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Additive Codes

Definition
An additive code of length n over F4 is a subset of Fn

4 closed under
vector addition.

Definition
Let A be a finite abelian group. An additive code of length n over
A is a subgroup of An.

Example

• The additive codes over F4 are additive codes over
A = (F4,+).

• If R is a finite ring, commutative or not, then additive codes
over R are additive codes over A = (R,+).
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Additive Codes over F4

Remarks

• If C ⊆ Fn
4 is additive, C is an F2-linear subspace of Fn

4.

• C is an (n, 2k)4 code where k = dimF2(C) ≤ 2n.

• An additive code over F4 differs from a linear code over F4 in
that it may not be closed under multiplication by scalars from
F4 and hence may be nonlinear over F4.

Definition
A generator matrix for an (n, 2k)4 additive code C is any k × n
matrix whose rows form a binary basis for C.



Additive Codes over F4

Remarks

• If C ⊆ Fn
4 is additive, C is an F2-linear subspace of Fn

4.

• C is an (n, 2k)4 code where k = dimF2(C) ≤ 2n.

• An additive code over F4 differs from a linear code over F4 in
that it may not be closed under multiplication by scalars from
F4 and hence may be nonlinear over F4.

Definition
A generator matrix for an (n, 2k)4 additive code C is any k × n
matrix whose rows form a binary basis for C.



Additive Codes over F4

Remarks

• If C ⊆ Fn
4 is additive, C is an F2-linear subspace of Fn

4.

• C is an (n, 2k)4 code where k = dimF2(C) ≤ 2n.

• An additive code over F4 differs from a linear code over F4 in
that it may not be closed under multiplication by scalars from
F4 and hence may be nonlinear over F4.

Definition
A generator matrix for an (n, 2k)4 additive code C is any k × n
matrix whose rows form a binary basis for C.



Additive Codes over F4

Remarks

• If C ⊆ Fn
4 is additive, C is an F2-linear subspace of Fn

4.

• C is an (n, 2k)4 code where k = dimF2(C) ≤ 2n.

• An additive code over F4 differs from a linear code over F4 in
that it may not be closed under multiplication by scalars from
F4 and hence may be nonlinear over F4.

Definition
A generator matrix for an (n, 2k)4 additive code C is any k × n
matrix whose rows form a binary basis for C.



Additive Codes over F4 (cont.)

Example (Hexacode)

Let F4 = {0, 1, ω, ω} where ω = ω2 = 1 + ω, ω3 = 1. The
[6, 3, 4]4 hexacode Ĥ2,4 has generator matrix 1 0 0 1 ω ω

0 1 0 ω 1 ω
0 0 1 ω ω 1

 .
Thinking of the hexacode Ĥ2,4 as an additive (6, 26, 4)4 code, it
has generator matrix

1 0 0 1 ω ω
ω 0 0 ω ω ω
0 1 0 ω 1 ω
0 ω 0 ω ω ω
0 0 1 ω ω 1
0 0 ω ω ω ω

 .



Additive Codes over F4 (cont.)

Definition
The Frobenius automorphism σq : Fqt → Fqt is given by
σq(α) = αq. The trace map Trq,t : Fqt → Fq is defined by

Trq,t(α) =
t−1∑
i=0

σiq(α) =
t−1∑
i=0

αqi .

Properties of σq and Trq,t

• σq(α) = α if and only if α ∈ Fq.

• For α, β ∈ Fqt , γ ∈ Fq, Trq,t(α + β) = Trq,t(α) + Trq,t(β)
and Trq,t(γβ) = γTrq,t(β). So Trq,t is Fq-linear.

Example (F4)

• F4 = {0, 1, ω, ω}. Let 0 = 0, 1 = 1, ω = ω.

• Then σ2(α) = α, Tr2,2 : F22 → F2, and Tr2,2(α) = α + α.
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Additive Codes over F4 (cont.)
Recall - Inner Products Specialized to R = F4

Let x = x1x2 · · · xn, y = y1y2 · · · yn ∈ Fn
4.

• The Euclidean inner product on Fn
4 is defined by

〈x, y〉E =
n∑

i=1

xiyi .

• The Hermitian inner product on Fn
22 is defined by

〈x, y〉H =
n∑

i=1

xiyi .

Definition
The Hermitian trace inner product 〈·, ·〉T on Fn

4 is defined by

〈x, y〉T = Tr2,2(〈x, y〉H) =
n∑

i=1

(xiyi + (xiyi )
2) =

n∑
i=1

(xiyi + xiyi ).
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Additive Codes over F4 (cont.)

Recall - Inner Products Specialized to R = F4

• 〈·, ·〉E on Fn
4 is biadditive, multiplicative, reflexive, symmetric,

and non-degenerate.

• 〈·, ·〉H on Fn
4 is biadditive, multiplicative, reflexive,

conjugate-symmetric, and non-degenerate.

Properties of 〈·, ·〉T : Fn
4 × Fn

4 → F2

• (biadditive) 〈x, y + z〉T = 〈x, y〉T + 〈x, z〉T and
〈y + z, x〉T = 〈y, x〉T + 〈z, x〉T for all x, y, z ∈ Fn

4. Note:
〈·, ·〉T is multiplicative by elements in F2 and hence
F2-bilinear.

• (reflexive) for x, y ∈ Fn
4, 〈x, y〉T = 0 implies 〈y, x〉T = 0.

• (symmetric) 〈y, x〉T = 〈x, y〉T for all x, y ∈ Fn
4.

• (alternating) 〈x, x〉T = 0 for all x ∈ Fn
4.

• (non-degenerate) if 〈x, y〉T = 0 for all y ∈ Fn
4, then x = 0.
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Additive Codes over F4 (cont.)

Definition
Let C ⊆ Fn

4 be an additive code. The Hermitian trace dual of C is

C⊥T = {v ∈ Fn
4 | 〈v, c〉T = 0 for all c ∈ C}.

Recall - MacWilliams Identity on Frobenius Rings
If R is a finite commutative Frobenius ring, then

HweC⊥E (x , y) =
1

|C|
HweC(y − x , y + (|R| − 1)x).

Theorem
Let C be an (n, 2k)4 additive code over F4. The following hold.

(a) C⊥T is an (n, 22n−k)4 additive code.

(b) HweC⊥T (x , y) =
1

|C|
HweC(y − x , y + 3x).
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Additive Codes over F4 (cont.)
Definition
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1

|C|
HweC(y − x , y + 3x). 2

2G. Höhn, “Self-dual codes over the Kleinian four group”, Math. Ann. 327
(2003), 227–255.



Additive Codes over F4 (cont.)

Definition
Let C be an additive code over F4. C is Hermitian trace
self-orthogonal provided C ⊆ C⊥T and Hermitian trace self-dual
provided C = C⊥T .

Example (Hermitian Trace Self-dual Additive Code of Odd
Length)

The (3, 23, 2)4 additive code with generator matrix ω 0 ω
0 ω ω
1 1 1


is Hermitian trace self-dual.

Theorem
Let C be a linear code over F4. Then C = C⊥H if and only if
C = C⊥T .
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Additive Codes over F4 (cont.)

How Do You Define Equivalence?

• You still want weight preserving maps that preserve additivity.

• Coordinate permutations work; so do monomial maps.

• Applying σ2 to coordinates still preserves additivity.
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Additive Codes over F4 (cont.)

GL2(2) Acting on F4

• F4 is an F2-vector space with basis {1, ω}. In that basis,
(F4,+) is Mat2×1(F2):

0↔
[

0
0

]
1↔

[
1
0

]
ω ↔

[
0
1

]
ω ↔

[
1
1

]
.

• By viewing (F4,+) as Mat2×1(F2), GL2(2) acts additively on
F4: for v ∈ Mat2×1(F2) and M ∈ GL2(2), v 7→ M(v).

• |GL2(2)| = 6 and the GL2(2)-action on F4 combines scalar
multiplication and applying σ2.
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Additive Codes over F4 (cont.)

Example (Multiplication by ω)

[
0 1
1 1

] [
1
0

]
=

[
0
1

]
1 7→ ω[

0 1
1 1

] [
0
1

]
=

[
1
1

]
ω 7→ ω[

0 1
1 1

] [
1
1

]
=

[
1
0

]
ω 7→ 1



Additive Codes over F4 (cont.)

Example (Applying σ2)

[
1 1
0 1

] [
1
0

]
=

[
1
0

]
1 7→ 1[

1 1
0 1

] [
0
1

]
=

[
1
1

]
ω 7→ ω[

1 1
0 1

] [
1
1

]
=

[
0
1

]
ω 7→ ω



Additive Codes over F4 (cont.)

Example (Multiplication by ω then applying σ2)[
1 1
0 1

] [
0 1
1 1

]
=

[
1 0
1 1

]
[

1 0
1 1

] [
1
0

]
=

[
1
1

]
1 7→ ω[

1 0
1 1

] [
0
1

]
=

[
0
1

]
ω 7→ ω[

1 0
1 1

] [
1
1

]
=

[
1
0

]
ω 7→ 1



Additive Codes over F4 (cont.)

Definition
A generalized monomial transformation of Fn

4 is a map
TM,τ : Fn

4 → Fn
4 given by

TM,τ (x1x2 · · · xn) = (M1(xτ−1(1)),M2(xτ−1(2)), . . . ,Mn(xτ−1(n)))

where M = (M1,M2, . . . ,Mn) ∈ GL2(2)n and τ ∈ Symn. So
TM,τ ◦ TN,λ = TMτ(N),τλ.

Note
TM,τ : Fn

4 → Fn
4 is additive (i.e. F2-linear) and Hamming weight

preserving.

Bonus!!
If u, v ∈ Fn

4, then 〈TM,τ (u),TM,τ (v)〉T = 〈u, v〉T . So generalized
monomial maps preserve the Hermitian trace inner product, and
therefore map Hermitian trace self-orthogonal codes to Hermitian
trace self-orthogonal codes.
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Additive Codes over F4 (cont.)

Definition
A generalized monomial transformation of Fn

4 is a map
TM,τ : Fn

4 → Fn
4 given by
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therefore map Hermitian trace self-orthogonal codes to Hermitian
trace self-orthogonal codes.



Additive Codes over F4 (cont.)

Definition
Let C1, C2 be additive codes over F4. C1 is generalized monomially
equivalent to C2 provided there is a generalized monomial
transformation TM,τ of Fn

4 such that C2 = TM,τ (C1).

Isometries
Let C be an additive code over F4.

• The group of all isometries (weight preserving additive
transformations) of C is denoted Isom(C).

• Let rMon(C) = {TM,τ |C | TM,τ (C) = C} be the group of all
generalized monomial transformations that map C to C,
restricted to C.

• rMon(C) ⊆ Isom(C).

• If the MacWilliams Extension Theorem holds for additive
codes over F4, then in particular rMon(C) = Isom(C) for all
additive codes C over F4.



Additive Codes over F4 (cont.)

Definition
Let C1, C2 be additive codes over F4. C1 is generalized monomially
equivalent to C2 provided there is a generalized monomial
transformation TM,τ of Fn

4 such that C2 = TM,τ (C1).

Isometries
Let C be an additive code over F4.

• The group of all isometries (weight preserving additive
transformations) of C is denoted Isom(C).

• Let rMon(C) = {TM,τ |C | TM,τ (C) = C} be the group of all
generalized monomial transformations that map C to C,
restricted to C.

• rMon(C) ⊆ Isom(C).

• If the MacWilliams Extension Theorem holds for additive
codes over F4, then in particular rMon(C) = Isom(C) for all
additive codes C over F4.



Additive Codes over F4 (cont.)

Definition
Let C1, C2 be additive codes over F4. C1 is generalized monomially
equivalent to C2 provided there is a generalized monomial
transformation TM,τ of Fn

4 such that C2 = TM,τ (C1).

Isometries
Let C be an additive code over F4.

• The group of all isometries (weight preserving additive
transformations) of C is denoted Isom(C).

• Let rMon(C) = {TM,τ |C | TM,τ (C) = C} be the group of all
generalized monomial transformations that map C to C,
restricted to C.

• rMon(C) ⊆ Isom(C).

• If the MacWilliams Extension Theorem holds for additive
codes over F4, then in particular rMon(C) = Isom(C) for all
additive codes C over F4.



Additive Codes over F4 (cont.)

Definition
Let C1, C2 be additive codes over F4. C1 is generalized monomially
equivalent to C2 provided there is a generalized monomial
transformation TM,τ of Fn

4 such that C2 = TM,τ (C1).

Isometries
Let C be an additive code over F4.

• The group of all isometries (weight preserving additive
transformations) of C is denoted Isom(C).

• Let rMon(C) = {TM,τ |C | TM,τ (C) = C} be the group of all
generalized monomial transformations that map C to C,
restricted to C.

• rMon(C) ⊆ Isom(C).

• If the MacWilliams Extension Theorem holds for additive
codes over F4, then in particular rMon(C) = Isom(C) for all
additive codes C over F4.



Additive Codes over F4 (cont.)

Definition
Let C1, C2 be additive codes over F4. C1 is generalized monomially
equivalent to C2 provided there is a generalized monomial
transformation TM,τ of Fn

4 such that C2 = TM,τ (C1).

Isometries
Let C be an additive code over F4.

• The group of all isometries (weight preserving additive
transformations) of C is denoted Isom(C).

• Let rMon(C) = {TM,τ |C | TM,τ (C) = C} be the group of all
generalized monomial transformations that map C to C,
restricted to C.

• rMon(C) ⊆ Isom(C).
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codes over F4, then in particular rMon(C) = Isom(C) for all
additive codes C over F4.



Additive Codes over F4 (cont.)

Theorem (Wood3)

There exist additive codes C over F4 such that
rMon(C) 6= Isom(C). Consequently, the MacWilliams Extension
Theorem does not hold for additive codes over F4.

Example (Additive (3, 23)4 Codes (Wood))

The possible isometry groups are isomorphic to subgroups of
GL3(2). Wood’s found 26 pairs Hi ,1 < Hi ,2 ≤ GL3(2) and 26
additive codes Ci such that Hi ,1 = rMon(Ci ) and Hi ,2 = Isom(Ci ).

Theorem (Wood)

The MacWilliams Extension Theorem does not hold for additive
codes over Fq unless q is prime.

3J. A. Wood, “Isometry groups of additive codes over finite fields”, J.
Algebra Appl. 17 (2018), no. 10, 1850198, 39 pp.
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additive codes Ci such that Hi ,1 = rMon(Ci ) and Hi ,2 = Isom(Ci ).
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The MacWilliams Extension Theorem does not hold for additive
codes over Fq unless q is prime.

3J. A. Wood, “Isometry groups of additive codes over finite fields”, J.
Algebra Appl. 17 (2018), no. 10, 1850198, 39 pp.



Additive Codes over F4 (cont.)

Theorem (Wood3)

There exist additive codes C over F4 such that
rMon(C) 6= Isom(C). Consequently, the MacWilliams Extension
Theorem does not hold for additive codes over F4.

Example (Additive (3, 23)4 Codes (Wood))

The possible isometry groups are isomorphic to subgroups of
GL3(2). Wood’s found 26 pairs Hi ,1 < Hi ,2 ≤ GL3(2) and 26
additive codes Ci such that Hi ,1 = rMon(Ci ) and Hi ,2 = Isom(Ci ).

Theorem (Wood4)

The MacWilliams Extension Theorem does not hold for additive
codes over Fq unless q is prime.

3J. A. Wood, “Isometry groups of additive codes over finite fields”, J.
Algebra Appl. 17 (2018), no. 10, 1850198, 39 pp.

4J. A. Wood, “Foundations of linear codes defined over finite modules: the
extension theorem and the MacWilliams identities.” Codes over rings, 124–190,
Ser. Coding Theory Cryptol., 6, World Sci. Publ., Hackensack, NJ, 2009.



Additive Self-Dual Codes over F4

Definition
An additive Hermitian trace self-dual code is Type II provided
every codeword has even weight. Otherwise the code is Type I.

Theorem
If C is additive Type II of length n, then n is even.

Proof.
Let D ⊆ Fn

4 be additive. By the MacWilliams Identity,
An(D⊥T ) =

∑n
i=0 Ai (D)3n−i (−1)i . If D has only even weight

codewords, An(D⊥T ) > 0.

Remark
Linear Hermitian self-dual codes have only even weight codewords
and so are additive Type II.
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Additive Self-Dual Codes over F4 (cont.)

The group defining equivalence is
G = {TM,τ |M ∈ GL2(2)n, τ ∈ Symn} of order 6nn!.

Theorem (Höhn)

The mass formulas for additive Hermitian trace self-dual and Type
II codes are:

self-dual:
s∑

i=1

6nn!

|AutG(Ci )|
=

n∏
i=1

(2i + 1).

Type II:
s∑

i=1

6nn!

|AutG(Ci )|
=

n−1∏
i=0

(2i + 1).
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Additive Self-Dual Codes over F4 (cont.)

Theorem (Rains–Sloane5)

Let C be an (n, 2n, dH)4 additive Hermitian trace self-dual code. If
C is Type I, then

dH ≤


2
⌊
n
6

⌋
+ 1 if n ≡ 0 (mod 6),

2
⌊
n
6

⌋
+ 3 if n ≡ 5 (mod 6),

2
⌊
n
6

⌋
+ 2 otherwise.

If C is Type II, then dH ≤ 2
⌊
n
6

⌋
+ 2. If equality holds in the Type

II bound, then HweC(x , y) is unique.

Definition
A Type I or Type II code meeting the Rains–Sloane Bound is called
extremal.

5E. M. Rains and N. J. A. Sloane, “Self-dual codes,” in Handbook of
Coding Theory, ed. V. S. Pless and W. C. Huffman. Amsterdam: Elsevier,
1998, pp. 177–294.
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Additive Self-Dual Codes over F4 (cont.)
The Type I and Type II codes of length n ≤ 12 are classified.

References

• n ≤ 7 and Type II for n = 8: G. Höhn, “Self-dual codes over the
Kleinian four group”, Math. Ann. 327 (2003), 227–255.

• Type I for n = 8 and 9 ≤ n ≤ 12: L. E. Danielsen and M. G. Parker,
“On the classification of all self-dual additive codes over GF(4) of
length up to 12”, J. Combin. Theory Ser. A 113 (2006),
1351–1367.

Remarks

• There are 1 323 363 Hermitian trace self-dual codes of length 12
(3 079 are Type II); 1 Type II code is extremal (minimum distance
6) and 63 Type I codes are extremal (minimum distance 5).

• There are at least 72 573 549 Type I codes of length 13.

• There are 1 020 extremal (minimum distance 6) Type II codes of
length 14. (Proof starts with the 1 274 068 indecomposable Type II
codes of length 12.)
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Fq-linear Fqt -codes

Definition
An Fq-linear Fqt -code of length n is an Fq-linear subspace of Fn

qt .

Example

• The additive codes over F4 are F2-linear codes over F22 .

• If q = p is a prime, then additive codes over Fpt are precisely
the Fp-linear codes over Fpt .

Remark
Just as certain additive codes over F4 lead directly to binary
quantum codes, certain Fq-linear Fq2-codes lead directly to
non-binary quantum codes.
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Inner Products for Fq-linear Fqt -codes
Let x = x1x2 · · · xn, y = y1y2 · · · yn ∈ Fqt .

Definition
The ordinary trace inner product 〈·, ·〉O on Fn

qt is defined by

〈x, y〉O = Trq,t(〈x, y〉E ) =
n∑

i=1

Trq,t(xiyi ).

Properties of 〈·, ·〉O
Let x, y, z ∈ Fqt and α ∈ Fq.

• (Fq-bilinear) 〈x, y + z〉O = 〈x, y〉O + 〈x, z〉O ,
〈y + z, x〉O = 〈y, x〉O + 〈z, x〉O , 〈αx, y〉O = α〈x, y〉O , and
〈x, αy〉O = α〈x, y〉O .

• (reflexive) 〈x, y〉O = 0 implies 〈y, x〉O = 0.

• (symmetric) 〈y, x〉O = 〈x, y〉O .

• (non-degenerate) if 〈x, y〉O = 0 for all y ∈ Fn
qt , then x = 0.



Inner Products for Fq-linear Fqt -codes
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Definition
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• (non-degenerate) if 〈x, y〉O = 0 for all y ∈ Fn
qt , then x = 0.



Inner Products for Fq-linear Fqt -codes (cont.)

Definition
If t is even, let t = 2am where m is odd, A = 2a−1, and Q = qA.
Then there exists γ ∈ FQ2 ⊆ Fqt with γ 6= 0 such that γQ = −γ.
The γ-Hermitian trace inner product 〈·, ·〉γ on Fn

qt is defined by

〈x, y〉γ =
n∑

i=1

Trq,t(γxiy
qt/2

i ).

Remark
If q = 2 and t = 2, then γ = 1 is the only choice and
〈·, ·〉1 = 〈·, ·〉T .

Properties of 〈·, ·〉γ
〈·, ·〉γ is Fq-bilinear, reflexive, non-degenerate and also

• (skew-symmetric) 〈y, x〉γ = −〈x, y〉γ and

• (alternating) 〈x, x〉γ = 0.
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Inner Products for Fq-linear Fqt -codes (cont.)

Remarks

• If q is even, γ = 1 works.

• If q is even and t = 2m, then Q = q. γ ∈ Fq2 satisfies
γq = −γ = γ implying γ ∈ Fq. By Fq-bilinearity, 〈x, y〉γ = γ〈x, y〉1.

Definition
Let C ⊆ Fn

qt be an Fq-linear Fqt -code. Let δ ∈ {O, γ}. The δ-trace dual

of C is C⊥δ = {v ∈ Fn
qt | 〈v, c〉δ = 0 for all c ∈ C}. C is δ-trace self-dual

if C⊥δ = C.

Theorem
Let C be an Fq-linear Fqt -code of length n and Fq-dimension k. Let
δ ∈ {O, γ}. The following hold.

(a) C⊥δ is an Fq-linear Fqt -code of length n and Fq-dimension nt − k.

(b) HweC⊥δ (x , y) =
1

|C|
HweC(y − x , y + (qt − 1)x).
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if C⊥δ = C.

Theorem
Let C be an Fq-linear Fqt -code of length n and Fq-dimension k. Let
δ ∈ {O, γ}. The following hold.

(a) C⊥δ is an Fq-linear Fqt -code of length n and Fq-dimension nt − k.

(b) HweC⊥δ (x , y) =
1

|C|
HweC(y − x , y + (qt − 1)x).



Inner Products for Fq-linear Fqt -codes (cont.)
Remarks
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Definition
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of C is C⊥δ = {v ∈ Fn
qt | 〈v, c〉δ = 0 for all c ∈ C}. C is δ-trace self-dual

if C⊥δ = C.

Theorem
Let C be an Fq-linear Fqt -code of length n and Fq-dimension k. Let
δ ∈ {O, γ}. The following hold.

(a) C⊥δ is an Fq-linear Fqt -code of length n and Fq-dimension nt − k.

(b) HweC⊥δ (x , y) =
1

|C|
HweC(y − x , y + (qt − 1)x). 6

6W. C. Huffman, “On the theory of Fq-linear Fqt -codes”, Adv. Math.
Commun. 7 (2013), 349–378.



Gleason–Pierce–Turyn–Ward Theorem Generalized

Theorem (Kim–Liu7)

Let p be a prime and nt even. Let C be an Fp-linear Fpt -code of
length n and Fp-dimension nt

2 . Assume C is divisible with divisor
∆ > 1. Then one (or more) of the following holds.

(a) pt = 2 and ∆ = 2, or

(b) pt = 2, ∆ = 4, and C is Euclidean self-dual, or

(c) pt = 3, ∆ = 3, and C is Euclidean self-dual, or

(d) pt = 4, ∆ = 2, and C is γ-Hermitian trace self-dual with
γ = 1, or

(e) ∆ = 2 and C is equivalent to the Fpt -linear code with
generator matrix [ In/2 In/2 ]. (Equivalent means permuting
coordinates and then applying additive automorphisms of
(Fpt ,+) componentwise.)

7J.-L. Kim and X. Liu, “A generalized Gleason-Pierce-Ward theorem”, Des.
Codes Cryptogr. 52 (2009),363–380.



Gleason–Pierce–Turyn–Ward Theorem Generalized (cont.)

Explanation

(a) pt = 2, ∆ = 2: C is an [n, n2 ]2 code.

(b) pt = 2, ∆ = 4: C is binary Euclidean self-dual doubly-even
(Type II).

(c) pt = 3, ∆ = 3: C is ternary Euclidean self-dual (Type III).

(d) pt = 4, ∆ = 2: Recall that over F4, 〈·, ·〉1 = 〈·, ·〉T . If C is
not F4-linear, it is Hermitian trace self-dual. If C is F4-linear,
C is Hermitian self-dual (Type IV) as C = C⊥H if and only if
C = C⊥T .

(e) ∆ = 2: In this case, the original Fp-linear code over Fpt is not
necessarily Fpt -linear.

Remark
If q = pr , then an Fq-linear Fqt -code is an Fp-linear Fprt -code. If
rt > 2, all Fq-linear Fqt -codes that are divisible satisfy (e).
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Equivalence of Fq-linear Fqt -codes

How Do You Define Equivalence?

• You still want weight preserving maps that preserve
Fq-linearity.

• Coordinate permutations work; so do monomial maps and
application of σq componentwise.

• More generally you can permute coordinates and apply any
Fq-linear automorphism of (Fqt ,+) componentwise.

• You may want to preserve inner products.
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Equivalence of Fq-linear Fqt -codes (cont.)

Definition
Let GLt(q) be all Fq-linear automorphisms of (Fqt ,+). A
generalized monomial transformation of Fn

qt is a map
TM,τ : Fn

qt → Fn
qt given by

TM,τ (x1x2 · · · xn) = (M1(xτ−1(1)),M2(xτ−1(2)), . . . ,Mn(xτ−1(n)))

where M = (M1,M2, . . . ,Mn) ∈ GLt(q)n and τ ∈ Symn. So
TM,τ ◦ TN,λ = TMτ(N),τλ.

Notation
Let Gn,q,t = {TM,τ |M = (M1,M2, . . . ,Mn) ∈ GLt(q)n and
τ ∈ Symn}.

Remark
Elements of Gn,q,t are Fq-linear and Hamming weight preserving.
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Definition
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Equivalence of Fq-linear Fqt -codes (cont.)

Notation

• For x , y ∈ Fqt , let x ?O y = Trq,t(xy) and

x ?γ y = Trq,t(γxy
qt/2). For δ ∈ {O, γ}, let GLδt (q) = {A ∈

GLt(q) | A(x) ?δ A(y) = x ?δ y for all x , y ∈ Fqt}.

• For δ ∈ {O, γ}, let
Gδn,q,t = {TM,τ ∈ Gn,q,t |M ∈ (GLδt (q))n and τ ∈ Symn}.

Remark
Elements of Gδn,q,t are Fq-linear, Hamming weight preserving, and
preserve inner products: 〈TM,τ (u),TM,τ (v)〉δ = 〈u, v〉δ.

Question
Are there other elements of Gn,q,t that preserve inner products?

Definition
Let C1, C2 be Fq-linear Fqt -codes of length n. C1 is δ-monomially
equivalent to C2 provided there exists TM,τ ∈ Gδn,q,t such that
C2 = TM,τ (C1).
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Self-Dual Fq-linear Fqt -codes (cont.)

There is a mass formula for the γ-Hermitian trace inner product
that generalizes Höhn’s result for additive codes over F4.

Theorem (Huffman, 2013)

Let nt be even. The mass formula for γ-trace self-dual Fq-linear
Fqt -codes of length n is

s∑
i=1

|GLγt (q)|nn!

|AutGγn,q,t (Ci )|
=

nt/2∏
i=1

(qi + 1).

Remark
In the case t = 2, this result agrees with the mass formula found
by L. E. Danielsen when q is even and γ = 1.
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In the case t = 2, this result agrees with the mass formula found
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8L. E. Danielsen, “Graph-based classification of self-dual additive codes over
finite fields”, Adv. Math. Commun. 3 (2009), 329–348.



Self-Dual Fq-linear Fqt -codes (cont.)
The situation is more complex for ordinary trace self-dual Fq-linear
Fqt -codes.

Theorem (Huffman, 2013)

O-trace self-dual Fq-linear Fqt -codes of length n exist if and only if
nt is even except when

(a) t is odd, q ≡ 3 (mod 4), n ≡ 2 (mod 4), or

(b) t is even, q ≡ 1 (mod 4), n is odd, or

(c) t ≡ 0 (mod 4), q ≡ 3 (mod 4), n is odd.

When O-trace self-dual Fq-linear Fqt -codes of length n exist, the
mass formula is

q even:
s∑

i=1

|GLO
t (q)|nn!

|AutGO
n,q,t

(Ci )|
=

nt/2−1∏
i=1

(qi + 1),

q odd:
s∑

i=1

|GLO
t (q)|nn!

|AutGO
n,q,t

(Ci )|
=

nt/2−1∏
i=0

(qi + 1).
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Classification of Self-Dual Fq-linear Fqt -codes

Remark
Every O-trace self-dual F2-linear F22-code of length n can be
mapped to a binary Euclidean self-dual code of length 2n
(Rains–Sloane, 1998):

• x , y ∈ F4 ⇒ x = ωx1 + ωx2, y = ωy1 + ωy2, xi , yi ∈ F2.

• Tr2,2(xy) = xy + (xy)2 = x1y1 + x2y2 = 〈x1x2, y1y2〉E .

Theorem (Höhn (2003), Huffman (2013))

For δ ∈ {O, γ}, a δ-trace self-dual code of length n has minimum
Hamming distance dH ≤

⌊
n
2

⌋
+ 1.
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Classification of Self-Dual Fq-linear Fqt -codes (cont.)

• Danielsen (2009, 2013): γ-trace self-dual F3-linear F32-codes,
γ = ε2, ε is a primitive element of F9 with ε2 = 1 + ε.
Classified for 1 ≤ n ≤ 10; n = 9: 18 525 codes, 4 with
dH = 5; n = 10: 2 822 779 codes, 1 with dH = 6.

• Danielsen (2009): γ-trace self-dual F4-linear F42-codes, γ = 1.
Classified for 1 ≤ n ≤ 6; n = 6: 44 codes, 3 with dH = 4.

• Huffman (2013): O-trace self-dual F2-linear F23-codes.
Classified for n = 2, 4 (n must be even); n = 4: 31 codes, 1
with dH = 3.

• Huffman (2013): γ-trace self-dual F2-linear F24-codes, γ = 1.
Classified for 1 ≤ n ≤ 4; n = 4: 41 codes, 1 with dH = 3.
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Cyclic Fq-linear Fqt -codes

Three Approaches

• B. K. Dey and B. S. Rajan, “Fq-linear cyclic codes over Fqm :
DFT approach”, Des. Codes Cryptogr. 34 (2005), 89–116.

• W. C. Huffman, “Cyclic Fq-linear Fqt -codes”, Int. J.
Information and Coding Theory 1 (2010), 249–284.

• J. Bierbrauer, “Cyclic additive codes”, J. Algebra 372 (2012),
661–672.



Cyclic Fq-linear Fqt -codes (cont.)

Setting

• Recall: PR,n = R[x ]/〈xn − 1〉.

• The polynomial c(x) ∈ R[x ] corresponds to the coset
c(x) ∈ PR,n.

• There are two rings needed: Fq and Fqt .

• Cyclic Fq-linear Fqt -codes of length n are precisely the
PFq ,n-submodules of PFqt ,n

.

Assumption

gcd(n, q) = 1

Recall
For b = q or b = qt and i ∈ Z with 0 ≤ i < n, the b-cyclotomic
coset of i modulo n is Ci ,b,n = {i , ib, . . . , ibr−1} (mod n) where r
is the smallest positive integer such that ibr ≡ i (mod n).



Cyclic Fq-linear Fqt -codes (cont.)

Setting

• Recall: PR,n = R[x ]/〈xn − 1〉.
• The polynomial c(x) ∈ R[x ] corresponds to the coset
c(x) ∈ PR,n.

• There are two rings needed: Fq and Fqt .
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Cyclic Fq-linear Fqt -codes, gcd(n, q) = 1

Notation

• Let `0, `1, . . . , `s−1 be representatives of the s distinct
q-cyclotomic cosets modulo n. Let `0 = 0.

• Let di = |C`i ,q,n|, Di = |C`i ,qt ,n|, and si = di/Di .

Facts

• C`i ,q,n = C`i ,qt ,n ∪ Cq`i ,qt ,n ∪ · · · ∪ Cqsi−1`i ,qt ,n
.

• PFq ,n = K0 ⊕K1 ⊕ · · · ⊕ Ks−1 where Ki ' Fqdi ↔ C`i ,q,n.

• PFqt ,n
= J0 ⊕J1 ⊕ · · · ⊕ Js−1 where Ji ↔ C`i ,q,n. Each Ji is

a direct sum of si copies of the field FqtDi .

• Ji is a t-dimensional vector space over Ki .
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Example: n = 5, q = 3, t = 2

• C0,3,5 = {0}, C1,3,5 = {1, 3, 4, 2}; `0 = 0, `1 = 1, d0 = 1, d1 = 4;
s = 2.

• x5 − 1 = m0(x)m1(x) where m0(x) = −1 + x ,
m1(x) = 1 + x + x2 + x3 + x4.

• Let m̂i (x) = (x5 − 1)/mi (x).

• PF3,5 = K0 ⊕K1; K0 = 〈m̂0(X )〉 ' F3 ↔ C0,3,5,
K1 = 〈m̂1(X )〉 ' F34 ↔ C1,3,5.

• F9 has primitive element ε where ε2 = ε+ 1.

• C0,9,5 = {0}, C1,9,5 = {1, 4}, C3,9,5 = {3, 2}; D0 = 1, D1 = 2;
s0 = 1, s1 = 2.

• x5 − 1 = M0,0(x)M1,0(x)M1,1(x) where M0,0(x) = −1 + x ,
M1,0(x) = 1 + ε3x + x2, M1,1(x) = 1 + εx + x2.

• Let M̂i,j(x) = (x5 − 1)/Mi,j(x).

• PF9,5 = J0 ⊕ J1; J0 = 〈M̂0,0(x)〉 ' F9 ↔ C0,3,5,

J1 = 〈M̂1,0(x)〉 ⊕ 〈M̂1,1(x)〉 ' F92 ⊕ F92 ↔ C1,3,5.
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Cyclic Fq-linear Fqt -codes, gcd(n, q) = 1 (cont.)

Theorem
Let C be a cyclic Fq-linear Fqt -code viewed as an PFq ,n-submodule
of PFqt ,n

. Let Ci = C ∩ Ji . Then
• Ci is a Ki -linear subspace of Ji .
• C = C0 ⊕ C1 ⊕ · · · ⊕ Cs−1.

Notation

The Q-binomial coefficient is

[
t

k

]
Q

=
k−1∏
i=0

Qt − Q i

Qk − Q i
.

Theorem
The number of cyclic Fq-linear Fqt -codes of length n is

s−1∏
i=0

(
t∑

k=0

[
t

k

]
qdi

)
.
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Example: n = 5, q = 3, t = 2 (cont.)

• PF3,5 = K0 ⊕K1 ' F3 ⊕ F34 .

• PF9,5 = J0 ⊕ J1 ' F9 ⊕ (F92 ⊕ F92).

• C0 is a K0 ' F3-subspace of J0 ' F9. There are[ 2
0

]
3

+
[ 2
1

]
3

+
[ 2
2

]
3

= 1 + 4 + 1 = 6 K0-subspaces of J0.

• C1 is a K1 ' F34-subspace of J1 ' F92 ⊕ F92 . There are[ 2
0

]
34

+
[ 2
1

]
34

+
[ 2
2

]
34

= 1 + 82 + 1 = 84 K1-subspaces of J1.

• There are 6 · 84 = 504 cyclic F3-linear F32-codes of length 5.

• For comparison, there are 22 = 4 cyclic linear codes of length
5 over F3 and 23 = 8 cyclic linear codes of length 5 over F9.

• For comparison, there are 26 = 64 cyclic linear binary codes of
length 21, 29 = 512 cyclic linear codes of length 21 over F4,
36 = 729 cyclic Z4-linear codes of length 21, and 19 010 915
cyclic F2-linear F22 codes of length 21.
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Cyclic Fq-linear Fqt -codes, gcd(n, q) = 1 (cont.)

Definition
A list of codewords in a cyclic Fq-linear Fqt -code C generates C
provided that C is the Fq-span of that list of codewords and their
cyclic shifts.

Theorem
Let C = C0 ⊕ C1 ⊕ · · · ⊕ Cs−1 be the decomposition of a nonzero
cyclic Fq-linear Fqt -code of length n. Then for some k with
1 ≤ k ≤ t, there exist k codewords in C that generate C. The
smallest possible k is the maximum Ki -dimension of Ci for
0 ≤ i ≤ s − 1.
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Self-Dual Cyclic Fq-linear Fqt -codes, gcd(n, q) = 1
The trace inner products on Fn

qt impose inner products on PFqt ,n.

Notation

• For gcd(u, n) = 1 and w ≥ 0, define τqw ,u : PFqt ,n → PFqt ,n by

τqw ,u

(∑n−1
k=0 akx

k
)

=
∑n−1

k=0 a
qw

k xuk .

• Define
(
·, ·
)
O

on PFqt ,n by(
a(x),b(x)

)
O

=
∑t−1

w=0 τqw ,1

(
a(x)τ1,−1(b(x))

)
.

• Define
(
·, ·
)
γ

on PFqt ,n by(
a(x),b(x)

)
γ

=
∑t−1

w=0 τqw ,1

(
γa(x)τqt/2,−1(b(x))

)
.

Theorem
Let σ = (0, 1, 2, . . . , n − 1) and δ ∈ {O, γ}. With a,b ∈ Fn

qt associated
to a(x),b(x) ∈ PFqt ,n,

(
a(x),b(x)

)
δ

=
n−1∑
k=0

〈σ−k(a),b〉δxk .
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)
.

Theorem
Let σ = (0, 1, 2, . . . , n − 1) and δ ∈ {O, γ}. With a,b ∈ Fn

qt associated
to a(x),b(x) ∈ PFqt ,n,

(
a(x),b(x)

)
δ

=
n−1∑
k=0

〈σ−k(a),b〉δxk .



Self-Dual Cyclic Fq-linear Fqt -codes, gcd(n, q) = 1 (cont.)

Theorem
Let a(x),b(x), c(x) ∈ PFqt ,n

. The following hold.

(a) For δ ∈ {O, γ},
(
a(x),b(x)

)
δ
∈ PFq ,n.

(b) For δ ∈ {O, γ},(
a(x),b(x) + c(x)

)
δ

=
(
a(x),b(x)

)
δ

+
(
a(x), c(x)

)
δ
and(

a(x) + b(x), c(x)
)
δ

=
(
a(x), c(x)

)
δ

+
(
b(x), c(x)

)
δ
.

(c) For δ ∈ {O, γ} and f(x) ∈ PFq ,n,(
f(x)a(x),b(x)

)
δ

= f(x)
(
a(x),b(x)

)
δ
and(

a(x), f(x)b(x)
)
δ

= τ1,−1(f(x))
(
a(x),b(x)

)
δ
.

(d)
(
b(x), a(x)

)
O

= τ1,−1
((
a(x),b(x)

)
O

)
.

(e)
(
b(x), a(x)

)
γ

= −τ1,−1
((
a(x),b(x)

)
γ

)
and(

a(x), τ1,−1(a(x))
)
γ

= 0.

(f) For δ ∈ {O, γ},
(
·, ·
)
γ
is non-degenerate.



Self-Dual Cyclic Fq-linear Fqt -codes, gcd(n, q) = 1 (cont.)

δ-self-orthogonal cyclic Fq-linear Fqt -codes with gcd(n, q) = 1 can
be counted using the form

(
·, ·
)
δ

on PFqt ,n
.

Notation
Let µ be the permutation of {0, 1, . . . , s − 1} such that
C`µ(i),q,n = −C`i ,q,n. Let F be the fixed points of µ, excluding 0

and i# where C`
i#
,q,n = {n2} (when n is even); let M consist of

one element from each of the transpositions in µ.

Remarks
Three counts occur for each of O and γ:

• i ∈M.

• i ∈ F.

• i = 0 and i = i# (when n is even).
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Self-Dual Cyclic Fq-linear Fqt -codes, gcd(n, q) = 1 (cont.)

Theorem
Let C = C0 ⊕ C1 ⊕ · · · ⊕ Cs−1 and C⊥δ = C′0 ⊕ C′1 ⊕ · · · ⊕ C′s−1
where Ci = C ∩ Ji and C′i = C⊥δ ∩ Ji when 0 ≤ i ≤ s − 1.

(a) Then for 0 ≤ i ≤ s − 1,
C′µ(i) = {a(x) ∈ Jµ(i) |

(
c(x), a(x)

)
δ

= 0 for all c(x) ∈ Ci}.
Furthermore if the Ki -dimension of Ci is ki , then the
Kµ(i)-dimension of C′µ(i) is t − ki .

Suppose C = C⊥δ .
(b) Then for 0 ≤ i ≤ s − 1, Ci = C′i .
(c) If µ(i) 6= i , then Cµ(i) = C′µ(i) is determined by Ci as in (a).

The count is
∑t

k=0

[ t
k

]
qdi

.

(d) If µ(i) = i , then ki = t/2, implying t is even. Ci is a maximal
totally isotropic subspace of Ji over Ki under

(
·, ·
)
δ
.



γ-Self-Dual Cyclic Fq-linear Fqt -codes, gcd(n, q) = 1
For the case µ(i) = i , t must be even. The counts involve the
theory of forms with the properties of

(
·, ·
)
γ

restricted to Ji .

• i ∈ F:
(
·, ·
)
γ

is a non-degenerate, reflexive, skew-Hermitian

form (equivalent to a Hermitian form) on Ji over Ki . Ci is a
maximal totally isotropic subspace of Ji . Ji has Witt index
(dimension of the largest totally isotropic subspace) t/2. Also
di is even. The group acting on Ji over Ki that preserves(
·, ·
)
γ

on Ji is the unitary group U(t, qdi/2). The count is∏t/2−1
j=0 (qdi ((t−1)/2−j) + 1).

• i = 0 or i = i# (n even): d0 = di# = 1.
(
·, ·
)
γ

is a
non-degenerate, reflexive, alternating form on Ji over Ki . Ji
has Witt index t/2 under

(
·, ·
)
γ

. The group acting on Ji over

Ki that preserves
(
·, ·
)
γ

on Ji is the symplectic group

Sp(t, q). The count is
∏t/2−1

j=0 (qt/2−j + 1) if n is odd and∏t/2−1
j=0 (qt/2−j + 1)2 if n is even.
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γ
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• i = 0 or i = i# (n even): d0 = di# = 1.
(
·, ·
)
γ

is a
non-degenerate, reflexive, alternating form on Ji over Ki . Ji
has Witt index t/2 under

(
·, ·
)
γ

. The group acting on Ji over

Ki that preserves
(
·, ·
)
γ

on Ji is the symplectic group

Sp(t, q). The count is
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j=0 (qt/2−j + 1)2 if n is even.



γ-Self-Dual Cyclic Fq-linear Fqt -codes, gcd(n, q) = 1
(cont.)

Theorem
When t is even, the number of cyclic γ-self-dual codes of length n
with gcd(n, q) = 1 is

a
∏
i∈F

t/2−1∏
j=0

(qdi ((t−1)/2−j) + 1)
∏
i∈M

(
t∑

k=0

[
t

k

]
qdi

)

where a =
∏t/2−1

j=0 (qt/2−j + 1) if n is odd and

a =
∏t/2−1

j=0 (qt/2−j + 1)2 if n is even.



O-Self-Dual Cyclic Fq-linear Fqt -codes, gcd(n, q) = 1

For the case µ(i) = i , t must be even. The counts involve the
theory of forms with the properties of

(
·, ·
)
O

restricted to Ji .
• i ∈ F:

(
·, ·
)
O

is a non-degenerate, reflexive, Hermitian form
on Ji over Ki . Ci is a totally isotropic subspace of Ji of
dimension t/2. Ji has Witt index t/2 under

(
·, ·
)
O

. Also di is

even. The group acting on Ji over Ki that preserves
(
·, ·
)
γ

on

Ji is the unitary group U(t, qdi/2). The count is∏t/2−1
j=0 (qdi ((t−1)/2−j) + 1).

• i = 0 or i = i# (n even):



O-Self-Dual Cyclic Fq-linear Fqt -codes, gcd(n, q) = 1
(cont.)

q odd i = 0 or i = i# (n even): d0 = di# = 1.
(
·, ·
)
O

is a
non-degenerate, reflexive, symmetric bilinear form on Ji over
Ki .

(
·, ·
)
O

determines a non-degenerate quadratic form Q of

Ji over Ki where Q(a(x)) = 1
2

(
a(x), a(x)

)
O

. Ci is a maximal
totally singular subspace of Ji (that is, Q(a(x)) = 0 for all
a(x) ∈ Ci ). Ji has Witt index t/2 under Q when q ≡ 3
(mod 4) and t ≡ 2 (mod 4), and Witt index (t − 2)/2 when
q ≡ 1 (mod 4) or when q ≡ 3 (mod 4) and t ≡ 0 (mod 4).
The group that preserves the quadratic form is the orthogonal

group O(t, q). The count is
∏t/2−1

j=0 (qt/2−1−j + 1) when
q ≡ 3 (mod 4) and t ≡ 2 (mod 4) with n odd, and∏t/2−1

j=0 (qt/2−1−j + 1)2 when q ≡ 3 (mod 4) and t ≡ 2
(mod 4) with n even.



O-Self-Dual Cyclic Fq-linear Fqt -codes, gcd(n, q) = 1
(cont.)

q even i = 0 or i = i# (n even): d0 = 1 and i# does not occur as
gcd(n, q) = 1 implies n is odd.

(
·, ·
)
O

does not determine a
quadratic form on J0. Special arguments must be done

leading to the count
∏t/2−2

j=0 (q(t−2)/2−j + 1).



O-Self-Dual Cyclic Fq-linear Fqt -codes, gcd(n, q) = 1
(cont.)

Theorem
There are no O-self-dual cyclic Fq-linear Fqt -codes of any length n,
gcd(n, q) = 1, when t is odd, when t is even and q ≡ 1 (mod 4),
and when t ≡ 0 (mod 4) and q ≡ 3 (mod 4). In all other cases,
the number of O-self-dual cyclic Fq-linear Fqt -codes of length n,
gcd(n, q) = 1, is

a
∏
i∈F

t/2−1∏
j=0

(qdi ((t−1)/2−j) + 1)
∏
i∈M

(
t∑

k=0

[
t

k

]
qdi

)

where a =
∏t/2−2

j=0 (q(t−2)/2−j + 1) when q and t are even,

a =
∏t/2−1

j=0 (qt/2−1−j + 1) when q ≡ 3 (mod 4) and t ≡ 2

(mod 4) with n odd, and a =
∏t/2−1

j=0 (qt/2−1−j + 1)2 when q ≡ 3
(mod 4) and t ≡ 2 (mod 4) with n even.



Example

Example (n = 15, q = 2, t = 2)

• C`0,2,15 = {0}, C`1,2,15 = {5, 10}, C`2,2,15 = {3, 6, 12, 9},
C`3,2,15 = {1, 2, 4, 8}, C`4,2,15 = {7, 14, 13, 11}.
• d0 = 1, d1 = 2, d2 = d3 = d4 = 4.

• µ = (0)(1)(2)(3, 4), F = {1, 2}, M = {3}.

• Contribution from M:
∑2

k=0

[ 2
k

]
24

= 19.

• Contribution from F:
∏

i∈F(2di (1/2) + 1) = 15.

• Contribution from i = 0

- γ-trace self-dual: (21 + 1) = 3.
- O-trace self-dual: empty product = 1.

• Total (γ-trace self-dual): 855.

• Total (O-trace self-dual): 285.

• There are no linear cyclic self-dual codes of length 15 over
either F2 or F4. There are 3 Z4-linear cyclic self-dual codes of
length 15.
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Example

Example (n = 15, q = 2, t = 4)

• C`0,2,5 = {0}, C`1,2,5 = {5, 10}, C`2,2,5 = {3, 6, 12, 9},
C`3,2,5 = {1, 2, 4, 8}, C`4,2,5 = {7, 14, 13, 11}.
• d0 = 1, d1 = 2, d2 = d3 = d4 = 4.

• µ = (0)(1)(2)(3, 4), F = {1, 2}, M = {3}.

• Contribution from M:
∑4

k=0

[ 4
k

]
24

= 78 901.

• Contribution from F:∏
i∈F(2di (3/2) + 1)(2di (3/2−1) + 1) = 8 775.

• Contribution from i = 0

- γ-trace self-dual: (22 + 1)(22−1 + 1) = 15.
- O-trace self-dual: (21 + 1) = 3.

• Total (γ-trace self-dual): 10 385 344 125.

• Total (O-trace self-dual): 2 077 068 825.
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Generalization

Definition
Let R be a ring with unity and S a subring of R containing the
unity. Let C ⊆ Rn. Then C is a S-left-linear R-code of length n
provided C is a left S-submodule of RR

n.

Suggestions

• How do you generate codes?

• Define weight, distance, and weight enumerators.

• Define an inner product and dual codes.

• Is there a MacWilliams Identity?

• Define equivalence; does the MacWilliams Extension Theorem
hold?.

• Are there bounds on the minimum distance?

• Classification.

• Encoding and decoding.

• What light do your codes shed on old codes?
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