Perfect Space-Time-Block-Codes from certain
bicyclic Crossed Product Algebras

Jens Diewald

Technical University Dortmund (Germany)

Noncommutative rings and their applications, IV
Lens 8-11 June 2015

Jens Diewald STBC from bicyclic CPA



Wireless Communication & Space-Time-Block-Codes (STBC)

Modeling Wireless communication

How to model the transmission of information over a wireless
channel?

@ Encode information in a complex number x € C.

@ Send it over the wireless channel:
h
XO ~ o~~~ .y — hX _|_ v

@ Receive the message y = hx + v € C.
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Wireless Communication & Space-Time-Block-Codes (STBC)

Using two antennas on each side, the situation becomes:

h11

X1 @ ~nrmmm A= e y1 = huixi + hioxo + »1
h21
12

Xo@ "o e y2 = ho1x1 + hooxo + w2
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Wireless Communication & Space-Time-Block-Codes (STBC)

This can be expressed as a matrix/vector equation.

%! hit -+ hm X1 Vi
= +
YN hnvi -+ hum XM VN
Hereby
M=Number of transmit antennas
and

N=Number of receive antennas.
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Wireless Communication & Space-Time-Block-Codes (STBC)

We can combine the elements sent over the channel in T
consecutive timesteps into a matrix:

X1 Xt
X =

XM1 v XMT

This yields a matrix equation

Y =HX+V.

Definition

A Space-Time Block Code is a collection of such codewords X.
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Wireless Communication & Space-Time-Block-Codes (STBC)

Design criteria

What influences the performance of a STBC?
@ A lot of things.

@ The difference of two codewords shall have a large
determinant.

The latter condition suggests to use Division Algebras in order to
construct good codes.
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Wireless Communication & Space-Time-Block-Codes (STBC)

Background to this work

@ Good STBC have been constructed from Division Algebras

@ “Perfect” STBC have been constructed in any dimension from
cyclic (Crossed Product) Algebras by Elia/Sethuraman/Kumar

e A “perfect” STBC has been constructed by Berhuy/Oggier
from a bicyclic Crossed Product Algebra with respect to a
Galois Group of type (5 x G.
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STBC from Crossed Product Algebras

Cyclic Algebras

Definition (incomplete)

Let L|K be a cyclic Galois extension of degree n,
Gal(L|K) =< o >.
Then a Crossed Product Algebra over L|K is of the form

n—1 )
A=PeiL
i=0
The multiplication is determined by a cocycle & of the form

. 1 ifi+j<
§C(a’,af)—{ "t n,forsomeceK.

c ifi+j>n
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STBC from Crossed Product Algebras

Denote the cyclic Algebra over L|K with respect to the cocycle &
by (L|K,o,c).
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STBC from Crossed Product Algebras

The Algebra (L|K, o, c) is a Division Algebra iff c* is not a norm
of L|K for all proper divisors k|[L : K].

v
Lemma

In Q((yd+2) the prime number 5 is unramified and splits into two
prime ideals (1 + 2i) and (1 — 2i) each of inertia degree 2¢.

v
Corollary

N\ K
L+20) * is not a norm of Q((pa+2)|Q(i) for any

k |29 = [Q(Gaer2) = Q)]

The element (

N
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STBC from Crossed Product Algebras

Corollary

The cyclic algebra (Q(C2d+z)|(@(i), o, }fg:) is a division algebra.

Example (STBC with respect to C4)
K = Q(i), L = K(C6), o a generator of Gal(L|K) and ¢ := 32

xg co(x3) co?(x2) co(xs)

- | % o(xd) co?(x,3) cod(x,2)
T X2 o(x) 0%(xd) cod(x,3)

(X0
x5 o(x2)  0%(x) o3(xq)
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STBC from Crossed Product Algebras

Bicyclic Algebras

Definition (incomplete)

Let L|K be a bicyclic Galois extension of degree n- m,
Gal(LIK) =< 0,7 >= C, X Cp.

Then a Crossed Product Algebra over L|K is of the form

[y

n—1
A= el
i=0 j

3

qs

I
o
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STBC from Crossed Product Algebras

The multiplication is determined by a cocycle of the form
k—1j—1
Euby b, (0T, okrl) H HO’ 7+ ()
t=0 s=0
1 ,ifi+k<nandj+/<m
=0+ (by) ,ifi+k>nandj+/<m
b, ,ifi+k<nandj+/>m
7= Ut)(b, )b, , ifi+k>nandj+1>m.
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STBC from Crossed Product Algebras

Denote the Crossed Product Algebra over L|K with respect to the
cocycle £y b, b, by (LIK,(0,7),(u, by, br)).

v
Theorem

Let u, by, by € L satisfy the following conditions:

T’l o
1) NL\L"(”) = #

2) Nyj-(u) = U%(T,,T)

Then A = (L|K,(o,7),(u, by, b;)) is a Crossed Product Algebra.

v
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STBC from Crossed Product Algebras

Theorem (Amitsur, Saltman (1978))

A= (LIK,(o,7),(u, by, b;)) is a division algebra iff there is no
proper divisor k | nm such that the following relations hold:
(1) bk = Nyji-(as) for some a, € L™

(2) bk = Ny i-(ar) for some a; € L*

L'J'_1 ar ER
(3) vk =5 oy,

This turns out not to be useful.
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STBC from Crossed Product Algebras

Instead we will make use of the following fact:

Theorem (Brauer, Hasse, Noether)

Every Crossed Product Algebra over a Numberfield is a cyclic
Algebra.
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Construction with respect to Galois groups C; X C g4

Construction with respect to Galois groups G, x Cys

Consider field extensions: And choose:
L u = C22d+27
2 2d by = Caaua,
b2 €K,
() G I A
\ / o o
2d g 2 T_l . <2d+2 —> <2_d4+-2 . C2d+2
K =Q(7) "\ b, b,.

Proposition
Then (L|K, (o,7), (u, by, b;)) is a Crossed Product Algebra.
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Construction with respect to Galois groups G, X C 4
2

(L|K7 (UvT)a (u7 by, b‘f')) = (K(ea)|K’ 7-/7 b72—)7

where 7' : K(e,) — K(e,), x — e-xe- ! is a generator of the

cyclic Galois Group of the field extension K(e,)|K

o We have e2 = (,4:2, hence e, may be considered as a 2973-th
root of unity. Therefore K(e,)|K is a cyclic Galois extension
of degree 2"+

@ One can check that 7/ is actually an automorphism of K(e,),
generating Gal(K(e,)|K. This makes use of the fact that u
was chosen from K(b,) = L°.

Ol
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Construction with respect to Galois groups C; X C g4

If we choose b, such that b? = 1+2’ holds, the algebra

(L|K,(o,7),(u, by, b)) is a DlV/Slon Algebra.
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Construction with respect to Galois groups C; X C g4

A similar construction works in the cases C4 X Cys and Gz x Cia:

Proposition

If we choose b, such that b = 1+2’ holds, the algebra
(Q(C4+2)|1Q(i), (o, T), (Codr2, C2d+z b )) is a Division Algebra for all
d € Np.

Proposition

If we choose b, such that b3 = iig% holds, the algebra

(Q(¢30+1)|Q(¢3), (0, 7), (C3d+1, C3d11, br)) is a Division Algebra for
all d € Np.
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Construction with respect to Galois groups C; X C g4

Example (STBC with respect to G x Cp)

K =Q(i) and L = K (/32) = K(v/5). We obtain the cyclic
algebra A= (L|K, o, i), which yields the well known Golden Code.

The codewords are of the form

& ),

ﬁ|
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Construction with respect to Galois groups C; X C g4

Example (STBC with respect to G x ()
K =Q(i), L= QG br) and A = (LK, (o,7), (.G /1)),

where
_ {CsHCs _ {CsHCs
o and 7 :

b’r — _b7'7 b7- —> b7-.

Then, for a codeword we get

xd  Cgo(xs) br7(x;) iCgbroT(Xsr)

Xy o(xd) b;7(xs7)  ibroT(x:)
xr —iCgo(Xor)  T(x1d) —(807(xs)
XoT iU(XT) T(XU) UT(XId)
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Construction with respect to Galois groups C, X C,.

Example (G x Gy)
K =Q(i) and L = Q((16, br), u= (4, bo = (16, by = 1/ 1131,

C16 = C16 ) Ge—iCie
and 7

b; — —b,, | by = b

The codewords are of the form:

o Goole) b)) iChboomin)  boris)  —iGebroTis)  berl)  —ChbroTln)
X 7 (xe) b)) iCagbr o (s) b (xert)  —ibroT(x2) by T(ter)  —CiybroT(xy)
X —iCho(ur) () “iCoT00)  berien)  —Ciboi(6m)  brl:)  —Gib 0Tl
Xar  Cholx) (%) o7 (xa) b, T2 (xars)  —iChybr T (xs)  beT(xpr)  —ibyoT(x)
X iCo(xen) (%) o () () G0 () by7(xs)  —iChbr 0T (%r)
Xom =g (1) () —&or (%) (%) o72(x4) b T(xr)  iChbroT(x)
X CGeolrr) (k) G167 (%0 72) 2(x,) i€ (xar) ™ () 10T (%)
Xopd —icfsa(xry) T3 (Xgp2) —ioT3(x.2) T2(Xor) C]5072(x7) 65 )) o7(xq)
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Construction with respect to Galois groups C, X C,.

Comparison of the minimal determinants

1) For Cyay2:

NG 1
7%“ S 5min(C) S W
(24+2 . 5) (24+2)
2) For G5 x Cydua:
V5 1

W < 5min(C) <

(2d+1 . \/§)2d+1 :
3) For C4 X Czd:

V5 1
———— < 9min(C) < :
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Construction with respect to Galois groups C, X C,

1) For Ggas1:

VT ()€ —
3d+1 3d+1
(, /7 3d+1> V/3d+1

2) For G5 x Gga:

V7 1

————7 < Omin(C) £ ——gr-
d+1 d+1
(v7- 3d>3 734/3d°
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