed in C' + J.

(2) Let z € J(R). Then x € C+ J and 1 — zy € U(R) for every y € R.
Thus, 1 —zy € U(R) for every y € C + J and there exists v € U(R) such that
(1 —2y)v = v(l —zy) = 1. We thus obtain v = 1 + ayv € C + J, and hence
1 -2y e U(C+ J) for every y € C + J. This shows that z € J(C + J). O

Corollary 2.1. Let R be a ring. Then C + J is a CJ ring.
Example 2.3. In general, J(R) C J(C + J) may be a strict inclusion. Let k be
a field of characteristic zero and R = k[[z ]] [y][t; o], where o is the k-automorphism

defined by o(x) = z, o(y ) =y+ 1. Let Z(Z 5597 )tt, with sj; € k[[z]], be a unit
in R. Then there exists Z (X tjy?)th € R such that

S (S o) (S ) -

If m > 1, we get a contradiction. Som = 0. Thus, U(R) C U(k[z]|[y]) = k\{0}+ ().
Let zoa i€ J(R)\ {0}, where a; € k[[z]][y]. Then 1 — (Zaiﬂ') (ijtj) € U(R)

n m =0 J=0
for every Z bjt’ € R. We have (Z aiﬁ) <Z bjtj> € k + (x), which is impossible.
i=0 j=0
So we get J (R) = 0. But, since the characteristic of k is zero, C(R) = k[[z] and
J(C + J) = (z). In conclusion, J(R) C J(C + J).

In Proposition 2.7 and Example 2.4, we will show that all CJ rings are CU, but
there exists a CU ring that is not CJ. Thus, the class of CJ rings is a proper subclass
of the class of CU rings.

Proposition 2.7. Every CJ ring is CU.

Proof. Let R be a CJ ring and a € R. By assumption, we have a — 1 = ¢+ j for
some ¢ € C'(R) and j € J(R). Hence, a = ¢+ (14 ) is a CU decomposition of a. O
Let D,,(R) = {(ai;) € Tno(R): all main diagonal entries of (a;;) are equal}.

Example 2.4. Let K be a division ring and consider the ring Dy(K). The
ring Do(K) is a noncommutative local ring, and so it is a CU ring. But it is not
a CJ ring.

Remark 2.1. If a ring R is such that U(R) = 1+ J(R) (such a ring is called
a JU ring in [5]) then R is CJ if and only if it is CU.



Let us recall a few classical definitions, cf. [7], [8], [9], [15], [17].

Definition 2.2. An element a of a ring R is called uniquely clean (or uniquely nil
clean) if a = e4u, where ¢ = e and u € U(R) (or u € Nil(R), respectively), and also
this representation is unique. A ring R is called a uniquely clean ring (or uniquely nil
clean) if every element is uniquely clean (or uniquely nil clean, respectively). Assum-
ing e and u commute in the above definition leads to the notion of uniquely strongly
clean (or uniquely strongly nil clean) elements and rings. When an involution # is
defined on a ring R we have the analogous * definitions by replacing the idempotent
by a projection (i.e., an idempotent stable by the involution ).

Proposition 2.8. Every uniquely clean ring is CJ.

Proof. Let R be a uniquely clean ring. Due to [17], Theorem 20, for all a € R,
there exists a unique idempotent e € R such that e — a € J(R). In addition, every
idempotent in a uniquely clean ring is central by [17], Lemma 4. So every uniquely
clean ring is CJ. This finishes the proof. O

The ring of integers 7 is a simple example of a commutative ring that is not even
clean.

We now characterize when a CJ ring is a uniquely clean ring.

Proposition 2.9. The following conditions are equivalent for a ring R:
(1) R is uniquely clean.
(2) R is CJ with C(R) is uniquely clean and all idempotents of R are in C(R).

Proof. (1) = (2) This claim can be shown by Proposition 2.8 and it is clear
that the center C'(R) of every uniquely clean ring R is again uniquely clean.

(2) = (1) Given r € R,say r = co + J, co € C(R), j € J(R), write ¢g = e + u,
where €2 = ¢ € C(R) and v is a unit in C' and so in R. Hence, r = e + (u + j)
and w + j is a unit in R. Thus, R is clean. To show that R is uniquely clean, let
e+a=f+bin R, where ¢2 = ¢, f2 = f € R, and a,b € U(R). Then write
a=c+vand b=d+w, where ¢,d € C(R) and v,w € J(R). Hence, ¢ and d are
units in R and e, f € C(R). Then e4+a = f+ b becomes e+c+v = f +d+ w.
Hence, v—w € C(R) and so e+ (¢c+v—w) = f+d is a clean decomposition in C(R),
where ¢+ v —w and d are units of R. Since C(R) is uniquely clean, we obtain e = f.
This completes the proof of (1). O

It is known that uniquely nil clean rings are uniquely clean (cf. [7], Theorem 5.9)
and hence uniquely nil clean rings are CJ. As a direct consequence of Proposition 2.8
we get the following corollary.
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Corollary 2.2. Strongly nil clean rings, uniquely strongly nil clean rings, strongly
nil x-clean rings, and uniquely strongly nil x-clean rings are all CJ rings.

Proof. These classes of rings are uniquely nil clean. Hence, we get the result by
Proposition 2.8. U

Recall from [2] and [6] that a ring R is called a UU ring if U(R) = 1 + Nil(R).

Proposition 2.10. Let R be a UU ring. Then R is a CN ring if and only if R is
a CU ring.

Recall that an element r of a ring R is called regular (in the sense of von Neumann)
if there exists a € R such that r = rar. We use Reg(R) to denote the set of regular
elements. In [10], a ring is called NR-clean if every element is the sum of a nilpotent
and a regular. The following constructions illustrate that the CJ and CN concepts
are independent.
> There is a CN ring which is not a CJ ring.

If R is semiprimitive and NR-clean with Reg(R) C C(R), then R is CN, but R is
not a CJ ring unless it is commutative.
> The ring constructed in Example 2.2 (2) is a CJ ring which is not a CN ring.

The proof of the following lemma is a direct consequence of the definitions.

Lemma 2.2.
(1) If R is JU and CN, then it is CJ.
(2) If R is UU and CJ, then it is CN.

A ring R is an exchange ring if, for every a € R, there exists an idempotent e € aR
such that 1 —e € (1 —a)R.
In the next theorem, we give some classes of rings such that CJ and CN notions

coincide.

Proposition 2.11. If a ring R satisfies one of the following conditions then R
is CJ if and only if R is CN.
(1) R is Artinian JU.
(2) R is exchange UU.
(3) R is finite UU.

Proof. (1) This is a direct consequence of the fact that in an Artinian ring, the
Jacobson radical is nilpotent.

(2) According to [6], Corollary 4.5, J(R) = Nil(R) when R is exchange UU. Hence,
the rest of the proof is routine.

(3) Since a finite ring is semiperfect and hence an exchange ring, the assertion (2)
yields the conclusion. O
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Proposition 2.12. Let R be a commutative ring. Then T>(R) is a CJ ring if and
only if for any a,b € R, there exists ¢ € R such that a — ¢,b — ¢ € J(R).

In Proposition 2.12, one may suspect that T,,(R) is CJ when R is CJ. The next
example eliminates this possibility.

Example 2.5.

(1) Let R =7 and A = (zg) € T5(R). Then there is no ¢ € Z such that 2 — ¢
and 3 — ¢ belong to the Jacobson radical. By Proposition 2.12, we deduce
that T5(Z) is not CJ.

(2) Since M, (R)/J(M,(R)) = M,(R/J(R)), we remark that M, (R) is never a CJ

ring if n > 2.
For any positive integer n, in spite of the fact that T,,(R) need not be CJ if R

is CJ, there are CJ subrings of T,,(R). We denote by e;; the n x n matrix whose
(,7)-entry is 1 and all other entries are 0. Let

Vi(R) = {Zzaje@_jﬂ)i; a; € R}.
i=j j=1
Proposition 2.13. For aring R and an integer n > 1, the following are equivalent:
(1) Ris CJ.
(2) Dn(R) is CJ.
(3) Vu(R) is CJ.

Proof. (1) = (2) We show this implication in the case n = 4. Let

ai a2 az a4

0 ay a5 Qg

A= € Dy(R).
0 0 a1 ar 4(R)
0 0 0 a
By (1), there exist ¢ € C'(R) and j € J(R) such that a; = ¢+ j. Let

c 0 0 O j az asz aq
o 0 ¢ 0 O and J — 0 ] a? Qg
0 0 ¢ O 0 0 4 ar
0 0 0 ¢ 0O 0 0 g

Then C € C(D4(R)) and J € J(D4(R)).
(2) = (1) We consider the case n = 4. Let a € R. By (2),

a 0 0 0
0 a 0 0

A= Du(R
00a0€4()
00 0 a



has a CJ decomposition A = C' + J, where

c 0 0 O I
0 ¢c 0O 0 j = =
C= C(D4(R d J= J(D4(R)).
ooV eowury) 0 0 | e
000 ¢ 000 j
Then a = ¢+ j with ¢ € C(R) and j € J(R).
The equivalence (1) < (3) is proved similarly. O

3. EXTENSIONS OF CJ RINGS

In this section, we investigate several kinds of ring extensions of CJ rings which
can be helpful to related studies.

Proposition 3.1. Let R = [[ R; be a direct product of rings. Then R is CJ if
iel

and only if R; is CJ for each i € I.
Proof. This claim is clear. O

Let R be a ring and T be a ring (possibly with no unity) which is an (R, R)-bi-
module such that (st)r = s(tr), (sr)t = s(rt) and (rs)t = r(st) hold for all s,t € T
and r € R. Then the ideal extension I(R;T) of R by T is defined to be the additive
Abelian group I(R;T) = R @ T with multiplication (r,)(s,w) = (rs,rw + ts + tw).
Notice that (1,0) is the unity of S.

Lemma 3.1. Let S = I(R;T) be as in the above definition and suppose that J(T')
is an R — R bimodule of T' such that J(R)T C J(T). Then
(1) (0,J(T)) € J(S),
(2) (J(R),0) € J(9),
3) J(S) = (J(R), J(T))-

Proof. (1) By hypothesis, J(T') is stable by left and right multiplication by
elements of R and this easily leads to the fact that (0, J(T)) is a two sided ideal of S.
Moreover, we easily check that elements of (0, J(T)) are quasi-regular in S. This
yields the proof of statement (1).

(2) Let (J(R),0) be an ideal of S. Now, if j € J(R) and (r,w) € S we compute
(1,0) = (4,0)(r,w) = (1 — jr,—jw) and, since j € J(R), we have 1 — jr € U(R).
We can thus write (1,0) — (4,0)(r,w) = (1 — jr)(1,0) — (0, (1 — jr)~tjw) € U(S),
since J(T') is stable by left and right multiplication by elements of R and, by the
first statement, (J(R),0) C J(S).



(3) Thanks to the statements (1) and (2), it is enough to prove that J(S) C
(J(R),J(T)). So let (j,t) € J(S). For any (r,s) € S we have that (1,0) —
(4, t)(r,s)€U(S) and so 1 — jr € U(R). Since this is true for every r € R, we
have that j € J(R). By the first statement we thus have (5,0) € J(S) and we
conclude that (0,¢) € J(S). Hence, there exists an element (r,w) € S such that
(0,8) + (r,w) + (0,t)(r,w) = (0,0) and we conclude that r = 0 and ¢t + w + tw = 0,
this shows that ¢ € J(T), as requested. O

Proposition 3.2. Let R, S, T be as in the above lemma and suppose that ct = tc
for any ¢ € C(R) and for any t € T. Then S is CJ if and only if R and T are CJ.

Proof. The above lemma shows that J(S) = (J(R),J(T)) and the additional
hypothesis gives that C'(S) = (C(R),C(T)). This yields the conclusion. O

An important case of the idealization construction is the Dorroh extension: Let R
be an algebra over a commutative ring S. Recall that the Dorroh extension of R by S
is the ring D(S,R) with operations (r1,s1) + (r2,82) = (r1 + 72,81 + s2) and
(r1,81)(ra,82) = (rire + s172 + S271, 8182), where r; € R and s; € S. It is clear
that C(D(S, R)) = S @ C(R). The identity of D(S, R) is (1,0).

Proposition 3.3. Let R be an algebra over a field F'. Then R is CJ if and only
if D(F,R) is CJ.

Proof. It is enough to check that all the hypotheses of the proposition are sat-
isfied in the case of a Dorroh extension. We leave this check to the reader. O

Let B be a subring of the ring A with 14 € B. We set

R{A,B} = {((Ll,. .. ,an,bn+1,bn+2,. . ) b; € B, a; € An> 1},
R(A,B) ={(a1,...,an, bpt1,bpt2,...) € R{A, B}: only a finite number of b;
are not zero},

R[A,B] ={(a1,...,an,b,b,...): a; € A, b€ B, n >1}.

On the above three sets, we define addition and multiplication componentwise, it
is easy to see that they are all rings. Also, J(R{A, B}) = R{J(A),J(A) N J(B)},
see [18]. Note that C(R{A, B}) = R{C(A),C(A)NnC(B)}.

Proposition 3.4. Let B be a subring of the ring A. If R{A, B} is CJ, then A
and B are CJ. The converse holds if C(B) C C(A) and J(B) C J(A).
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Proof. Assume that R{A, B} is a CJ ring, since both A and B are homomorphic
images of R{A, B}, it is clear that both A and B are CJ.

Conversely, let A and B be CJ rings and Y = (a1, a2, -, Gm, Smt1; Sma2,---) be
an arbitrary element in R{A, B}. Then there exist ¢c; € C(A), b; € J(A), 1 <i < m,
and ¢; € C(B), t; € J(B), j > m such that a; = ¢; +b; for all 1 < i < m
and s; = ¢; +t; for any j > m. Let C = (c1,¢2,...,Cm;Cmi1,Cm2,-..) and
J = (b1,b2,. .., bmstm+1, tmt2,...). Then C € C(R{A,B}) and J € J(R{A, B})
since C(B) C C(A) and J(B) C J(A). Hence, Y = C + J is a CJ decomposition
of Y. This finishes the proof. O

Corollary 3.1. Let B be a subring of aring A. IfC(B) C C(A) and J(B) C J(A),
then the following statements are equivalent:
(1) A and B are CJ.
(2) R(A,B) is CJ.
(3) R[A,B] is CJ.

Proof. The proof is similar to the proof of Proposition 3.4. (]

We noticed earlier that if n > 2, then M, (R) is not CJ. We now exhibit some
subrings of M3(R) that are CJ when R is CJ. Let R be aring, and s,t € C(R). Write

a 0 0
Ls4(R) = sc d te ]| € M3(R): a,c,dye,f €R },
0 0 f

where the operations are defined as those in M3(R). Then L,y (R) is a subring
of M3(R). Let I,, denote the n X n matrix unit.

Lemma 3.2. Let R be a ring, and let s,t € C(R). Then the following statements
hold:
(1) The set of all unit elements of L, (R) is

a 0 O
UL, (R)) = sc d te]| € Lisy(R): a,d, f€U(R), c,ec R
0 0 f

(2) The Jacobson radical of L, (R) is

a 0 O
J(Ls1)(R)) = sc d te] € Lisy(R): a,d, feJ(R),cec R
0 0 f
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(3) The set of all central elements of L, 4 (R) is

a 0 0
C(Ls,p(R)) = sc d te]| € Lisy(R): sa=sd, td=tf,a,d, fecC(R)
0o 0 f

Proof. (1) Assume that a,d, f € U(R) and let a=!, d~* and f~! denote the
inverses of a, d and f, respectively. Let

a 00 at 0 0
A= | scdte| €Ly (R) and B = —dlsca™t d7t —d"Mtef! | € Ls4)(R).
00 f 0 0 F1

Then B = A~ € L, 4)(R), and hence A € U(L(s4)(R)).
Conversely, suppose that

a 0 O z 0 0
A=|sc d te| €U(Liy(R)) withtheinverse B= |y 2z wu
0 0 f 00 v

Then AB = BA = I3. Comparing entries we reach ar = za = 1, dz = 2d = 1 and
fv=vf=1.Hence, a,d, f € UR) .
(2) Assume that a,d, f € J(R). Let

a 0 0
A=|sc d te| € Liy(R).
0 0 f
For any element
z 0 0
B=|sy z tu] € Li(R),
0 0 w
we have
1—ax 0 0
I3s—AB=| s(cx+dy) 1—dz t(du+ev)
0 0 1—fo

By our hypothesis, 1 —ax,1—dz,1—fv € U(R). Thenby (1), Is—AB € U(L,4)(R)).
Thus, A € J(L(&t)(R)).
Conversely, suppose that a,d, f € R and

a 0 0
A=|sc d te]| € J(Luyy(R)).
0 0 f
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For any x,y,z,v,u € R, let

z 0 O
B=|sy z tu| € Liy(R),
0 0 w

we have I3 — AB € U(L(,4)(R)), i.e.,
1—azx 0 0
Is—AB = | s(cx+dy) 1—dz t(du+ev) | € U(Ls(R)).
0 0 1— fo

The statement (1) then gives 1 — ax,1 — dz,1 — fv € U(R). This shows that

a,d, f € J(R).
(3) This claim was shown in [12], Lemma 3.1. O

Consider the following subring of L, ;(R),

a 0 0
0 a te| €Ly(R): a,e€R

Va(Ls,)(R)) =
0 0 a

Proposition 3.5. Let R be a ring. Then the following statements hold:

(1) R is a CJ ring if and only if Vo(L, 4 (R)) is a CJ ring.

(2) Assume that R is a CJ ring. Suppose that any {a,d,f} C R having a CJ
decomposition a = x + p,d = y+q and f = z 4+ r with {z,y,z} C C(R) and
{p,q,r} € J(R) satisfy sx = sy and ty = tz, then L(,4)(R) is a CJ ring.

Proof. (1) Assume that R is a CJ ring. Let

a 0 O
A=10 a te| € Va(Lipn(R).
0 0 a
Then there exist ¢ € C(R) and j € J(R) such that a = ¢+ j. Hence,
¢c 00 i 0 0
C=10 ¢ 0]¢€ C(L(s,t)(R)) and J=[0 5 te] € J(‘/Q(L(&t)(R))),
00 ¢ 00 j

and A = C + J is the CJ decomposition of A in Vo(L ) (R)).
For the converse implication, let » € R and consider
r 0 0
A=10 7 0] eVa(Lis)(R)).
0 0 r
13



Then there exist

a 0 0 p 0 O
C=10 a te|cC(Va(Lispy(R)) and J=|0 p tu | € J(Va(Ly(R))).
0 0 a 0 0 »p

Thus, a € C(R) and p € J(R), and r = a+p is the CJ decomposition of r. Hence, R is
a CJ ring.
(2) Suppose that

a 0 0
A= |sc d te] € Lipy(R).
0 0 f

Let a=xz+p,d=y+qand f =2+ r denote the CJ decompositions of a, d and f,
respectiviely. By our hypothesis sz = sy and ty = tz. By Lemma 3.2, we deduce
that A has a CJ decomposition in L, (R) as A = C + J, where

z 0 0 p 0 O
C=10 y 0] eC(Lpy(R) and J=|[sc g te] € J(Luy(R)).
0 0 =z 0 0 »r

Corollary 3.2. Let R be a ring. If L, 4)(R) is a CJ ring, then R is a CJ ring.

Proof. Assume that L, (R) is a CJ ring and let a € R and
a 0 0
A= 0 a O S L(s,t) (R)
0 0 a

By our hypothesis A has a CJ decomposition in L, ;(R). This easily leads to the
fact that a admits a CJ decomposition in R. O

The next example shows that there are CJ rings such that L, ; (R) need not be
a CJ ring.

Example 3.1. Let R =7 and
1 00
0 0 2

Assume that A = C + J is a CJ decomposition of A. Since A is neither central
nor an element in the Jacobson radical, by Lemma 3.2, we should get A had a CJ
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decomposition as A = C' + J, where
1 00 z 0 0
C=10 1 0]eC(Luy(R) and J=|c y e | e€J(Lun(R)),
0 0 1 0 0 =z

where {x,y,z} C J(Z). This leads to a contradiction.

Proposition 3.6. A ring R is CJ ring if and only if so is Lg,0)(R).

Proof. Note that L) (R) is isomorphic to the ring R x R x R. By Proposi-
tion 3.1, this ring is CJ if and only if each R; is a CJ ring for each i € I. O

Let R be aring and s, € C(R). Let H( 4 (R) be the subring of M3(R) given by

a 0
H4)(R) = c d € M3(R): a,c,d,e,f € R, a—d=sc,d— f=te
0 0

0
e
f
Any element A of H, ) (R) has he form

sc+te+ f 0 0
c te+ f e
0 0 f

Lemma 3.3. Let R be a ring, and let s,t € C(R). Then the following statements
hold:

(1) The set of all central elements of H ;) (R) is
a 0 O
C(Hs4)(R)) = c d e ]| €Hgy(R): ce feC(R)
00 f
(2) The set of all unit elements of H, ;) (R) is
a 0 O
U(Hs4)(R)) = c d e ]| €Hyy(R): ad feU(R), cec R
00 f
(3) The Jacobson radical of Hs 4 (R) is

J(Hs)(R)) = c
0

o Qo

0
e GH(&t)(R)I a,d,fGJ(R),c,eER
f
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Proof. (1) and (2) are proved in [11], Lemmas 3.3 and 3.4, respectively.
(3) Assume that a,d, f € J(R), let

a 0 O
A= c d e S H(S’t)(R)
00 f

for any x,y, z,u,v € R, let

z 0 0
B=|ly 2z u
0 0 w
Then
1—ax 0 0
Es — AB = Yy 1—dz U € His 1y (R).
0 0 1—fo

Since 1 —ax,1—dz,1— fv € U(R), due to (2), we get B3 — AB € U(H (54 (R)). This
implies that A € J(H,+)(R)).
Conversely, suppose that

a 0 0
A=|c d e | € J(H(S7t)(R)).
0 0
For any z,y, z,u,v € R, let
z 0 0
B = z u
0 0 v
Then
1—ax 0 0
Es — AB = Y 1—dz u S U(H(&t) (R))
0 0 1— fo
According to (2), we have 1—ax,1—dz,1— fv € U(R). Thus, we obtain a, d, f € J(R).

O

Proposition 3.7. A ring R is a CJ ring if and only if H, 4 (R) is a CJ ring.
Proof. Assume that R is CJ. Let

a 0 O
A= c d e S H(Sﬁt)(R).
00 f

Let f = f1 + fo, e = €1 + e2 and ¢ = ¢; + ¢2 denote the CJ decompositions of f, e
and ¢, where fi,e1,¢q1 € J(R) and fo,e3,co € C(R). Choose dy = fo + tes and
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as = dy + sco. We can conclude from Lemma 3.3 that

a9 0 0
C = co do es € C(H(S’t)(R)).
0 0 f

Moreover, d —dy = d — fo —tea =d — f+ f1 —tes = f1 — te — teg € J(R) since
f1 € J(R) and te — teg € J(R). Similarly, a — as = d — dy + sc — scy € J(R). Let

ay 0 0
J = C1 d1 €1
0 0 h

with a1 = a — ag and d; = d — dz. By Lemma 3.3, we get J € J(H(,+) (R)). Hence,
A =C+J is a CJ decomposition of A.
Conversely, suppose that H, ;) (R) is CJ and a € R. Let

a 0 0
A=10 a 0] € H(S7t)(R).
0 0 a

Then there exist

Z 0 0 z 0 0
C=1y 2 t |e€CHun(R) and J=|y =z t | cJ(Hiy(R))
0 0 0 0 u

such that A = C'+ J. Hence, v’ € C(R) and u € J(R). Therefore, a = v/ +u is a CJ
decomposition of a. O

Since Jacobson radical has no nonzero idempotents, one might reasonably expect
that CJ rings are abelian. This is not the case as the following example shows.

Example 3.2. Let R = H(; ;(Z). Then R is a CJ ring by Proposition 3.7. But
1 0 0
x 0 0)€R
0 0 0

is a noncentral idempotent if = is not central in R. Thus R is not abelian.

R R
R R

denoted by K (R) with addition defined componentwise and with multiplication
defined in [13] by

<a1 561> (02 l’z) o <a1a2 + sT1Y2  ai1x2 +I1bz>
y1 by Y2  bo yraz +biyz  syrxo +biby )

In [13], Ks(R) is called a generalized matriz ring over R.

Let R be a ring and s a central element of R. Then ( ) becomes a ring
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Lemma 3.4. Let R be a commutative ring. Then the following statements hold.
(1) J(Ko(R)) = {( g) € Ko(R): a,be J(R)}.
(2) C(Ko(R)) consists of all scalar matrices.

Proof. (1) and (2) are proved in [13]. O

Lemma 3.5. The ring R is a CJ ring if and only if D,,(K¢(R)) is a CJ ring.

Proof. Let R be a CJ ring, we assume that n = 2. Let A = (g 2) € Dy(Ko(R)).
By the assumption, a = ¢; + ji, where ¢; € C(Ky(R)) and j; € J(Ky(R)). Let
C = (i; 0) € C(Dy(Ko(R))) and J = ({; ;’1) € J(Ds(Ko(R))). Then A =C +J
is the CJ decomposition of A.

To show the converse, let « € R, and A = (a 2) € Dy(Ko(R)) has a CJ de-

0
composition A = C' + J with C = (601 Col) € C(D2(Ko(R))) and J = (jg ?i) €
J(D2(Ko(R))), where ¢; € C(R) and j; € J(R). By comparing components of ma-
trices we get a = ¢; + j1. It is a CJ decomposition of a. O

Note that K(R) need not be a CJ ring.

Example 3.3. Let A= ((1) 8) € Ko(Z) have a CJ decomposition as A = C' + J,

where C' € C(Ky(Z)) and J € J(Ky(Z)). Then we should have C = (32) and

J = (1896 —Ux) . These imply z = 1 or « € J(R). This leads to a contradiction.

Given a ring R and a group G, we denote the group ring of R over G by R[G].

An arbitrary element « of R[G] is of the form oo = Y 7,9, where the support of «,
geqG
supp(o) = {g € G: ry # 0}, is assumed to be finite. If we define w: R[G] = R

by w( > rgg) = > ry, then w is a ring epimorphism. The kernel of this epimor-
geG geG
phism ker(w) (denoted by w(R[G])) is called the augmentation ideal of R[G] and it

is well known that w(R[G]) is generated by the set {1 — g: g € G}. Recall that
a group G is called locally finite if every finitely generated subgroup of G is finite.

Lemma 3.6 ([3]). If R is any ring and G is a locally finite group, then
J(R)G C J(RG).
In fact, Connell [4] shows that J(R) = J(RG)N R for any ring R and locally finite

group G. However, a simple proof of Lemma 3.6 is given in [3].

Proposition 3.8. If R is a CJ ring and G is a locally finite Abelian group, then
RG is CJ if and only if R is CJ.
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Proof. It is easy to see that C(RG) = C(R)G. Assume R is CJ and let w =
> a;g; € RG. Then a; = ¢; + j;, where ¢; € C(R) and j; € J(R). Hence, we have
w =) (¢i +Jji)gi = Yo cigi + 2_Jigi € C(R)G + J(R)G € C(RG) + J(RG) by the
hypothesis and Lemma 3.6. The converse is clear since RG/w(RG) = R. O
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