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The Beginning of Coding Theory

People

Richard W. Hamming and Claude Shannon (Bell Telephone
Laboratories); Marcel J. E. Golay (Signal Corps Engineering
Laboratories)

When
1947-1949

Richard Hamming speaking of his 1947 experience with the Model

V computer at Bell Labs:
Two weekends in a row | came in and found that all my
stuff had been dumped and nothing was done. | was really
aroused and annoyed because | wanted these answers and
two weekends had been lost. And so I said, ‘If the machine
can detect an error, why can't it locate the position of the
error and correct it?"

1T. M. Thompson, From Error-Correcting Codes Through Sphere Packings
to Simple Groups, Mathematical Association of America (1983).
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What is a Code?

Definition
A code C of length n over A is a subset of A” where A is the
alphabet of C. The elements of C are codewords.

Variations
e We will only discuss codes where the length is fixed, but codes
where codewords have varying lengths are also studied.
e Later we will consider codes that are subsets of other
structures such as matrices.
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14 (1993), 19-26.
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Solé, “The Za-linearity of Kerdock, Preparata, Goethals, and related codes”,
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The Alphabet

Usually the alphabet A is finite and most often has some kind of
algebraic structure.

o A =T, the finite field of order q. Early coding research focused on
this case, most specifically when A = F, (binary codes), A = F3
(ternary codes), and by the early 1950s to A =T, (g-ary codes).

e A =R, a finite commutative ring. Significant papers appeared in
19932 and 1994.3 Earlier papers appeared in the 1970s.*

e A =R, a finite noncommutative ring. This is the least studied
alphabet for coding theory.

2G. D. Forney, N. J. A. Sloane, M. Trott, “The Nordstrom-Robinson code is
the binary image of the octacode”, in: A. R. Calderbank et al., eds., Coding
and Quantization: DIMACS/IEEE Workshop 1992, Trans. Amer. Math. Soc.
14 (1993), 19-26.

3A. R. Hammons, P. V. Kumar, A. R. Calderbank, N. J. A. Sloane, and P.
Solé, “The Zs-linearity of Kerdock, Preparata, Goethals, and related codes”,
IEEE Trans. Inform. Theory, 40 (1994), 301-3109.

*1. F. Blake, “Codes over integer residue rings", Inform. and Control 29
(1975), 295-300.
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Challenge

e Whatever concepts, properties, theorems are understood or
proven for codes over fields, are there analogous concepts,
properties, theorems that can be understood or proven for
codes over rings?

e Conversely, are there ideas and results about codes over rings
that shed light on codes over fields?
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Unrestricted and Linear Codes

Definition
If C is a length n code over A with M codewords, then C is
denoted an code; an (n, M) 5| code may be referred to

as an unrestricted code. If no further conditions are imposed on C,
the actual alphabet is immaterial; only its order matters.

From Now On
A will be at least a finite additive abelian group.

Definition

If C is a length n code over a commutative ring R, C is a linear
code provided C is an fR-submodule of R". If R is a
noncommutative ring, C is a left-linear code, respectively
right-linear code, provided C is a left, respectively right,
PR-submodule of R".
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Two Examples of Communication Channels

e Deep space communication: the message source is a satellite
with the encoder on the satellite, the channel is outer space,
the decoder is hardware at a ground station on Earth, and the
receiver is the people or computer processing the information.
Codes used are standardized by the Consultative Committee
for Space Data Systems, an international forum of space
communications experts from 27 countries founded in 1982.



Two Examples of Communication Channels

e Deep space communication: the message source is a satellite
with the encoder on the satellite, the channel is outer space,
the decoder is hardware at a ground station on Earth, and the
receiver is the people or computer processing the information.
Codes used are standardized by the Consultative Committee
for Space Data Systems, an international forum of space
communications experts from 27 countries founded in 1982.

e CD, DVD or Blue-ray disc: the message source is the voice,
music, video, or data to be placed on the disc and encoded by
the manufacturer, the channel is the disc itself, the decoder is
the CD, DVD or Blue-ray player, and the receiver is the
listener or viewer. Standards for encoding and decoding of the
CD were developed in a 1979 agreement between N. V.
Philips of The Netherlands and Sony Corporation of Japan;
the codes used are Reed—Solomon codes (shortened)
constructed in a 1960 paper by I. S. Reed and G. Solomon.
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Two Big Questions

1. Is reliable communication possible? Answer: YES!! Shannon’s
Channel Coding Theorem guarantees that good codes exist
that make reliable communication possible.®

2. How? Answer: The proof of Shannon’s Theorem is
non-constructive. The objective becomes to find codes with a
large number of codewords (to send many messages), large
error-correcting capability, and short length (to minimize
transmission time or storage space). These goals conflict.

5C. Shannon, “A mathematical theory of communication”, Bell System
Tech. J., 27 (1948), 379-423 and 623-656.
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Binary Symmetric Channel

Definition

One model for transmitting binary data is the binary symmetric
channel (BSC) with crossover probability p. In a BSC, for

y,c € Iy,

1—p ify=c

Prob(y is received | ¢ is sent) = { o ify£c.

In a BSC the probability of error in one bit is independent of
previous bits. We can assume it is more likely that a bit is received
correctly than in error; so ¢ < % If o > % immediately
interchange 0 and 1 at the receiving end. This converts the BSC
with crossover probability o to a BSC with crossover probability
1-p< % This of course does not help if p = %; in this case

communication is not possible.
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Binary Symmetric Channel (cont.)

1-— )
send 0 receive

Definition
The capacity of a BSC with crossover probability g is

Cesc(0) = 1+ ology 0+ (1 — 0) logy(1 — o).
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Definition

When communicating with a code C, the word error rate Pg,, for a
given communication channel and decoding scheme is the
probability that the decoder makes an error, averaged over all
codewords of C.

Example (ML Decoding)

In the Maximum Likelihood (ML) Decoding model, when y is
received, the decoder makes the decision:

c= Prob(y | c).
arg max Prob(y | c)

An ML decoder error occurs when € is not the originally
transmitted codeword c.
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probability o. Furthermore no such code exists if R > Cgsc(p).
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Shannon's Theorem, binary case

Theorem

Let 6 > 0 and R < Cgsc(p). Then for large enough n, there exists
n (n, M)y binary code C with '°g2( ) > R such that P.,, < &

when C is used for commun/catlon over a BSC with crossover

probability o. Furthermore no such code exists if R > Cgsc(p).

Remarks
1
e Cgsc(3) =0.
e The value of n to make reliable communication possible for

rates close to channel capacity may be very large and so may
not be very practical.

e When searching for a code for communication purposes, one
considers the application, the channel, the reliability needed,
the hardware involved, real-time or not, etc.



Linear Codes over I,

Definition
C is a linear code of length n over I, if C is a vector subspace of
JFg. If the dimension of C is k, C is denoted an code. The

information rate, or simply rate, of an [n, k]q code is ©. This
fraction represents the ratio of the number of message bits to the
number of codeword bits.



Linear Codes over I,

Definition
C is a linear code of length n over I, if C is a vector subspace of
Fg. If the dimension of C is k, C is denoted an code. The

information rate, or simply rate, of an [n, k]q code is ©. This
fraction represents the ratio of the number of message bits to the
number of codeword bits.

Remarks

e An (n, M)q code that is also linear is an [n, k]q code where
M = g¥. A specific unrestricted code over Fy may be either
linear or nonlinear.



Linear Codes over I,

Definition
C is a linear code of length n over I, if C is a vector subspace of
Fg. If the dimension of C is k, C is denoted an code. The

information rate, or simply rate, of an [n, k]q code is ©. This
fraction represents the ratio of the number of message bits to the
number of codeword bits.

Remarks

e An (n, M)q code that is also linear is an [n, k]q code where
M = g¥. A specific unrestricted code over Fy may be either
linear or nonlinear.

e When referring to a code, expressions such as or
are called parameters of the code.



Linear Codes over I,

Definition
C is a linear code of length n over I, if C is a vector subspace of
Fg. If the dimension of C is k, C is denoted an code. The

information rate, or simply rate, of an [n, k]q code is ©. This
fraction represents the ratio of the number of message bits to the
number of codeword bits.

Remarks

e An (n, M)q code that is also linear is an [n, k]q code where
M = g¥. A specific unrestricted code over Fy may be either
linear or nonlinear.

e When referring to a code, expressions such as or
are called parameters of the code.

e For linear codes over rings, the concept of dimension is
replaced by type.
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Generator and Parity Check Matrices

Definition

Let C be an [n, k]q linear code. A generator matrix G for C is any
G € Matyn(IFq) whose row span is C. So C = {c =xG | x € F&}.
Because any k-dimensional subspace of Fg is the kernel of some
linear transformation from Fg onto Fg*k, there exists

H € Mat(,_x)xn(Fq) with independent rows, called a parity check
matrix of C, such that C = {c € Fg | HcT =0T}. There are
usually many generator and parity check matrices for C.

If G =1 Ik ‘ A ], G is in standard form.

If G is in standard form, one choice for His H=[ —AT ‘ In—k ]

Remark

For linear codes over rings, one generally tries to find a generator
matrix in some standard form that reflects or defines the type of
the code.
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Hamming Weight and Distance

Definition
The Hamming weight of x € A is

0 ifx=0,
W) =1 1 ifx 20,

The Hamming weight of x = x1x -+ - x, € A" is

wty(x) = Z wtp (X;)-
i=1

The Hamming distance between of x and y is

du(x,y) = wty(x —y).



Hamming Weight and Distance (cont.)

Properties of Hamming Distance
e (nonnegativity) dy(x,y) > 0 with dy(x,y) = 0 if and only if
X=y.
o (symmetry) du(x,y) = du(y, x).
e (triangle inequality) dy(x,z) < du(x,y) + du(y, 2).
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ML Decoding on a BSC

Recall: If C C FJ is used to communicate over a BSC with
crossover probability 0 < o < % an ML decoder makes the
decision, when y is received: ¢ = arg maxcec Prob(y | c).
Ify=yiyo---ypsand c=cicx- - ¢y

Prob(y | ) H Prob(y; | ¢i)

since bit errors are independent on a BSC. So

Q dH(yvc)
1-p0 '

Probly | c) = G091 - o)) — (1 — g (

Since0<p< 1 0< 1%'&) < 1. Thus maximizing Prob(y | c) is
equivalent to minimizing dn(y, c). So ML Decoding is Nearest
Neighbor Decoding.
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have occurred in transmission.



Minimum Distance

Definition

Let C be an (n, M)|4| code with M > 1 over an alphabet A. The

minimum Hamming distance dy = dy(C) of C is the smallest

distance between distinct codewords. If dy(C) is known, C is an
code.

Theorem

dy—1
Let C be an (n, M, dy)a| code and t = H

. If a codeword

c € C is sent and y is received where t or fewer errors have
occurred, then c is the unique codeword closest, in Hamming
distance, to'y. In particular nearest neighbor decoding uniquely
and correctly decodes any received vector in which at most t errors
have occurred in transmission.

Objective
Find codes with a large M, large dy, small n.



Forms

Definition
Let R be a ring. If for all x,y,z € RR” and all a € R, the form
() R X RT — Ris

biadditive) if (x,y +z) = (x,y) + (x,2) and

y+2,x) = (y,x) + (z,x);

[ ]
e (multiplicative) if (ax,y) = a(x,y);

e (alternating) if (x,x) = 0;

symmetric) if (y,x) = (x,y);

skew-symmetric) if (y,x) = —(x,y);

(
(
(
o (reflexive) if (x,y) = 0 implies (y,x) = 0;
(
(
(
(

non-degenerate) if (x,y) = 0 for all y € 8", then x = 0.
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Examples of Forms

Definition
Let R be a ring. The Euclidean inner product on 1" is defined by
(X, ¥)E = Doy Xiyi where X = x1x2 -+ Xn, ¥ = y1y2- -+ yn € R".

Remark

If ;R is commutative, (-,-)f is biadditive, multiplicative, reflexive,
and symmetric. It is non-degenerate unless there exists a # 0 such
that ab = 0 for all b € fR.

Definition

Let ;R = [Fgr where r is even. For o € Fgr, the conjugate of v is
@ = a9”?. The Hermitian inner product on [Fg, is defined by

(X, ¥)H = D_i1 XiYi where X = x1x2 -+ - Xp, ¥ = y1y2 -~ yn € Fpr.

Remark

Conjugation is an involution. (-,-)y is biadditive, multiplicative,
reflexive, and non-degenerate. It is also conjugate-symmetric:
(y,x) = (X,y)H. Note: (x,ay)y =a(x,y)H.
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Cis

={veR"|(v,c)g =0 forall ceC}.

Remarks
e CLE is linear (even if C is not linear).
e If R is Frobenius and C is linear, |C| - |[C1£| = |R|".®
o If R =F,, dimg,(C) + dimg, (C1€) = n.

6J. A. Wood, “Duality for modules over finite rings and applications to
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Euclidean Dual Codes over Commutative Rings

Definition
Let R be a commutative ring and C C R”. The Euclidean dual of
Cis

={veR"|(v,c)g =0 forall ceC}.

Remarks
e CLE is linear (even if C is not linear).
e If M is Frobenius and C is linear, [C| - |C1E] = |R|".6

e If R =F,, dimg,(C) + dimp,(C1€) = n. Furthermore, if C has
generator matrix G and parity check matrix H, then C€ has
generator matrix H and parity check matrix G.

6J. A. Wood, “Duality for modules over finite rings and applications to
coding theory”, Amer. J. Math. 121 1999, 555-575.
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Hermitian Dual Codes over [F -

Definition
Let C C IFZ,, r even. The Hermitian dual of C is

={velFg |(v,c)y =0 forall ceC}.

Remarks
e C1# is linear (even if C is not linear).
e dimg,_, (C) + dimg,, (C*t#) = n. Furthermore, if C has

generator matrix G and parity check matrix H, then C+ has
generator matrix H and parity check matrix G.
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R(C)={veR"| (c,v)g =0 for all c € C}. L(C), respectively
R(C), is the left-dual, respectively right-dual, of C.
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Dual Codes over Noncommutative Rings

Definition

Let C C R". Let ={veR"|(v,c)g =0 forall ceC} and
={veR"| (c,v)g =0 forall ceC}. L(C), respectively

R(C), is the left-dual, respectively right-dual, of C.

Remark
L(C) is a left R-submodule of R", and R(C) is a right
R-submodule of R".

Theorem (Wood)

Let C C R" where R is a finite Frobenius ring. If C is a right
R-submodule of K", then |C| - |L(C)| = |R|". IfC is a left
MR-submodule of R", then |C| - |R(C)| = |R|".



Hamming Weight and Distance Distributions
Definition
Let C C A",

e The Hamming weight distribution of C is the list
Ao(C), A1(C), ..., An(C) where, for 0 < i < n, A/(C) is the
number of codewords of Hamming weight /.
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Hamming Weight and Distance Distributions
Definition
Let C C A",
e The Hamming weight distribution of C is the list

Ao(C), A1(C), ..., An(C) where, for 0 < i < n, A/(C) is the
number of codewords of Hamming weight /.

e The Hamming weight enumerator of C is

vae( X )/ ZXWtH ), n—wty(c) _ (C)XI n— I
ceC i

I
o

e The Hamming distance distribution of C is the list
By(C), B1(C), ..., Bn(C) where, for 0 < i < n,

Bi(C = Z|{vec | du(v,c) = i}|.

ceC
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Remark
If A =% isaring and C is a left or right $R-submodule of R”,
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Hamming Weight and Distance Distributions (cont.)

Remark
If A =% isaring and C is a left or right $R-submodule of R”,
then B;j(C) = Ai(C) for 0 < i < n.

Question
C-LE is determined by C. Is there a connection between {A;(C)}7_,
and {A;(C1tE)}1_,?

Answer
Yes, under certain conditions. The relationship is determined by
the Pless Power Moments or the MacWilliams Identity.

References
e F. J. MacWilliams, “A theorem on the distribution of weights
in a systematic code”, Bell System Tech. J. 42 (1963), 79-94.
e V.S Pless, “Power moment identities on weight distributions
in error correcting codes”, Inform. and Control 6 (1963),
147-152.
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Theorem
Let C be a linear [n, k|4 code over Fy. Then

1
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MacWilliams Identity

Theorem
Let C be a linear [n, k|4 code over Fy. Then

1
Hwe, . (x,y) = @HWGC(Y —x,y+(qg—1)x).

Theorem (Wood)
Let SR be a finite Frobenius ring. The following hold.
(a) Let C be a left R-submodule of R". Then

1
Hwer(c)(x,y) = EHWGC(Y =%,y + (1R[] = 1)x).

(b) Let C be a right R-submodule of R". Then

1
Hwer oy (x,y) = meec(y =X,y + (IR = 1)x).
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When Should Two Codes be Considered the ‘Same’?

Considerations

e You could transmit coordinates in a different order.

You could consistently rename the alphabet.

You could re-scale coordinates if A is a ring.

You probably want to preserve linearity.

You probably want to preserve Hamming weight.

Definition
Amap T : A" — A" preserves Hamming weight if
wtp(x) = wty(T(x)) for all x € A".
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e The group of permutations on {1,2,..., n} will be denoted
Sym,,.
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Permutation Equivalence of Codes

Notation
e The group of permutations on {1,2,..., n} will be denoted

e Forx=xyx2---x, € A" and o € Sym,,, define
by
O'(X) = X071(1)X071(2) e ngl(n).

So for 7 € Sym,,, 7(0(x)) = (70)(x).

Remark
The map o : A" — A" preserves Hamming weight.



Permutation Equivalence of Codes (cont.)

Definition

Let C1,Co C A", (C; is permutation equivalent to C, provided there
is a permutation o € Sym,, such that C> = {o(c) | c € C1}; i.e.

CQ == O'(Cl).



Permutation Equivalence of Codes (cont.)

Definition

Let C1,Co C A", (C; is permutation equivalent to C, provided there
is a permutation o € Sym,, such that C> = {o(c) | c € C1}; i.e.

Cz == O'(Cl).

Remark
Define C; ~p Cy if Cq is permutation equivalent to C2. Then ~p is
an equivalence relation on the set of codes in A".
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Monomial Equivalence of Codes over Rings

Let A = R where R is a finite ring with unity. Let denote the
group of units of fA.
Definition

e Amap T :R" — R" is a right linear automorphism of R”

provided T is bijective and T(xa+yfB) = T(x)a+ T(y)s for
all x,y € R" and all a, 5 € A.

e A right isometry of PR" is a right linear automorphism of R"
that preserves Hamming weight.

e A right monomial transformation of Y1 is a map
given by

TU,U(X1X2 s Xn) = UU(X) = (U1X071(1), U2X071(2), ey unxafl(,,))

where u = vy -+ - u, € (R*)" and o € Sym,,. So

Tv,‘r o Tu,O' = lvr(u),70-



Monomial Equivalence of Codes (cont.)

Theorem (Wood)

A map T : R" — R" is a right isometry if and only if it is a right
monomial transformation.
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Theorem (Wood)

A map T : R" — R" is a right isometry if and only if it is a right
monomial transformation.

Definition

Let C1,Co CR". (Cq is right monomially equivalent to Co provided
there is a right monomial transformation T, , of R" such that

Co = Tus(C1).

Remarks

e The sets of right linear automorphisms and right monomial
transformations of R” each form groups under function
composition.



Monomial Equivalence of Codes (cont.)

Theorem (Wood)

A map T : R" — R" is a right isometry if and only if it is a right
monomial transformation.

Definition

Let C1,Co CR". (Cq is right monomially equivalent to Co provided
there is a right monomial transformation T, , of R" such that

Co = Tus(C1).

Remarks

e The sets of right linear automorphisms and right monomial
transformations of R” each form groups under function
composition.

e Define C; ~p Cy if Cy is right monomially equivalent to Cs.
Then ~y is an equivalence relation on the set of codes in R".



MacWilliams Extension Theorem

Theorem (Wood)

Let SR be a finite Frobenius ring. Suppose C1,C» are right
R-submodules of SR" such that there is a weight preserving right
linear surjective homomorphism T : C;y — Co. Then T extends to a
right monomial transformation of R".
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extends to a monomial transformation of Fg.



MacWilliams Extension Theorem

Theorem (Wood)

Let PR be a finite Frobenius ring. Suppose C1,Co are right
R-submodules of SR" such that there is a weight preserving right
linear surjective homomorphism T : C;y — Co. Then T extends to a
right monomial transformation of R".

Corollary (MacWilliams)

Suppose C1,C are [n, k|q linear codes over Fq such that there is a
weight preserving linear transformation T : C;y — Co. Then T
extends to a monomial transformation of Fg.

Remark
This corollary was part of F. J. MacWilliams Ph.D. Thesis.” In the
literature this is called the MacWilliams Extension Theorem.

"F. J. MacWilliams, Combinatorial Problems of Elementary Abelian Groups,
Ph.D. Thesis, Harvard University, Cambridge, MA, USA, 1962.



The Converse of Wood's Theorem

Theorem (Wood)

Suppose R is a finite ring with unity. Suppose that for every pair
C1,Cy of right R-submodules of SR" possessing a weight preserving
right linear surjective homomorphism T : C1 — C», then T extends
to a right monomial transformation of SR". Then R is Frobenius.



The Converse of Wood's Theorem

Theorem (Wood)

Suppose R is a finite ring with unity. Suppose that for every pair
C1,Cy of right R-submodules of SR" possessing a weight preserving
right linear surjective homomorphism T : C; — C», then T extends
to a right monomial transformation of SR". Then R is Frobenius.

Remark
This was proved in the commutative ring case by J. A. Wood in his
1999 paper. He proved it in the general case in 2008.2

8J. A. Wood, “Code equivalence characterizes finite Frobenius rings”, Proc.
Amer. Math. Soc. 136 (2008), 699-706.



Dual Codes Reuvisited

Definition
Let R be a ring with unity and suppose R" is endowed with a
biadditive form (-, -)r. Let C C R".

e The left-dual of C with respect to (-,-)F is

Crir ={veR"|(v,c)r =0 for all c € C}.

The right-dual of C with respect to (-,-)F is

Crtr ={veNR" | (c,v)r =0 for all c € C}.

If (-,-)F is reflexive, Ct*F = CRLF and this common code is
denoted (7, called the dual of C with respect to (-, ).

C is left-self-dual with respect to (-,-)¢ if C = CLLF.

C is right-self-dual with respect to (-, ) if C = CRLF.

C is self-dual with respect to (-,)f if (-,-)f is reflexive and
C =C*r.



Divisible Codes

Definition
A code C C A" is divisible provided there exists A > 1 such that
A | wty(c) for all c € C. A'is a divisor of C.



Divisible Codes

Definition
A code C C A" is divisible provided there exists A > 1 such that
A | wtu(c) for all c € C. Ais a divisor of C.

Theorem (Gleason—Pierce—Turyn®~Ward1?)

Let C be an [n, §]4 divisible code over F, with divisor A > 1. Then one
(or more) of the following holds.

(a) g=2and A =2, or

(b) g =2, A =4, and C is Euclidean self-dual, or

(c) gq=3, A =3, and C is Euclidean self-dual, or

(d) g =4, A =2, and C is Hermitian self-dual, or

(e) A =2 andC is monomially equivalent to the code over Fq with

generator matrix [ I,/ ‘ lny2 |-

9E. F. Assmus, Jr., H. F. Mattson, Jr., and R. J. Turyn, “Research to
develop the algebraic theory of codes,” Report AFCRL-67-0365, Air Force
Cambridge Res. Labs., Bedford, MA, June 1967.

4. N. Ward, “Divisible codes,” Archiv Math. (Basel) 36-(1981), 485-494:



Divisible Codes (cont.)
Let C be an [n, 5], code.
e If g =2 and C is Euclidean self-dual, C is automatically
divisible by A = 2.
e If g =2 and C is divisible by A =2, C may not be Euclidean
self-dual.

e If g =2 and C is divisible by A = 4, C is Euclidean self-dual.
Such codes are Type Il or doubly-even self-dual. They exist if
and only if n =0 (mod 8).

e If g =2 and C is Euclidean self-dual but not Type Il, then C is
Type | or singly-even self-dual.
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Let C be an [n, 5], code.

If g =2 and C is Euclidean self-dual, C is automatically
divisible by A = 2.

If g =2 and C is divisible by A = 2, C may not be Euclidean
self-dual.

If g =2 and C is divisible by A =4, C is Euclidean self-dual.
Such codes are Type Il or doubly-even self-dual. They exist if
and only if n =0 (mod 8).

If g =2 and C is Euclidean self-dual but not Type Il, then C is
Type | or singly-even self-dual.

If g = 3, then C is Euclidean self-dual if and only if C is
divisible by A = 3. Such codes are Type IIl. They exist if and
only if n =0 (mod 4).



Divisible Codes (cont.)

Let C be an [n, 5], code.

If g =2 and C is Euclidean self-dual, C is automatically
divisible by A = 2.

If g =2 and C is divisible by A = 2, C may not be Euclidean
self-dual.

If g =2 and C is divisible by A =4, C is Euclidean self-dual.
Such codes are Type Il or doubly-even self-dual. They exist if
and only if n =0 (mod 8).

If g =2 and C is Euclidean self-dual but not Type Il, then C is
Type | or singly-even self-dual.

If g = 3, then C is Euclidean self-dual if and only if C is
divisible by A = 3. Such codes are Type IIl. They exist if and
only if n =0 (mod 4).

If g =4, then C is Hermitian self-dual if and only if C is
divisible by A = 2. Such codes are Type IV. They exist if and
only if n =0 (mod 2).
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Classification Problems

What are They?
e Given a certain condition, count how many codes satisfy that
condition.

e Given a certain condition, find all codes, up to equivalence,
satisfying that condition.

Common Techniques
e Various counting methods that lead to a mass formula.
e Various construction methods.
e Burnside's Lemma.

e A computer.



Mass Formulas for Type | and Type |l Codes

e The number of Type | and Type Il codes of length n =0
(mod 2) is*!

-1

[[@ +1).

i=1

NIs

V.S, Pless, “The number of isotropic subspaces in a finite geometry,”

Rend. Cl. Scienze fisiche, matematiche e naturali, Acc. Naz. Lincei 39 (1965),
418-421.



Mass Formulas for Type | and Type |l Codes

e The number of Type | and Type Il codes of length n =0
(mod 2) is!?

21

[[@ +1).

i=1
e The number of Type Il codes of length n =0 (mod 8) is*?

22

[J@ +1).

i=0

11V S. Pless, “The number of isotropic subspaces in a finite geometry,”
Rend. Cl. Scienze fisiche, matematiche e naturali, Acc. Naz. Lincei 39 (1965),
418-421.

12F " J. MacWilliams, N. J. A. Sloane, and J. G. Thompson, “Good self-dual
codes exist,” Discrete Math. 3 (1972), 153-162.



Mass Formulas for Type Ill and Type IV Codes

e The number of Type Il codes of length n =0 (mod 4) is!3
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2[[G +1).

i=1

13V S. Pless, “The number of isotropic subspaces in a finite geometry,”
Rend. Cl. Scienze fisiche, matematiche e naturali, Acc. Naz. Lincei 39 (1965),
418-421.



Mass Formulas for Type Ill and Type IV Codes

e The number of Type Ill codes of length n =0 (mod 4) is*3

21

2] +1).

i=1

e The number of Type IV codes of length n =0 (mod 2) is'*

-1
(22I'+1 + 1)
0

[SIE]

i

13V, S. Pless, “The number of isotropic subspaces in a finite geometry,”
Rend. Cl. Scienze fisiche, matematiche e naturali, Acc. Naz. Lincei 39 (1965),
418-421.

F. J. MacWilliams, A. M. Odlyzko, N. J. A. Sloane, and H. N. Ward,
“Self-dual codes over GF(4),” J. Combin. Theory Ser. A 25 (1978), 288=318.



A More General Equivalence
In addition to permutation and monomial equivalence, there is
another type of Hamming weight preserving transformations that
are ‘semi-linear’ isometries, not covered by Wood's results. Assume
R is a commutative ring with unity.

Definition
Let be the group of ring automorphisms of SR. A
semi-linear monomial transformation of 91" is a map

given by

TU7077(X1X2 " Xp) = (7(u1X0*1(1))¢ 7(”2)(0*1(2))’ e 77(UHX0*1(H)))

where u = uyup - - - up € (R*)", 0 € Sym,,, and v € Aut(R). So

v © Tuony = Tur(sy(u))ro.ov-



A More General Equivalence
In addition to permutation and monomial equivalence, there is
another type of Hamming weight preserving transformations that
are ‘semi-linear’ isometries, not covered by Wood's results. Assume
R is a commutative ring with unity.

Definition
Let be the group of ring automorphisms of SR. A
semi-linear monomial transformation of 91" is a map

given by

TU7077(X1X2 " Xp) = (7(u1X0*1(1))¢ 7(”2)(0*1(2))’ e 77(UHX0*1(H)))

where u = uyup - - - up € (R*)", 0 € Sym,,, and v € Aut(R). So

TV,T,§ o Tu,a,’y = Tvr(&'y(u)),Tc’,&y-

Definition
Let C1,Co C R". C; is semi-linearly equivalent to C» provided there

is a semi-linear monomial transformation T, of PR" such that
Co = Tuoq(C1).



Code Automorphism Groups

Remark
A group G is used to define each of the three types of equivalence.

e Two codes in R" are permutation equivalent if one is transformed
to the other by a map in G = Sym,,.

e Two codes in R"” are monomially equivalent if one is transformed to
the other by a map in G = ={Tuo |ue (R*)", 0 Sym,}.

e Two codes in R" are semi-linearly equivalent if one is transformed
to the other by a map in
G= ={Tuo~ |uec (M) 0€Sym,, v e Aut(R)}.
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Code Automorphism Groups

Remark
A group G is used to define each of the three types of equivalence.

e Two codes in R" are permutation equivalent if one is transformed
to the other by a map in G = Sym,,.

e Two codes in R"” are monomially equivalent if one is transformed to
the other by a map in G = ={Tuo |ue (R*)", 0 Sym,}.

e Two codes in R" are semi-linearly equivalent if one is transformed
to the other by a map in
G= ={Tuo~ |uec (M) 0€Sym,, v e Aut(R)}.

Definition
For C C fR", the automorphism group of C with respect to G is
={gcGlg(C)=C}.

Notation
= AUtSymn (C) = AutM"7m(C)
= AUtSLMn,m(C)



Mass Formulas and Burnside's Lemma

Setting

Suppose you are trying to find all codes, up to equivalence,
satisfying some criterion (C). Suppose the set of codes satisfying
(C) is closed under application of elements from the group G used
to define equivalence. Suppose there is a mass formula, mass(C),
for the number of codes satisfying (C).



Mass Formulas and Burnside's Lemma

Setting

Suppose you are trying to find all codes, up to equivalence,
satisfying some criterion (C). Suppose the set of codes satisfying
(C) is closed under application of elements from the group G used
to define equivalence. Suppose there is a mass formula, mass(C),
for the number of codes satisfying (C).

Theorem (Burnside's Lemma Applied to Code Classification)

Let C1,Ca,...,Cs be pairwise inequivalent representatives from
every equivalence class with respect to the group G that satisfy
condition (C). Then



Mass Formulas and Burnside's Lemma (cont.)

Burnside's Lemma applied to Types I-IV codes of length n:

01

S
Types | and II: Z|PAuntl(C,)| = H(2i—|— 1).

P

Type II: ;WAU'C(C:)‘ = g(? +1).
s npl 2!

Type lII: ;“\AAM(C)' = 2i]:[1(3'+1).
>y 23! =

Type IV: ’ZH_AU'C(C,)\ = H(221+1+1).

i=0



Type | and Type |l Codes of Length 8

e The mass formula for the number of Type | and Type Il codes
of length 8 is H?:1(2i + 1) = 135. The mass formula for the
number of Type Il codes is H:?:o(2i + 1) = 30. So the
number of Type | codes is 105.
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number of Type Il codes is H:?:o(2i + 1) = 30. So the
number of Type | codes is 105.

e G = Symg has order 8! = 40 320.



Type | and Type |l Codes of Length 8

e The mass formula for the number of Type | and Type Il codes
of length 8 is []>_,(2' + 1) = 135. The mass formula for the
number of Type Il codes is H:?:o(2i + 1) = 30. So the
number of Type | codes is 105.

e G = Symg has order 8! = 40 320.

e (1 has generator matrix

11 0000O0°0O

001100O00
G =

00001100

0 00O0O0OO0T11

PAut(C1) =~ Z4 1 Sym, of order 24(4!) = 384. The

contribution to the mass formula is 4230 = 105. Up to

equivalence there is a unique Type | code of length 8.




Type | and Type Il Codes of Length 8 (cont.)

e (> has generator matrix

1
0
Gy = 1
1

O O O =
O O = =
O = = O
— o = o
or oo
— o oo
e

PAut(C2) ~ GA3(2) of order 1344. The contribution to the

.. 40320 _ : :
mass formula is 575- = 30. Up to equivalence there is a

unique Type Il code of length 8.




Type | and Type |l Codes of Length n

The Type | and Type Il codes of length n < 40 are classified.
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and Type Il Codes of Length n (cont.)
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e n=40:
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e n=40:

- K. Betsumiya, M. Harada, and A. Munemasa, "“A complete
classification of doubly even self-dual codes of length 40",
Electronic J. Combin. 19(3) (2012), #P18 (12 pp.).

- |. Bouyukliev, M. Dzhumalieva-Stoeva, and V. Moneyv,
“Classification of binary self-dual codes of length 40", IEEE
Trans. Inform. Theory 61 (2015), 4253-4258.

Example (n € {32,34,36,38,40})

e There are 3210 Type | codes of length 32.
e There are 85 Type Il codes of length 32.
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e n=40:

- K. Betsumiya, M. Harada, and A. Munemasa, "“A complete
classification of doubly even self-dual codes of length 40",
Electronic J. Combin. 19(3) (2012), #P18 (12 pp.).

- |. Bouyukliev, M. Dzhumalieva-Stoeva, and V. Moneyv,
“Classification of binary self-dual codes of length 40", IEEE
Trans. Inform. Theory 61 (2015), 4253-4258.
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e There are 3210 Type | codes of length 32.
e There are 85 Type Il codes of length 32.
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e n=40:
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Type | and Type Il Codes of Length n (cont.)

e n=40:

- K. Betsumiya, M. Harada, and A. Munemasa, "“A complete
classification of doubly even self-dual codes of length 40",
Electronic J. Combin. 19(3) (2012), #P18 (12 pp.).

- |. Bouyukliev, M. Dzhumalieva-Stoeva, and V. Moneyv,
“Classification of binary self-dual codes of length 40", IEEE
Trans. Inform. Theory 61 (2015), 4253-4258.

Example (n € {32,34,36,38,40})

There are 3210 Type | codes of length 32.
There are 85 Type Il codes of length 32.
There are 24147 Type | codes of length 34.
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Type |

and Type Il Codes of Length n (cont.)

n = 40:

- K. Betsumiya, M. Harada, and A. Munemasa, "“A complete
classification of doubly even self-dual codes of length 40",
Electronic J. Combin. 19(3) (2012), #P18 (12 pp.).

- |. Bouyukliev, M. Dzhumalieva-Stoeva, and V. Moneyv,
“Classification of binary self-dual codes of length 40", IEEE
Trans. Inform. Theory 61 (2015), 4253-4258.

Example (n € {32,34,36,38,40})

There are 3210 Type | codes of length 32.

There are 85 Type Il codes of length 32.

There are 24147 Type | codes of length 34.

There are 519492 Type | codes of length 36.
There are 38682183 Type | codes of length 38.
There are 8250058 081 Type | codes of length 40.
There are 94 343 Type Il codes of length 40.



An Upper Bound on Minimum Distance

Theorem
Let C be an [n, 5, dH]q code.

(a) Ifg=2and C is Type I, then dy <2 |§| +2.

If equality holds in any of the bounds, Hwec(x,y) is unique.



An Upper Bound on Minimum Distance

Theorem
Let C be an [n, 5, dH]q code.

(a) Ifg=2and C is Type I, then dy <2 |§| +2.

If equality holds in any of the bounds, Hwec(x,y) is unique.

References
e g=2,3: C. L. Mallows and N. J. A. Sloane, “An upper bound
for self-dual codes,” Inform. and Control 22 (1973), 188-200.
e g =4: F. J. MacWilliams, A. M. Odlyzko, N. J. A. Sloane,
and H. N. Ward, “Self-dual codes over GF(4),” J. Combin.
Theory Ser. A 25 (1978), 288-318.



An Upper Bound on Minimum Distance (cont.)

Theorem (Ward!®)
An [n, 3, dyl2 Type | code with dy =2 LgJ + 2 exists if and only if
ne{2.4,6,8,12,14,22,24}.

15H. N. Ward, “A restriction on the weight enumerator of self-dual codes,”
J. Combin. Theory Ser. A 21 (1976), 253-255.



An Upper Bound on Minimum Distance (cont.)

Theorem (Ward®®)

An [n, 5, dnl2 Type | code with dy = 2| §| + 2 exists if and only if
nec {246,812 14 22 24}

Theorem (Rains!®)

Let C be an [n, 5,dy]2 Type I or Il code. Then dy < 4 L%J + 4 if

n# 22 (mod 24). If n =22 (mod 24), then dy < 4 |5 | + 6. If
n=0 (mod 24) and dy = 4| ;| + 4, then C is Type II.

15H. N. Ward, “A restriction on the weight enumerator of self-dual codes,”
J. Combin. Theory Ser. A 21 (1976), 253-255.

18E. M. Rains, “Shadow bounds for self-dual codes,” IEEE Trans. Inform.
Theory 44 (1998), 134-139.



An Upper Bound on Minimum Distance (cont.)

Theorem (Ward®®)

An [n, 5, dnl2 Type | code with dy = 2| §| + 2 exists if and only if
nec {246,812 14 22 24}

Theorem (Rains!®)

Let C be an [n, 5,dy]2 Type I or Il code. Then dy < 4 L%J + 4 if
n# 22 (mod 24). If n =22 (mod 24), then dy < 4 |5 | + 6. If
n=0 (mod 24) and dy = 4| ;| + 4, then C is Type II.

Definition

A Type | code meeting the Rains Bound or a Type Il, lll, IV code
meeting the original bound is called extremal.

15H. N. Ward, “A restriction on the weight enumerator of self-dual codes,”
J. Combin. Theory Ser. A 21 (1976), 253-255.

18E. M. Rains, “Shadow bounds for self-dual codes,” IEEE Trans. Inform.
Theory 44 (1998), 134-139.
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Example (n = 40)
e Of the 8250058081 Type | codes, 10200655 are extremal.
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Conjecture
Extremal Type | codes of lengths n =2,4,6,10 (mod 24) do not
exist.
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Example (n = 40)
e Of the 8250058081 Type | codes, 10200655 are extremal.
o Of the 94343 Type Il codes, 16470 are extremal.

Conjecture
Extremal Type | codes of lengths n =2,4,6,10 (mod 24) do not
exist. Proved for n < 72.



An Upper Bound on Minimum Distance (cont.)

Example (n = 40)
e Of the 8250058081 Type | codes, 10200655 are extremal.
o Of the 94343 Type Il codes, 16470 are extremal.

Conjecture

Extremal Type | codes of lengths n =2,4,6,10 (mod 24) do not
exist. Proved for n < 72.

Question
The extremal Type Il codes of length 24 17 and 48 2 are unique.

17V S. Pless, “On the uniqueness of the Golay codes,” J. Comb. Theory 5
(1968), 215-228.

18S. K. Houghten, C. W. H. Lam, L. H. Thiel, and J. A. Parker, “The
extended quadratic residue code is the only (48,24,12) self-dual doubly-even
code”, IEEE Trans. Inform. Theory 49 (2003), 53-59.



An Upper Bound on Minimum Distance (cont.)
Example (n = 40)

e Of the 8250058081 Type | codes, 10200655 are extremal.
e Of the 94343 Type Il codes, 16470 are extremal.

Conjecture

Extremal Type | codes of lengths n = 2,4,6,10 (mod 24) do not
exist. Proved for n < 72.

Question
The extremal Type Il codes of length 24 17 and 48 '8 are unique.
Does there exist an extremal Type Il code of length 72719

17y. S. Pless, “On the uniqueness of the Golay codes,” J. Comb. Theory 5
(1968), 215-228.

185 K. Houghten, C. W. H. Lam, L. H. Thiel, and J. A. Parker, “The
extended quadratic residue code is the only (48,24,12) self-dual doubly-even
code”, IEEE Trans. Inform. Theory 49 (2003), 53-59.

19N, J. A. Sloane, “Is there a (72,36) d = 16 self-dual code?”, IEEE Trans.
Inform. Theory 19 (1973), 251.
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Considerations for Codes over Rings

Suggestions

Define linearity.

How do you generate codes?

Define weight, distance, and weight enumerators.
Define an inner product.

Define dual codes.

Is there a MacWilliams Identity?

Define equivalence.

Does the MacWilliams Extension Theorem hold?
Are there bounds on the minimum distance?
Classification.

Encoding and decoding.

What light do your codes shed on old codes?



