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Introductions

Introductions

o Corresponding ring is By = Fp[v1,. .., vk], where v,-2 = v; for
alli=1,... k.
@ A code over By is a subset of B}.

@ A linear codes over By is a Bx-submodule of B}.
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Introductions

@ By is a commutative algebra over [Fp,.

@ In [Cengellenmis and Dougherty, 2012], there are many nice
properties of codes over By, with p = 2, including Gray maps,
MacWiliams relations, relation to complex lattices, etc.

@ In [Abualrub et al, 2012], structures of skew-cyclic codes over
B1, with p = 2, have been studied via skew-polynomial ring
and they find some optimal Euclidean self-dual codes.

@ Others then insterested to study skew-cyclic codes over this
ring in general.
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Properties of the ring B,

@ The ring By can be viewed as an [F,-vector space with
dimension 2% and basis consists of elements of the form
BIBIT];cg wi, for some 3 € B, where B C {1,...,k} and
w; € {vj,1—v;}, and 1.
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Properties of the ring B,

@ The ring By can be viewed as an [F,-vector space with
dimension 2% and basis consists of elements of the form
8Bl [T;cg wi, for some 8 € B}, where B C {1,...,k} and
w; € {vj,1—v;}, and 1.

@ The ring By has characteristic p and cardinality (p)Qk.
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Properties of the ring B,

@ The ring By can be viewed as an [F,-vector space with
dimension 2% and basis consists of elements of the form
8Bl [T;cg wi, for some 8 € B}, where B C {1,...,k} and
w; € {vj,1—v;}, and 1.

@ The ring By has characteristic p and cardinality (p)Qk.

@ w € By is a zero divisor if and only if w € (w1, wa, ..., wg),
where w; € {Bv;, B(1 — v;)} for all i=1,2,... k, for some
unit 3.
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An ideal I in By is maximal if and only if | = (wq,wa, ..., wg),
where w; € {Bv;, 5(1 — v;)} for all i =1,2,..., k, for some unit 3.
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An ideal I in By is maximal if and only if | = (wq,wa, ..., wg),
where w; € {Bv;, 5(1 — v;)} for all i =1,2,..., k, for some unit 3.

Let 8 be an endomorphism in Bx. Then, 6 is an automorphism if

and only if
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An ideal I in By is maximal if and only if | = (wq,wa, ..., wg),
where w; € {Bv;, 5(1 — v;)} for all i =1,2,..., k, for some unit 3.

Let 8 be an endomorphism in Bx. Then, 6 is an automorphism if

and only if 8(w;) = Bw;, for every i € {1,..., k}, where § is a unit
in Bk, and 0(a) = a, for every a € IFp.
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Gray map

@ Bk — Fik
A
a=> i iasws, — (as, ngsz ag, ..., ZBQSA ag)
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Gray map

@ Bk — Fik
A
a=> i iasws, — (as, ngsz ag, ..., ZBQSA ag)

where ws, = [[;cs wi and S; C {1,..., k}.
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Gray map

Q Bk — Fik
A
a=> i iasws, — (as, ngsz ag, ..., ZBQSA ag)

where ws, = [[;cs wi and S; C {1,..., k}.

@ There is one-on-one correspondence between ¢ and

automorphism in By up to lexicographic order.

@ This map should be a permutation of similar map in
[Cengellenmis and Dougherty, 2012]
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C is a By-linear code with length n if and only if
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codes, Cy,..., Cy, over F,, such that
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Characterization for codes over By

C is a By-linear code with length n if and only if there exist linear
codes, Cy,..., Cy, over F,, such that

C=pYC,..., Cx).

Equivalence

Two codes C and C’ over By are equivalent if either they are
permutation-equivalent or C is permutation equivalent to the code
6(C’) for some automorphism 6 in Ay, i.e. the code 6(C")
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Characterization for codes over By

C is a By-linear code with length n if and only if there exist linear
codes, Cy,..., Cy, over F,, such that

C=pYC,..., Cx).

Equivalence

Two codes C and C’ over By are equivalent if either they are
permutation-equivalent or C is permutation equivalent to the code
6(C’) for some automorphism 6 in Ay, i.e. the code 6(C")
obtained from C’ by changing ¢’ with 6(c’) in all coordinates.

Characterization

C and C’ are equivalent if and only if there exists a permutation
which sends (Cy,...,Gs) to (Cf, ..., Cl) or to

/ / / / ! / !/
(€ G Caoon C naooos Cnooey G 5 &
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Other Properties

Euclidean self-dual codes
Let C = E_I(Cl, ce C2k).
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Euclidean self-dual codes

Let C =% Y(Cy,...,Cux). Cis a self-dual code over By if and
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Other Properties

Euclidean self-dual codes

Let C =% Y(Cy,...,Cux). Cis a self-dual code over By if and
only if Cy,...,C, are also self-dual codes over IF, and
G=G=--= Cyu.
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Other Properties

Euclidean self-dual codes

Let C =% Y(Cy,...,Cux). Cis a self-dual code over By if and
only if Cy,...,C, are also self-dual codes over IF, and
G=G=--= Cyu.

Minimum Hamming distance

If C=9%"1(C,..., Cyx), for some codes Ci, ..., Co over Fp,
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Other Properties

Euclidean self-dual codes

Let C =% Y(Cy,...,Cux). Cis a self-dual code over By if and
only if Cy,...,C, are also self-dual codes over IF, and
G=G=--= Cyu.

Minimum Hamming distance

If C=9"1(C,..., Cx), for some codes Ci, ..., Cox over Fp, then
dH(C) = minlSiQk dH(C,').
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MacWiliams Relation
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MacWiliams Relation

1

7 We(X + (p¥ —1)Y, X - Y)

Wei(X,Y) =

Group Action
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MacWiliams Relation

1

7 We(X + (p¥ —1)Y, X - Y)

Wei(X,Y) =

Group Action

e (T,D),
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MacWiliams Relation

1

7 We(X + (p¥ —1)Y, X - Y)

Wei(X,Y) =

Group Action

o T=| P P! and
1 —1
p2k71 p2k71
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MacWiliams Relation

1

WCJ-(Xa Y) = |C‘

We(X + (P2 — 1)V, X — Y) \

Group Action
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MacWiliams Relation

Wei (X, Y)= |é‘wc(x L )Y, X Y) \

° <T7 D>1

1 P -1 _
o T = p2k1*1 p2 andD:< LU )

—1
ok—1

p p

If We(X,Y) is a Hamming weight enumerator for a self-dual code
C over By,
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MacWiliams Relation

Wei (X, Y)= |é‘wc(x L )Y, X Y) \

° <T7 D>1

1 P -1 _
o T = p2k1*1 p2 andD:< LU )

—1
ok—1

p p

If We(X,Y) is a Hamming weight enumerator for a self-dual code
C over By, then W (X, Y) is invariant under the action of G.
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Invariant ring

Invariant ring of G is generated by W, (x,y) = x% + (pzk —1)y?

K
- k—1 4(p2 —1 2k _1\2

1202 422 (” ) 2(p* =1)% 2
and f(x,y) =2 L 2 X° + 2 Xy + 21 y
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Invariant ring of G is generated by W, (x,y) = x% + (pzk —1)y?

. k=1 a(p? 1
and f(x,y) = 1 2p2p2k 12,2 4 (p )

K
2(p* =1)% 2
2 Xy + 21 y

We,(x,y) = x* + (p% — 1)y? is the Hamming weight enumerator
for repetition code.
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Remarks

@ The result can be generalized to the ring Fpr[vq,. .., vk],

where v,-2 = v;.

@ It is interesting to study skew-cyclic codes over By, since it
has a connection to skew-cyclic codes over finite field which
gives optimal Euclidean self-dual skew-cyclic codes, see
[Boucher and Ulmer, 2009].
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Thank You
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