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Reed-Solomon over Fq

An Fq-linear code of length n is a k-dimensional subspace of (Fq)n

Encoding :

(Fq)k → (Fq)n

(b0, . . . , bk−1) 7→ (c0, . . . , . . . , cn−1)

Reed-Solomon Codes : Pick α0, . . . , αn−1 in Fq

(Fq)k → (Fq)n

f =
k−1∑
i=0

biX
i 7→ (f (α0), f (α1) . . . , f (αn−1))

singleton bound, systematic incoding, decoding via interpolation
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Reed Mueller Codes over Fq

Pick n-points (α0,1, . . . , α0,m), . . . , (αn−1,0, . . . , αn−1,m) in (Fq)m

(Fq)k → (Fq)n∑
i1+··· ,im<d

bi1,...,imX
i1 · · ·X im

7→ (f ((α0,1, . . . , α0,m)), . . . , f (αn−1,1, . . . , αn−1,m))
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Iterated skew polynomial rings

Fq a ring, θ ∈ Aut(Fq), δ : Fq → Fq a θ-derivation :{
δ(a + b) = δ(a) + δ(b)
δ(ab) = δ(a)b + θ(a)δ(b).

R = Fq[X ; θ, δ] = {anX n + . . .+ a1X + a0 | ai ∈ A and n ∈ N} .

X a = θ(a)X + δ(a)

R` = (· · · (Fq[X1; θ1, δ1]) . . .)[Xm; θm, δm]

In order to generalize Reed Mueller codes to Iterated skew
polynomial rings we need the notion of evaluation
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Previous results in Fq[X ; θ, δ] (one variable)

1 Operator evaluation
1 Gabidulin (1985) :

ϕ : Fq[X ; θ]→ End(Fq), f =
∑m

i=0 aiX
i 7→ σf =

∑m
i=0 aiθ

i

for b ∈ Fq define f (b) =
∑m

i=0 aiσ
i
f (b) =

∑m
i=0 aib

qi

2 Boucher, U. (2014) : in Fq[X ; θ, δ] with δ 6= 0

for b ∈ Fq define f (b) = δf (b) =
∑m

i=0 aiδ
i (b)

2 Remainder eval : Lam-Leroy (1988), Boucher, U. (2014) :

for b ∈ Fq consider f = q(X − b) + r and set f (b) = r .
(remainder evaluation).

Evaluation points limited by rank of Wronskian/Vandermonde
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Lemma

(Zippel 1979) For a non zero f ∈ Fq[X1, . . . ,Xm], where

degXi
(f ) ≤ di , we have Prα∈(Fq)m [f (α) 6= 0] ≤

∏m
i=1(q − di )

qm
.

Example : F9 = F3[ω], θ1 : x 7→ x3, R = [X1; θ1]

X 2
1 + 1 {ω, ω3, ω5, ω7}

X 3
1 + 2X 2

1 + X1 + 2 {1, ω, ω3, ω5, ω7}
X 4

1 + 2 {1, 2, ω, ω2, ω3, ω5, ω6, ω7}
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Generalization of commutative evaluation

1 The evaluation of f ∈ Fq[X1, . . . ,Xm] at (a1, . . . , am) is a
representative of f modulo the ideal (X1 − a1, . . . ,Xm − am).

2 (X1 − a1, . . . ,Xm − am) is a Gröbner basis for lex order and
f (a1, . . . , am) is the remainder of the “division” of f by
{X1 − a1, . . . ,Xm − am}.

We need :

1 Rings Rm = (. . . (Fq[X1; θ1, δ1]) . . . [Xm; θm, δm]).

2 Evaluation ideals I = (X1 − a1, . . . ,Xm − am) ⊂ Rm.

3 Gröbner basis for I ⊂ Rm.

(X1 − a1, . . . ,Xm − am) = Rm ; always zero evaluation
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D. Jordan (1995) : β ∈ F∗q, γ ∈ Fq, d1 ∈ Fq and θ1 ∈ Aut(Fq).

1 θ1 ∈ Aut(Fq) and δ1 : x 7→ d1x − θ1(x)d1 (inner derivation)

R1 = Fq[X1; θ1, δ1], where ∀a ∈ Fq, X1a = θ1(a)X1 + δ1(a)

2 Extend to θ̃1 ∈ Aut(R1) by θ̃1(X1) = β−1X1. θ2 = θ̃1
−1

. Then
δ2(Fq) = 0 and δ2(X1) = γ − βθ1(γ) ∈ Fq

R2 = R1[X2; θ2, δ2] = Fq[X1; θ1, δ1][X2; θ2, δ2]

R2 = {
∑

ai ,jX
i
1X

j
2 | ai ,j ∈ Fq}.

Example : F9[X1; θ1, δ1][X2; θ2, δ2], F9-algebra generated by X1,X2

F9 = F3[ω], θ1 : x 7→ x3, d1 = ω ; δ1 : x 7→ ωx − θ1(x)ω.

; ∀a ∈ F9, X1a = a3X1 + ωa− a3ω = θ1(a)X1 + δ1(a)

β = ω2 ; θ2 : X1 7→ ω2X1 γ = ω ; δ2 : X1 7→ ω5

; ∀a ∈ F9, X2a = a3X2 and X2X1 = ω2X1X2 + ω5
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F9[X1; θ1, δ1][X2; θ2, δ2] ; 81 evaluation points
i.e. evaluation ideals (X1 − a1,X2 − a2) ⊂ R2.

Example 1 : θ1, d1 = ω, β = ω2, γ = ω

I = (x2 + w , x1) ⊂ R2 is a maximal ideal

I = (X2+w ,X1) ⊂ R2 : ω2X1(X2+ω)−X2X1 = ω−5X1+ω−5 ⇒ 1 ∈ I

[24, 3, 20]9 polynomials of degre ≤ 1

[24, 6, 8]9 polynomials of degre ≤ 2

[24, 10, 4]9 polynomials of degre ≤ 3

[24, 12, 3]9 polynomials of degre ≤ 4
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Example 2 : θ1, d1 = 1, β = 1, γ = 1

[33, 3, 24]9 polynomials of degre ≤ 1

[33, 6, 16]9 polynomials of degre ≤ 2

[33, 10, 8]9 polynomials of degre ≤ 3

[33, 14, 1]9 polynomials of degre ≤ 4

Example 2 : θ1, d1 = w , β = 1, γ = 1

[15, 3, 6]9 polynomials of degre ≤ 1

[15, 6, 3]9 polynomials of degre ≤ 2

[15, 9, 2]9 polynomials of degre ≤ 3

[15, 11, 1]9 polynomials of degre ≤ 4
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Example 2 : θ1, d1 = 1, β = ω, γ = 1

[8, 3, 4]9 polynomials of degre ≤ 1

[8, 6, 2]9 polynomials of degre ≤ 2

[8, 8, 1]9 polynomials of degre ≤ 3

Example 2 : θ1, d1 = 1, β = ω2, γ = 1

[6, 3, 3]9 polynomials of degre ≤ 1

[6, 5, 2]9 polynomials of degre ≤ 2

[6, 6, 1]9 polynomials of degre ≤ 3
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Codes over rings

A = F2[y ]/(y3) a ring of order 8

commutative polynomial y2X1X2 ∈ A[X1,X2] has 48 zeros in A2

Lemma

(Zippel 1979) For a non zero f ∈ Fq[X1, . . . ,Xm], where

degXi
(f ) ≤ di , we have Prα∈(Fq)m [f (α) 6= 0] ≤

∏m
i=1(q − di )

qm
.
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