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Associated areas

Theory of skew fields: universal construction

Theoretical computer science: weighted finite automata

Free real algebraic geometry: linear matrix inequalities

Systems/control theory: linear systems evolving on a free group

Noncommutative symmetric functions: quasi-determinants
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Nc rational expressions

IF a field of characteristic 0, Z = {z1,..., 2}, F<Z> nc polynomials.
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Nc rational expressions

IF a field of characteristic 0, Z = {z1,..., 2}, F<Z> nc polynomials.
Rr(Z) nc rational expressions built from F<Z> using +, -, 7%, (, ),
eg 2(l+z Yz -3 (2—2)L

Evaluations on matrices:
o M = pmen Mm(F)8.
@ domr is the subset of M where r € Rp(Z) is defined;
domy, r = dom r N My, (F)8.
e r is degenerate if dom r = () and nondegenerate otherwise.

e For nondegenerate r; and r: rp ~ ry iff ri(a) = r2(a) for all
a € domr; Ndom .
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Nc rational functions

Nc rational functions are equivalence classes of nondegenerate

expressions, F{Z». This is a skew field (with obvious operations).

The class of ris T, domr = J,.,. dom r.
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Nc rational functions

Nc rational functions are equivalence classes of nondegenerate
expressions, F{Z». This is a skew field (with obvious operations).

The class of ris T, domr = J,.,. dom r.

This construction is due to Helton, McCullough, Vinnikov.
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Nc rational functions

Nc rational functions are equivalence classes of nondegenerate
expressions, F{Z». This is a skew field (with obvious operations).

The class of ris T, domr = J,.,. dom r.

This construction is due to Helton, McCullough, Vinnikov.
We can also describe F{Z3} using

@ rational expressions over an oco-dim skew field (Amitsur, Bergman),
o full matrices over F<Z> (Cohn),
@ Malcev-Neumann construction on a free group (Lewin),

@ skew field associated to a free Lie algebra (Lichtman).
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Universal property

F£Z» is the universal skew field of fractions of F<Z>, i.e., for every
skew field D O F and epimorphism F<Z> — D we have a commutative
diagram

F<Z>C——— K——=TF(Z»
\ J/‘ﬁ
D
where K is a local ring and ¢ : K — D satisfies ¢(x) # 0 = x~! € K.
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Universal property

F£Z» is the universal skew field of fractions of F<Z>, i.e., for every
skew field D O F and epimorphism F<Z> — D we have a commutative
diagram

F<Z>C——— K——=TF(Z»

\ J{aﬁ
D
where K is a local ring and ¢ : K — D satisfies ¢(x) # 0 = x~! € K.
Informally: if a nc rational expression vanishes on all tuples of matrices
over IF, then it vanishes on all tuples of elements in D, where D is an

arbitrary skew field containing F.
Such expressions are called rational identities.
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Functions analytic at the origin

It can be hard to distinguish nc rational functions; e.g.

(- (1+2) " a(l+2) (1+2) a(l+2) -5 'az") -2

represents 0, i.e., is a rational identity. Alternative description?
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Functions analytic at the origin
It can be hard to distinguish nc rational functions; e.g.
_ _ _ _1y—1
(21 —(1+2z) 121(1 + 22)) ((1 + 2) 121(1 +2) — z 12122 1) — 2
represents 0, i.e., is a rational identity. Alternative description?

Let r € Rp(Z). If (0,...,0) € domr, then we can expand r into a
noncommutative power series S € F<<Z>>. Such a series is rational, i.e.,
it belongs to the rational closure of F<Z> in F<<Z>>.
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Functions analytic at the origin

It can be hard to distinguish nc rational functions; e.g.

_ _ _ _1\ -1
(21 —(1+2z) 121(1 + 22)) ((1 + 2) 121(1 +2) — z 12122 1) — 2
represents 0, i.e., is a rational identity. Alternative description?

Let r € Rp(Z). If (0,...,0) € domr, then we can expand r into a
noncommutative power series S € F<<Z>>. Such a series is rational, i.e.,
it belongs to the rational closure of F<Z> in F<<Z>>.

Theorem (Schiitzenberger, '61)

Every rational series S has a linear representation, i.e., there exists
n€NandceF*" beF™! and A; € F™" for 1 < j < g, such that

-1

g
S=c|h—-Y Az]| b
j=1
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General case

Previous result can be applied to rational expressions defined at some
point in F8. What about other rational expressions, e.g. (z1z0 — z0z1) 1?7
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General case

Previous result can be applied to rational expressions defined at some
point in F8. What about other rational expressions, e.g. (z1z0 — z0z1) 1?7

Let m € N. The algebra of generalized polynomials over M,,(F) is

defined as
Mun(F)<Z> = Mpy(F) g F<Z>.

Its (Z)-completion is called the algebra of generalized series over M,,(TF)
and denoted M,(F)<<Z>>.
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General case

Previous result can be applied to rational expressions defined at some
point in F8. What about other rational expressions, e.g. (z1z0 — z0z1) 1?7

Let m € N. The algebra of generalized polynomials over M,,(F) is

defined as
Mun(F)<Z> = Mpy(F) g F<Z>.

Its (Z)-completion is called the algebra of generalized series over M,,(TF)
and denoted M,(F)<<Z>>.

Assume r is defined at p € M,(IF)8. Then we can expand r into a
generalized series S about the point p. Again, this series belongs to the
rational closure of Mp,(F)<Z> in My, (F)<<Z>>.
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Realizations

If S € Mp(F)<<Z>> is a rational series, then there exists n € N and
ce Mm(F)lxn’ be Mm( n><1’ A e ZM n><n (F)nxn
for 1 <j < g, such that
-1
g

S=c|lh->_A| b
j=1

(b, A, c) is called a (linear) representation of S of dimension n.
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Realizations

If S € Mp(F)<<Z>> is a rational series, then there exists n € N and
ce Mm(F)lxn’ be Mm( n><1’ A e ZM n><n (F)nxn
for 1 <j < g, such that
-1
g

S=c|lh->_A| b
j=1

(b, A, c) is called a (linear) representation of S of dimension n.

If r € Rp(Z) is defined at p € M,(IF)8 and S is its expansion about p,
then (b, A, c) is called a realization of r about p of dimension n.
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Interpretation

Let (b, A, c) be a realization of r about p and let s € N.
With some abuse of the notation we can write

-1

8
c | foms =Y Ailai—p) | b =r(q) € Mns(F)
j=1

for g € Mp,s(F)&, where the entries of ¢, b and A; are considered as
elements in M,,s(FF) using the embedding

Mm(F) — Mp,s(F), ars
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Two examples
Realization of ((1 — z1 — z(1 — z1) "12z)~! about (0, 0):
-1
z7 O 0 = 1
to(-(62)-( %) 6

Realization of (z12z0 — z0z1) ™! about (p1, p2) € Ma(IF)? assuming that
p1p2 — p2p1 is invertible with inverse g:

C(/3 — Ai(z1 — p1) — Ax(22 — P2)> b, where

—z1p2q + p2z1q z1 O

c:(qOO), Al = 0 0 0]},
—2Z14q 0 0
zp1q—p122q 0 —2 1
A2 = —22q 0 0 y b=10
0 0 O 0
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Special types of representations

Let (b, A, c) be a representation over M,(F) of dimension n of series S.
Its obstruction modules are

U = {U S Mm(F)lxn : UAil o 'Aféb =0 VIJ’g}’
UR = {U S IWm(IE‘)nX:l : CAil s Aiéu =0 VIJ’E}
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Special types of representations

Let (b, A, c) be a representation over M,(F) of dimension n of series S.
Its obstruction modules are

U = {U S Mm(F)lxn : UAil o 'Aféb =0 VIJ’g}’
UR = {U S IWm(IE‘)nX:l : CAil s Aiéu =0 VIJ’E}

We say that (b, A, c) is
e reduced if U, and Ug are torsion M,,(F)-modules;

e minimal if its dimension is minimal amongst all representations of S;
o totally reduced if if U/, and Ug are trivial.
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Minimization

@ totally reduced = minimal = reduced.
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Minimization

@ totally reduced = minimal = reduced.

@ We have an algorithm that transforms any representation into a
reduced one.
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Minimization

@ totally reduced = minimal = reduced.

@ We have an algorithm that transforms any representation into a
reduced one.

Q if dimpl; + dimpUr < m? holds for a reduced representation, then it
is minimal.
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Minimization

@ totally reduced = minimal = reduced.

@ We have an algorithm that transforms any representation into a
reduced one.

Q if dimpl; + dimpUr < m? holds for a reduced representation, then it
is minimal.

@ The dimension of a reduced representation is greater than the
minimal one for at most 1.
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Minimization

@ totally reduced = minimal = reduced.

@ We have an algorithm that transforms any representation into a
reduced one.

Q if dimpl; + dimpUr < m? holds for a reduced representation, then it
is minimal.

@ The dimension of a reduced representation is greater than the
minimal one for at most 1.

© A totally reduced representation is unique up to a basis change.
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Minimization

@ totally reduced = minimal = reduced.

@ We have an algorithm that transforms any representation into a
reduced one.

Q if dimpl; + dimpUr < m? holds for a reduced representation, then it
is minimal.

@ The dimension of a reduced representation is greater than the
minimal one for at most 1.

© A totally reduced representation is unique up to a basis change.

@ For a rational expression and “almost every” point in its domain, we
can find its totally reduced realization using the previously mentioned
algorithm.
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Degree of nc rational function

Let r be a nc rational function and r one of its representatives. Assume

we have a minimal (not necessarily totally reduced) realization of r about
p € My (F)8.
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Degree of nc rational function

Let r be a nc rational function and r one of its representatives. Assume

we have a minimal (not necessarily totally reduced) realization of r about
p € My (F)8.

Can we get a smaller realization about a different p’ € M,,(F)&?
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Degree of nc rational function

Let r be a nc rational function and r one of its representatives. Assume

we have a minimal (not necessarily totally reduced) realization of r about
p € My (F)8.

Can we get a smaller realization about a different p’ € M,,(F)&?

Or about p’ € M, (F)# for some m’ # m?
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Degree of nc rational function

Let r be a nc rational function and r one of its representatives. Assume
we have a minimal (not necessarily totally reduced) realization of r about
p € My (F)8.

Can we get a smaller realization about a different p’ € M,,(F)&?

Or about p’ € M, (F)# for some m’ # m?

The answer is no.
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Degree of nc rational function

Let r be a nc rational function and r one of its representatives. Assume

we have a minimal (not necessarily totally reduced) realization of r about
p € My (F)8.

Can we get a smaller realization about a different p’ € M,,(F)&?

Or about p’ € M, (F)# for some m’ # m?

The answer is no.

Therefore we can define the degree of a nc rational function. It is
independent of the choice of a representing expression r € r, point of
expansion p, and even the size of the matrices in p.
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Domain of a nc rational function

n = (1 — 2Z1 — 22(1 — 21)_122)_17

n=-z'(1-2a)z-(1-2)z"(1-2))"

=0 0(e=(3 2)-(2%) ()
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Domain of a nc rational function

n = (1 — 2Z1 — 22(1 — 21)_122)_17

n=-z'(1-2a)z-(1-2)z"(1-2))"

=0 0(e=(3 2)-(2%) ()

It can be shown: r1 =1 =13, (1,1) € domr, \ domr,
(0,0) € dom r; \ dom ry and dom r3 2 dom r; U dom .
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Domain of a nc rational function

-1 1

r1:(1—21—22(1—21) 22)_ y

n=-z'(1-2a)z-(1-2)z"(1-2))"

-1
o . 4l 0 . 0 Z2 1
- a(e-(52)-(2 %) ()
It can be shown: r1 =1 =13, (1,1) € domr, \ domr,
(0,0) € dom r; \ dom ry and dom r3 2 dom r; U dom .

Theorem
If (c, A,b) is a totally reduced realization of v about p € M,(F)&, then

dompst =< g € ME(F): det | loms Ai(gi—pj) | #0

g
j=1

J
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The rational identity testing problem

Denote
k(r) = #tconstant_terms_in_r + 2 - #letters_in_r 4+ #inversions_in_r.
Example: for
r=2znz-1)""t—(az'-z'z)"t-1)

we have k(r) =2+2-6+4 =18.
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The rational identity testing problem

Denote
k(r) = #tconstant_terms_in_r + 2 - #letters_in_r 4+ #inversions_in_r.
Example: for
r=2(zz — 1) - (2122_1 - 22_121)_1 -1)
we have k(r) =2+2-6+4 =18.

Theorem

Let r € Ryp(Z) and assume domp, r # (0. Then r is a rational identity if
and only if r vanishes on domy r, where

N=m[Zx(r)].
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. and another version

Well known: if p € F<Z>\{0} vanishes on My(F)#, then the
(polynomial) degree of p is at least 2.
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. and another version

Well known: if p € F<Z>\{0} vanishes on My(F)#, then the
(polynomial) degree of p is at least 2.

Theorem

Let v € FLZ> \ {0} and assume dom,r # (). If v vanishes on domy r,
then the degree of v is strictly greater than %’\2’ + 1.
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