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BSC and BEC

Recall

The binary symmetric channel (BSC) with crossover probability o
is a 2-input, 2-output channel where input and output values come
from {0,1}. In a BSC, for y,c € {0,1},

—o ify=c

. . . 1
Prob(y is received | c is sent) = { o ify£c.

In a BSC the probability of error in one bit is independent of
previous bits.
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is a 2-input, 2-output channel where input and output values come
from {0,1}. In a BSC, for y,c € {0,1},

—o ify=c

. . . 1
Prob(y is received | c is sent) = { o ify£c.

In a BSC the probability of error in one bit is independent of
previous bits.

Definition

The binary erasure channel (BEC) with erasure probability § is a
2-input, 3-output channel with inputs {0,1} and outputs {0,1, E}
where for ¢ € {0,1},

Prob(c is received | cissent) = 1—¢

Prob(E is received | ¢ is sent) = 4.



DMC

Definition

Suppose a channel has inputs from Z,, and outputs from Z,. The
m-ary input, g-ary output discrete memoryless channel (DMC) has
transition probabilities o; ; where

0ij = Prob(j is received | i is sent).

In a DMC the probability of error in one coordinate is independent
of previous coordinates.
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DMC

Definition

Suppose a channel has inputs from Z,, and outputs from Z,. The
m-ary input, g-ary output discrete memoryless channel (DMC) has
transition probabilities o; ; where

0ij = Prob(j is received | i is sent).

In a DMC the probability of error in one coordinate is independent
of previous coordinates.

If m=qand p;;=oj;fori,jc Zg, the DMC is symmetric.

Remark
lfc=cc--cn€Zpandy=yiyr-yn € ZLg,
Prob(y is received | c is sent) = [[7_; 0.y,



Coding Metrics and Matched Channels

Definition
Let X be an abelian group. A metric on X is a distance function
d. X x X — R that satisfies the following three conditions:
e (nonnegativity) d«(x,y) > 0 for all x,y € X with di(x,y) =0
if and only if x = y;
o (symmetry) di(x,y) = di(y, x) for all x,y € X and
e (triangle inequality) dy(x,z) < d.(x,y) + ds«(y, z) for all
x,y,z € X.
Associated to the distance function is a weight function
wt. - X R given by wt,(x) = di«(x,0).
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Coding Metrics and Matched Channels

Definition
Let X be an abelian group. A metric on X is a distance function
that satisfies the following three conditions:
e (nonnegativity) d«(x,y) > 0 for all x,y € X with di(x,y) =0
if and only if x = y;
o (symmetry) d.(x,y) = di(y, x) for all x,y € X and
e (triangle inequality) dy(x,z) < d.(x,y) + ds«(y, z) for all
x,y,z € X.
Associated to the distance function is a weight function
given by wt.(x) = d.(x,0).

Recall
e A maximum likelihood (ML) decoder for a code C makes the
decision: € = arg maxcec Prob(y | ), when y is received.
e A nearest neighbor decoder for a code C makes the decision:
Decode the received vector y to the codeword € closest to y.



Coding Metrics and Matched Channels (cont.)

Definition

A metric d, and a DMC are matched for ML decoding if ML
decoding and nearest neighbor decoding agree; that is, for every
code C C X and every y € X,

arg max Prob(y is received | ¢ is sent) = argmind.(y, ¢).
ceC ceC

They are strictly matched if they are matched and not all error
patterns have the same probability.



Coding Metrics and Matched Channels (cont.)

Definition

A metric d, and a DMC are matched for ML decoding if ML
decoding and nearest neighbor decoding agree; that is, for every
code C C X and every y € X,

arg max Prob(y is received | ¢ is sent) = argmind.(y, ¢).
ceC ceC

They are strictly matched if they are matched and not all error
patterns have the same probability.

Fact
The Hamming metric dy and the BSC with crossover probability o
are strictly matched if 0 < p < %



Lee Metric

Definition

Let Zg ={0,1,...,9 — 1}, and let wt; (x) = min{x, g — x} for
X € Lq. The Lee weight of x = x1x2 - xp € Zg is

wi (x) = Y27  wt (x;). The Lee distance between x and y in Z7
is di(x.y) =wt (x —y).



Lee Metric

Definition
Let Zg ={0,1,...,g — 1}, and let = min{x, g — x} for
X € Lq. The Lee weight of x = x1x2 - xp € Zg is

=Y 1wt (x;). The Lee distance between x and y in Zj
is = wt (x —y).

Origins

The Lee metric was developed in C. Y. Lee, “Some properties of
nonbinary error-correcting codes”, IRE Trans. Inform. Theory 4
(1958), 77-82 and in W. Ulrich, “Non-binary error correction
codes”, Bell System Tech. J. 36 (1957), 1341-1388.



Lee Metric

Definition
Let Zg ={0,1,...,g — 1}, and let = min{x, g — x} for
X € Lq. The Lee weight of x = x1x2 - xp € Zg is

=Y 1wt (x;). The Lee distance between x and y in Zj
is = wt (x —y).

Origins

The Lee metric was developed in C. Y. Lee, “Some properties of
nonbinary error-correcting codes”, IRE Trans. Inform. Theory 4
(1958), 77-82 and in W. Ulrich, “Non-binary error correction
codes”, Bell System Tech. J. 36 (1957), 1341-1388.

Remark
When q € {2,3}, the Lee metric is the same as the Hamming

metric.



Lee Metric Matched to a DMC

Theorem (Chaing—Wolf')

Consider the DMC with inputs and outputs Zq and transition
probabilities ; ;. Suppose the pj = goj for 0 < j < 3. The Lee
metric d; and the DMC are strictly matched if and only if the
following conditions hold:

® 00j=pqg-jford <j<q-1,

e 0ij=o00j-ifor0<i<j<qg-1,
® 0ij=00,i—jfor0<j<i<qg-—1,
® po > p1, and

.pj:#:il for2<j<{.

1J. C. Y. Chiang and J. K. Wolf, “On channels and codes for the Lee
metric”, Inform. and Control 19 (1971), 159-173.



Lee Metric Matched to a DMC

Theorem (Chaing—Wolf')

Consider the DMC with inputs and outputs Zq and transition
probabilities ; ;. Suppose the pj = goj for 0 < j < 3. The Lee
metric d; and the DMC are strictly matched if and only if the
following conditions hold:

® 00j=pqg-jford <j<q-1,

e 0ij=o00j-ifor0<i<j<qg-1,
® 0ij=00,i—jfor0<j<i<qg-—1,
® po > p1, and

.pj:#:il for2<j<{.

Remark
When g = 2 the DMC is the BSC with crossover probability
p1 = 0; so pp = 1 — p and the condition pg > p1 is 0 < %

1J. C. Y. Chiang and J. K. Wolf, “On channels and codes for the Lee
metric”, Inform. and Control 19 (1971), 159-173.
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Let x € {H,L}. The following properties are common to the
Hamming and Lee metrics defined on A", where A is an abelian
group in the Hamming case and A = Zq in the Lee case.

o (weight defined) dy(x,y) = wt.(x —y).
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Properties of the Lee Metric

Let x € {H,L}. The following properties are common to the
Hamming and Lee metrics defined on A", where A is an abelian
group in the Hamming case and A = Zq in the Lee case.

o (weight defined) dy(x,y) = wt.(x —y).
e (translation invariant) dy(x + z,y + z) = di(x,y).
o (additive) If x = x1xp - - xp € A", wty(x) = D7 wti(X;).

Remarks

e Any weight defined metric is automatically translation
invariant.

e A translation invariant metric is automatically weight defined.

e The additive property is important for a metric to be matched
to a memoryless channel.
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Lee Metric Versus Hamming Metric

Definition
Let x = x1xp - x, € A”. The support of x is
={i| x; #0}.
One property that the Hamming weight has but the Lee weight
does not have is:

e (respect support) If supp(x) C supp(y), then
WtH(X) < th(y).

Remark
Respect support is essential for a metric to be suitable for decoding
over a channel with additive noise.



MacWilliams Extension Theorem Revisited

The MacWilliams Extension Theorem for Hamming Weight
Let R be a finite Frobenius ring. Suppose C1,C> are right
R-submodules of R" such that there is a Hamming weight
preserving right linear surjective homomorphism T : C; — C».
Then T extends to a right monomial transformation of $R".
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MacWilliams Extension Theorem Revisited

The MacWilliams Extension Theorem for Hamming Weight

Let R be a finite Frobenius ring. Suppose C1,C> are right
R-submodules of R" such that there is a Hamming weight
preserving right linear surjective homomorphism T : C; — C».
Then T extends to a right monomial transformation of $R".

Question
What happens with other weights?

Contrast Between Hamming and Lee Weights
If u€ Zq, then wty(ux) = wty(x) for all x € Zg if and only if u is
a unit of Zg.

However, wt (ux) = wty (x) for all x € Zg if and only if u € {£1}
(where if x € {1,2,...,9 — 1}, —x means q — x).



MacWilliams Extension Theorem Revisited (cont.)

Definition
A {£1}-monomial transformation of Zg is a map 7., : Z; — 7 given by

Tuo(x1X2 -+ - Xa) = (U1X,—1(1), U2Xg=1(2)5 - - - 5 UnXy=1(1))

where u = uyup - - - up € {£1}" and o € Sym,,.



MacWilliams Extension Theorem Revisited (cont.)

Definition
A {£1}-monomial transformation of Zg is a map given by

Tuo(x1X2 -+ - Xa) = (U1X,—1(1), U2Xg=1(2)5 - - - 5 UnXy=1(1))
where u = uyup - - - up € {£1}" and o € Sym,,.

The MacWilliams Extension Theorem for Lee weight was proven true for:

e g=4p+1, p,q primes in: A. Barra, “MacWilliams equivalence theorem
for the Lee weight over Zsp11", Malays. J. Sci. 34 (2015), 222-226.

e g prime in: S. Dyshko, P. Langevin, and J. A. Wood, “Deux analogues au
déterminant de Maillet”, C. R. Math. Acad. Sci. Paris 354 (2016),
649-652.

e gq=2% gq=3% g=2p+1, p,q primes in: P. Langevin and J. A. Wood,
“The extension problem for Lee and Euclidean weights”, J. Algebra
Comb. Discrete Struct. Appl. 4 (2017), 207-217.

e g =pX, p prime in: P. Langevin and J. A. Wood, “The extension
theorem for the Lee and Euclidean weights over Z/p*Z", J. Pure Appl.
Algebra 223 (2019), 922-930.



MacWilliams Extension Theorem Revisited (cont.)

Theorem (Dyshko?)

Suppose C1,C, are linear codes over Zq for q > 2. If there is a Lee weight
preserving linear surjective homomorphism T : C; — Cp, then T extends
to a {£1}-monomial transformation of Zj.

2S. Dyshko, “The extension theorem for Lee and Euclidean weight codes
over integer residue rings”, Des. Codes Cryptogr. 87 (2019);:1253-1269:
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Theorem (Dyshko?)

Suppose C1,C, are linear codes over Zq for q > 2. If there is a Lee weight
preserving linear surjective homomorphism T : C; — Cp, then T extends
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Definition
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MacWilliams Extension Theorem Revisited (cont.)

Theorem (Dyshko?)

Suppose C1,C, are linear codes over Zq for q > 2. If there is a Lee weight
preserving linear surjective homomorphism T : C; — Cp, then T extends
to a {£1}-monomial transformation of Zj.

Definition
The Euclidean weight of x = x1x2 - - - x, € Zg is

= 2 (Wi ()%

Remark
If de(x,y) = wte(x — y), de does not satisfy the triangle inequality for
g > 6 and so is not a metric.

2S. Dyshko, “The extension theorem for Lee and Euclidean weight codes
over integer residue rings”, Des. Codes Cryptogr. 87 (2019);:1253-1269:



MacWilliams Extension Theorem Revisited (cont.)

Theorem (Dyshko?)

Suppose C1,C, are linear codes over Zq for q > 2. If there is a Lee weight
preserving linear surjective homomorphism T : C; — Cp, then T extends
to a {£1}-monomial transformation of Zj.

Definition
The Euclidean weight of x = x1x2 - - - x, € Zg is

= 2 (Wi ()%

Remark
If de(x,y) = wte(x — y), de does not satisfy the triangle inequality for
g > 6 and so is not a metric.

Theorem (Dyshko)

Suppose C1,Cy are linear codes over Zq for g > 2. If there is a Euclidean
weight preserving linear surjective homomorphism T : C; — Cp, then T
extends to a {+1}-monomial transformation of Z;.

2S. Dyshko, “The extension theorem for Lee and Euclidean weight codes
over integer residue rings”, Des. Codes Cryptogr. 87 (2019);:1253-1269:
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MacWilliams Identity Revisited

The MacWilliams ldentity for Hamming Weight

If SR is a finite commutative Frobenius ring, and C is an
MR-submodule of R", then

1
Hwe e (x,y) = @Hwec(y —x,y + (JR] — 1)x).

Question
Is there a MacWilliams-type Identity for other weights?

Definition
Let C C Zg be a Zg-linear code. The Lee weight enumerator of C is
Lwee(x, y) watL )., N—wt,(c)

ceC

where N = n L%J



MacWilliams Identity Revisited (cont.)

Example (Lee Weight on Z,)

WtL(O) =0 WtL(].) = Wt|_(3) =1 Wt|_(2) =2



MacWilliams Identity Revisited (cont.)

Example (Lee Weight on Z,)
WtL(O) =0 WtL(].) = Wt|_(3) =1 Wt|_(2) =2

Theorem (Klemm?)

Let C be a Za-linear code of length n. Then

1
Lwe, g (x,y) = ELWGC(Y — X, ¥ +x).

3M. Klemm, “Uber die Identitit von MacWilliams fiir die Gewichtsfunktion
von Codes”, Arch. Math. (Basel) 49 (1987), 400-406



MacWilliams Identity Revisited (cont.)

Remarks

e For a linear code C over Zg, we have
Hwecie (x,y) = ‘%leec(y —x,¥y + (m—1)x) where m = |Z|.
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e For a linear code C over Zg, we have
Hweg., (x,y) = grHwec(y — x,y + (m — 1)x) where m = |Zg].

e For a linear code C over Zg, do we have
Lweoie(x,y) = %leec(y — X,y + (m— 1)x) for some m (perhaps
when m | q)?
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MacWilliams Identity Revisited (cont.)

Remarks

e For a linear code C over Zg, we have
Hweg., (x,y) = grHwec(y — x,y + (m — 1)x) where m = |Zg].

e For a linear code C over Zg, do we have
Lweoie(x,y) = %leec(y — X,y + (m— 1)x) for some m (perhaps
when m | q)? Yes, when m=q¢=2, m=qg=3, m=2|4=q.



MacWilliams Identity Revisited (cont.)

Remarks

e For a linear code C over Zg, we have
Hweeip (x,y) = ‘flleec(y —x, ¥+ (m—1)x) where m = |Z]|.

e For a linear code C over Zg, do we have
Lwep e (x,y) = ‘flleeC(y —x,y + (m—1)x) for some m (perhaps
when m| q)? Yes, when m=qg=2, m=q=3, m=2|4=q.

Theorem (Tang—Zhu—Kai?)

There is no MacWilliams-type Identity on Lee weight for a linear code C
over Zq with the form

1
Lwepie(x,y) = ﬁLwec(y —x,y+ (m—1)x)

for ¢ > 4 and any prime power m | q.

4y, Tang, S. Zhu, and X. Kai, “MacWilliams type identities on the Lee and
Euclidean weights for linear codes over Z,", Linear Algebra Appl. 516 (2017),
82-92.



MacWilliams Identity Revisited (cont.)

Definition
Let C C Zg be a Zg-linear code. The Euclidean weight enumerator of C is

EWGL X y ZXWtE(C)yN WtE )
ceC

where N = n (LgJ)2



MacWilliams Identity Revisited (cont.)
Definition
Let C C ZZ be a Zg4-linear code. The Euclidean weight enumerator of C is

EWeL X y ZXWtE(C)yN WtE )
ceC
where N = n (LgJ)2
Question
For a linear code C over Zg, do we have

Ewecrr(x,y) = ﬁEwec(y —x,y + (m—1)x) for some m (perhaps when
m | q)?



MacWilliams Identity Revisited (cont.)
Definition
Let C C ZZ be a Zg4-linear code. The Euclidean weight enumerator of C is

EWeL X y ZXWtE(C)yN WtE )
ceC
where N = n (LgJ)2
Question

For a linear code C over Zg, do we have

Ewecrr(x,y) = ﬁEwec(y —x,y + (m—1)x) for some m (perhaps when
m | q)? Yes, when m=q =2,



MacWilliams Identity Revisited (cont.)
Definition
Let C C ZZ be a Zg4-linear code. The Euclidean weight enumerator of C is

EWeL X y ZXWtE(C)yN WtE )
ceC
where N = n (LgJ)2
Question
For a linear code C over Zg, do we have

Ewecrr(x,y) = ﬁEwec(y —x,y + (m—1)x) for some m (perhaps when
m| q)? Yes, when m=qg=2 m=gq=23.



MacWilliams Identity Revisited (cont.)
Definition
Let C C ZZ be a Zg4-linear code. The Euclidean weight enumerator of C is

— Z XWtE(C)nyth(C)
ceC

where N = n (LgJ)z

Question

For a linear code C over Zg, do we have

Ewecrr(x,y) = ﬁEwec(y —x,y 4+ (m—1)x) for some m (perhaps when
m| q)? Yes, when m=qg=2 m=gq=23.

Theorem (Tang-Zhu-Kai)

There is no MacWilliams-type Identity on Euclidean weight for a linear
code C over Zq with the form

Ewepip(x,y) = |

Ewec(y — x,y + (m—1)x)

for ¢ > 3 and any prime power m | q.



Gray Map on Z,

The following Figure 1 is found in: A. R. Hammons, P. V. Kumar,
A. R. Calderbank, N. J. A. Sloane, and P. Solé, “The Zj4-linearity
of Kerdock, Preparata, Goethals, and related codes”, |IEEE Trans.
Inform. Theory, 40 (1994), 301-319.

1—-01

2—119 ¢ 0— 00

310

Fig 1. Gray encoding of quaternary symbols and QPSK phases



Gray Map on Z, (cont.)

Hammon, et al. state:

In communication systems employing quadrature phase-
shift keying (QPSK), the preferred assignment of two in-
formation bits to the four possible phases is the one shown
in Fig. I, in which adjacent phases differ by only one bi-
nary digit. This mapping is called Gray encoding and has
the advantage that, when a quaternary codeword is trans-
mitted across an additive white Gaussian noise channel,
the errors most likely to occur are those causing a single
erroneously decoded information bit.



Gray Map on Z, (cont.)

Hammon, et al. state:

In communication systems employing quadrature phase-
shift keying (QPSK), the preferred assignment of two in-
formation bits to the four possible phases is the one shown
in Fig. I, in which adjacent phases differ by only one bi-
nary digit. This mapping is called Gray encoding and has
the advantage that, when a quaternary codeword is trans-
mitted across an additive white Gaussian noise channel,
the errors most likely to occur are those causing a single
erroneously decoded information bit.

Definition
The Gray map is given by

0—00 1—01 2—~11 3~ 10.

The Gray map can be extended to G4 : Z; — IF%” by
G4(X) = (Gr4(X1)7 G4(X2), R ,G4(Xn)) for x = X1X2 - Xp € ZZ



Properties of G4

Theorem
The following hold.
o Ifx,y € Zj, then di(x,y) = dn(Ga(x), Ga(y)). In particular
Gq : 77 — F3" is an isometry, and wt;(x) = wtp(Ga(x)).
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Properties of G4

Theorem
The following hold.
o Ifx,y € Zj, then di(x,y) = dn(Ga(x), Ga(y)). In particular
Gq : 77 — F3" is an isometry, and wt;(x) = wtp(Ga(x)).
Let C be a Zg4-linear code.
o Lwec(x,y) = Hweg,(c)(x,y). Warning! G4(C) may not be
linear.
o G4(C) is distance invariant:
Hweg,(c)(x, y) = Hwec c,(c)(x,y) for all ¢ € G4(C) (i.e. the
distance distribution and weight distribution of G4(C) are
equal).
o Forx=xixo---Xp andy = y1y>---yn in Zj, let
= (x1y1,X0¥2, ..., Xn¥n) € Zj. G4(C) is linear if and only
if for all x,y € C, 2(x xy) € C.
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Nordstrom-Robinson Code

o Let be the size of the largest binary code of length n and
minimum Hamming distance d. Then A;(16,6) = 256 = 28.

e There is no [16, 8, 6], code.

e The Nordstrom-Robinson code® N'R is the unique® (16,256, 6),
nonlinear code.

e Gy(0g) = N'R where the octacode og is a Zg-linear self-dual code
of length 8 with generator matrix

1000 3 1 21
01001231
0 0103 3 3 2
0 0012 311

o Hwepnr(x,y) = y'® + 112x%y10 4+ 30x8y8 + 112x10y0 4 x16.

5A. W. Nordstrom and J. P. Robinson, “An optimum nonlinear code”,
Inform. and Control 11 (1967), 613-616.

6S. L. Snover, The Uniqueness of the Nordstrom—Robinson and the Golay
Binary Codes, Ph.D. Thesis, Michigan State University (1973).



Gray Map on Z,

Definition
Let m | g where m > 1 is a prime power, and let Q = [4]. For
acFp, leta,=aa---a. The Gray map is given by

N 0o_1; if0<i<Q,
Gq(l) - { lq_,'OQ_H_q ifQ<i< q.

The Gray map can be extended to Gq : Zg — FQ" by
Gg(x) = (Gg(x1), Gg(x2), ..., Gq(xn)) for x = x1x2- - - x5 € Zg.
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Let m | g where m > 1 is a prime power, and let Q = [4]. For
acFp, leta,=aa---a. The Gray map is given by

i

. 0p0_;1; f0<i<Q,
Gq(l):{l Q

q_;0Q+,’_q ifQ<i< q.

The Gray map can be extended to Gq : Zg — FQ" by
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Gray Map on Z,

Definition
Let m | g where m > 1 is a prime power, and let Q = [4]. For
acFp, leta,=aa---a. The Gray map is given by

i

N 0o_1; if0<i<Q,
Gq(l) - { lq_;OQ_H_q ifQ<i< q.

The Gray map can be extended to Gq : Zg — FQ" by
Gg(x) = (Gq(x1), Gg(x2), - - -, Gg(xn)) for x = x1x2 - -+ Xy € Zy.

Remarks
e (4 is a weight preserving map from Zg under Lee weight to
FQ" under Hamming weight; i.e. wt (x) = wty(G4(x)).
e Gy:Zg— FQ is surjective if and only if
(g.m) €{(2,2),(3,3),(4,2)}.
e In general, you can replace 1; by any vector in (F},)".



Kaushik-Sharma Metrics

The weight defined, translation invariant, additive Kaushik-Sharma
metrics are defined on Zg and generalize both the Hamming and
Lee metrics. They are named after M. L. Kaushik who defined
them’ and B. D. Sharma who studied them.

M. L. Kaushik, “Necessary and sufficient number of parity checks in codes
correcting random errors and bursts with weight constraints under a new
metric”, Information Sciences 19 (1979), 81-90.



Kaushik-Sharma Metrics

The weight defined, translation invariant, additive Kaushik-Sharma
metrics are defined on Zg and generalize both the Hamming and
Lee metrics. They are named after M. L. Kaushik who defined
them’ and B. D. Sharma who studied them.

Definition
A KS-partition is a partition of Zq
provided
e Py ={0} and, for i € Zg \ {0}, i € Ps if and only if
q— i€ Ps;

o if i € P, j € Py with s < t, then
min{i,q — i} < min{j,q —j}; and
e [Py =1<|Py|<--- <|Pm_2] and %‘Pm—ﬂ < |Pm-1]-

"M. L. Kaushik, “Necessary and sufficient number of parity checks in codes
correcting random errors and bursts with weight constraints under a new
metric”, Information Sciences 19 (1979), 81-90.
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Example (KS-partition of Zy with m = 6)
o Po={0}
o P ={1,19}
o P, ={2,18,3,17}
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Example (KS-partition of Zy with m = 6)
Po = {0}

P; ={1,19}

P, = {2,18,3,17}

P; = {4,16,5,15}

P, = {6,14,7,13,8,12}



Kaushik-Sharma Metrics (cont.)

Example (KS-partition of Zy with m = 6)
Po = {0}

P; ={1,19}

P, = {2,18,3,17}

P; = {4,16,5,15}

P, = {6,14,7,13,8,12}

Ps = {9,11,10}



Kaushik-Sharma Metrics (cont.)

Definition
For the KS-partition P of Zg, define wixs »(/) = s for j € Zq
where 0 < s < m — 1 is unique such that j € P;. The KS- We|ght

with partition P of x = x1x0 -+ - xp, € Zg is

wiks,p( Z wtks,p(Xi)-

The KS-distance with partition 7P between x and y is
dis p(x.y) = wiks p(x — y).



Kaushik-Sharma Metrics (cont.)

Definition

For the KS-partition P of Zg, define wixs »(/) = s for j € Zq
where 0 < s < m — 1 is unique such that j € P;. The KS- We|ght
with partition P of x = x1x0 -+ - xp, € Zg is

wiks,p( Z wtks,p(Xi)-

The KS-distance with partition 7P between x and y is
dis p(x.y) = wiks p(x —y).

Remarks
e wtks p(-) = wty(-) when m=2and Py ={1,2,...,q — 1}.



Kaushik-Sharma Metrics (cont.)

Definition

For the KS-partition P of Zg, define = s for j € Zq
where 0 <'s < m — 1 is unique such that j € Ps. The KS-weight
with partition P of x = x1x0 -+ - xp, € ZZ is

n
= wtksp(x).
i—1

The KS-distance with partition P between x and y is
= Wthyp(X — y).
Remarks
e wtks p(-) = wty(-) when m=2and Py ={1,2,...,q — 1}.

° WtKS,P(-) = wty () when m = L%J tland Pj={i,q—i}if
1<i<m-1



Kaushik-Sharma Metrics (cont.)

Example (KS-partition of Zyy with m = 6 (cont.))
Po = {0}, P, = {1,109}, P, = {2,18,3,17}, Ps = {4,16,5,15},
P, = {6,14,7,13,8,12}, Ps = {9,11,10}



Kaushik-Sharma Metrics (cont.)

Example (KS-partition of Zyy with m = 6 (cont.))
Po = {0}, P, = {1,109}, P, = {2,18,3,17}, Ps = {4,16,5,15},
P, = {6,14,7,13,8,12}, Ps = {9,11,10}

o wiks p(4) = 3; wiks p(7) = 4



Kaushik-Sharma Metrics (cont.)

Example (KS-partition of Zyy with m = 6 (cont.))
Po = {0}, P, = {1,109}, P, = {2,18,3,17}, Ps = {4,16,5,15},
P, = {6,14,7,13,8,12}, Ps = {9,11,10}

o wtks,p(4) = 3; wiks p(7) =4

e wtksp((2,14,5,10)) =2+4+3+5=14
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Definition
Consider a metric d, on A". A d.-sphere of radius r centered at
uecAis Sy q ,(u ) ={x€ A" | di(x,u) < r}.
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Kaushik-Sharma Metrics — Sample Result

Definition
Consider a metric d, on A”". A d,-sphere of radius r centered at
ucA”is Sy 4 (ur)={xe€ A" | di(x,u) <r}.

Remark
If d, is translation invariant, |Sq, A n(u, r)| = |54, a.(0,r)|.

Theorem (Sphere Packing Bound)
IfC is an [n, k]q linear code over F, with minimum Hamming

distance d, then C can correct t = L%J errors and

n—k > log,(|Sdyr,.n(0,t)])-



Kaushik-Sharma Metrics — Sample Result (cont.)

Definition

A burst of length b is any vector in A" whose only nonzero
components are among b consecutive components, the first and
last of which are nonzero.



Kaushik-Sharma Metrics — Sample Result (cont.)

Definition

A burst of length b is any vector in A" whose only nonzero
components are among b consecutive components, the first and
last of which are nonzero.

Theorem (Kaushik)

Let C be a Zg-linear code that corrects all errors e with

wtisp(e) < r1 and all errors f consisting of bursts of length at
most b < g and Wthjp(f) <nwthl<rnn<nmn< (m - 1)b. Let
k be the size of the largest independent set in C. Then

n—k > logq(|Sdxs p,zq.n(0,r1)])



Kaushik-Sharma Metrics — Sample Result (cont.)

Definition

A burst of length b is any vector in A" whose only nonzero
components are among b consecutive components, the first and
last of which are nonzero.

Theorem (Kaushik)

Let C be a Zg-linear code that corrects all errors e with

wtisp(e) < r1 and all errors f consisting of bursts of length at
most b < g and Wthjp(f) <nwthl<rnn<nmn< (m - 1)b. Let
k be the size of the largest independent set in C. Then

n—k > logy(|Sdxs p,2q.n(0,r1)]) +
b

D (=i + 1)(Sdus p 24,i(0, 2)| = |Sas p.24,i(0, 11)])-

i=1



Rank Metric and Rank-Metric Codes

Rank-metric codes were introduced by P. Delsarte.® Independently,
E. M. Gabidulin® and R. M. Roth? introduced these codes for
array error correction.

8P. Delsarte, “Bilinear forms over a finite field, with applications to coding
theory”, J. Combin. Theory Ser. A 25 (1978), 226-241.

9. M. Gabidulin, “Theory of codes with maximum rank distance”,
Problemy Peredachi Informatsii 21 (1985), 3-16.

°R. M. Roth, “Maximum-rank array codes and their application to
criss-cross error correction”, |IEEE Trans. Inform. Theory 37-(1991), 328-336:
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E. M. Gabidulin® and R. M. Roth? introduced these codes for
array error correction.

Definition
The rank weight of A € Mat,yxm(Fq) is = rank(A). The

rank distance between A and B in Mat,xm(Fq) is
= Wtrk(A — B)
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Rank-metric codes were introduced by P. Delsarte.® Independently,
E. M. Gabidulin® and R. M. Roth? introduced these codes for
array error correction.

Definition
The rank weight of A € Mat,yxm(Fq) is = rank(A). The
rank distance between A and B in Mat,xm(Fq) is

= wt(A — B). A rank-metric code is an Fg-linear
subspace C C Matpyxm(Fg).
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Rank Metric and Rank-Metric Codes

Rank-metric codes were introduced by P. Delsarte.® Independently,
E. M. Gabidulin® and R. M. Roth? introduced these codes for
array error correction.
Definition
The rank weight of A € Mat,yxm(Fq) is = rank(A). The
rank distance between A and B in Mat,xm(Fq) is

= wt(A — B). A rank-metric code is an Fg-linear
subspace C C Matpyxm(Fg).

Remark
Unlike the Hamming, Lee, and Kaushik-Sharma metrics, the rank
metric is not additive.

8P. Delsarte, “Bilinear forms over a finite field, with applications to coding
theory”, J. Combin. Theory Ser. A 25 (1978), 226-241.

9E. M. Gabidulin, “Theory of codes with maximum rank distance”,
Problemy Peredachi Informatsii 21 (1985), 3-16.

°R. M. Roth, “Maximum-rank array codes and their application to
criss-cross error correction”, |IEEE Trans. Inform. Theory 37-(1991), 328-336:
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Rank-Metric Codes and MacWilliams Extension

Question
Does the MacWilliams Extension Theorem hold for the rank
metric? Nol!

Theorem (Hua''-Wan'?)
Let T : Matpym(Fq) — Mat,xm(Fy) be an F4-linear rank distance
preserving map (i.e. isometry).
e If m # n, then there exist matrices A € GL,(Fg) and
B € GLm(Fg) such that T(M) = AMB for all
M € Matnym(Fq).
e If m = n, then there exist matrices A, B € GL,(F,) such that
either T(M) = AMB for all M € Mat,y(Fq), or
T(M) = AMTB for all M € Mat,x,(Fy).

1) . K. Hua, “A theorem on matrices over a field and its applications”, Acta
Math. Sinica 1 (1951), 109-163.

127 X. Wan, “A proof of the automorphisms of linear groups over a field of
characteristic 2", Scientia Sinica 11 (1962), 1183-1194.



Rank-Metric Codes and MacWilliams Extension (cont.)

Example (MacWilliams Extension Does Not Hold!?)

Let C = {[ A ‘ 0 ] ’ Ae€ Matgxg(Fz)} C Mat2X3(IE‘2). Define

T :C — Matoys3(F2) by T([ A ‘ 0 =[AT ‘ 0 ]. Then T is an
Fa-linear isometry of C which does not extend to a Fp-linear
isometry of Matp,3(F2).

13A. Barra and H. Gluesing-Luerssen, “MacWilliams extension theorems and
the local-global property for codes over Frobenius rings”, J. Pure Appl. Algebra
219 (2015), 703-728.
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Rank-Metric Codes and the MacWilliams ldentity

Definition
The matrix trace inner product on Mat,xm(Fq) is defined by
(A, Byt = TR(ABT) where TR is the trace map on Mat,,(F,).

Remark
(-,-)mT is Fg-bilinear, reflexive, symmetric, and non-degenerate.

Definition
Let C € Mat,xm(Fg). The matrix trace dual of C is

M7 = {A € Matpum(Fq) | (A, B)ur =0 for all B € C}.



Rank-Metric Codes and the MacWilliams Identity (cont.)

Definition
Fix positive integers n and g. Suppose 0 < j < n. The
Krawtchouck polynomial of degree j is

o= seew () (1)

(=0



Rank-Metric Codes and the MacWilliams Identity (cont.)

Definition
Fix positive integers n and g. Suppose 0 < j < n. The
Krawtchouck polynomial of degree j is

o= seew () (1)

(=0

Equivalent Formulation of the MacWilliams Identity

Let C be an [n, k]q4 linear code over Fy. If 0 < i < n, let A;(C) be
the number of codewords in C of Hamming weight /. If 0 <j < n,

then
Aj(Cte) = ’C’ZA(C K™9(



Rank-Metric Codes and the MacWilliams Identity (cont.)

Recall
The g-binomial coefficient is

0 ifa<0, b<0, ora< b,
{1 = 1 ifb=0anda>0,
blq b-1a’=a"  otherwise.




Rank-Metric Codes and the MacWilliams Identity (cont.)

Recall
The g-binomial coefficient is

0 ifa<0, b<0, ora< b,
H — 1 if b=0and a > 0,
blq Hf)—ol quq' otherwise.
Notation

Fix positive integers m, n, and q. Let M = max{m, n} and
= min{m, n}. Suppose 0 < /,j < p. Let

m

mnq Z ggM+J Z)|:,I.L—£:| |:M_’:| .
] 14
q

—o H—=J1q



Rank-Metric Codes and the MacWilliams Identity (cont.)

The MacWilliams Identity for rank-metric codes was proved by P.
Delsarte when m = n and more generally in E. Gorla and A.
Ravagnani, “Codes endowed with the rank metric”, In: Network
Coding and Subspace Designs, Signals Commun. Technol., pp.
3-23. Springer, 2018.

Theorem

Let C C Mat,xm(Fq) be a rank-metric code. If 0 < i < min{m, n},
let Ai(C) be the number of codewords in C of rank weight i. If

0 <j < min{m, n}, then

1 _ mnq
;(ChmT ‘C‘ZA
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non-commutative polynomials”, Ann. of Math. (2) 34 (1933), 480-508.
Definition

Let R be a ring with o € Aut(R). A o-derivation satisfies,
for all a, b € fR:

d.(a+b) = d,(a) + d,(b) and
0,(ab) = d,(a)b+ o(a)ds(b).



Skew Polynomial Rings

Skew polynomials rings were developed in O. Ore, “Theory of
non-commutative polynomials”, Ann. of Math. (2) 34 (1933), 480-508.

Definition
Let R be a ring with o € Aut(R). A o-derivation satisfies,
for all a, b € fR:
ds(a+ b) = 0,(a)+ d-(b) and
d5(ab) = d,(a)b+ o(a)ds(b).
Definition
A skew polynomial ring is = {Z,I-VZO fix! | N € Ng, f; € SR}

endowed with the usual polynomial addition and skew polynomial
multiplication determined by

xa =o(a)x + d,(a) for all a € R

so that the associative and distributive properties hold.



Skew Polynomial Rings (cont.)

Remarks

e MR[x;0,0,] is noncommutative (unless R is commutative,
o =id, and §, = 0). Therefore it matters on which side of x
the coefficients occur.
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Skew Polynomial Rings (cont.)

Remarks

e MR[x;0,0,] is noncommutative (unless R is commutative,
o =id, and §, = 0). Therefore it matters on which side of x
the coefficients occur.

e Usual polynomial evaluation does not work.
Suppose R is commutative, o # id and §, = 0. Let
f(x) = ax = xo~*(a) where o(a) # a. Then
f(b) = ab= bo~'(a) = a = 0~%(a), a contradiction.
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Remarks
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the coefficients occur.

e Usual polynomial evaluation does not work.
Suppose R is commutative, o # id and §, = 0. Let
f(x) = ax = xo~*(a) where o(a) # a. Then
f(b) = ab= bo~'(a) = a = 0~%(a), a contradiction.

e Polynomials of degree n can have more than n linear factors.



Skew Polynomial Rings (cont.)

Remarks

e MR[x;0,0,] is noncommutative (unless R is commutative,
o =id, and §, = 0). Therefore it matters on which side of x
the coefficients occur.

e Usual polynomial evaluation does not work.
Suppose R is commutative, o # id and §, = 0. Let
f(x) = ax = xo~*(a) where o(a) # a. Then
f(b) = ab= bo~'(a) = a = 0~%(a), a contradiction.

e Polynomials of degree n can have more than n linear factors.
Let Fy = {0,1,w,w?} with w? =14 w, w3 =1. Let
o(a) = a® for all a € F4 and 0, = 0. In F4[x; 0, 5,],
x24+1=(x+1)(x+1) = (x +w)(x+w?) = (x + w?)(x +w).



Skew Polynomial Rings (cont.)

Remarks
e MR[x;0,0,] is noncommutative (unless R is commutative,
o =id, and §, = 0). Therefore it matters on which side of x
the coefficients occur.

e Usual polynomial evaluation does not work.
Suppose R is commutative, o # id and §, = 0. Let
f(x) = ax = xo~*(a) where o(a) # a. Then
f(b) = ab= bo~'(a) = a = 0~%(a), a contradiction.
e Polynomials of degree n can have more than n linear factors.
Let Fy = {0,1,w,w?} with w? =14 w, w3 =1. Let
o(a) = a® for all a € F4 and 0, = 0. In F4[x; 0, 5,],
x24+1=(x+1)(x+1) = (x +w)(x+w?) = (x + w?)(x +w).
e When factoring polynomials, you must speak of left and right
factors.



Skew Polynomial Rings (cont.)

Remarks

e MR[x;0,0,] is noncommutative (unless R is commutative,
o =id, and §, = 0). Therefore it matters on which side of x
the coefficients occur.

e Usual polynomial evaluation does not work.
Suppose R is commutative, o # id and §, = 0. Let
f(x) = ax = xo~*(a) where o(a) # a. Then
f(b) = ab= bo~'(a) = a = 0~%(a), a contradiction.
e Polynomials of degree n can have more than n linear factors.
Let Fy = {0,1,w,w?} with w? =14 w, w3 =1. Let
o(a) = a® for all a € F4 and 0, = 0. In F4[x; 0, 5,],
x24+1=(x+1)(x+1) = (x +w)(x+w?) = (x + w?)(x +w).
e When factoring polynomials, you must speak of left and right
factors.
X3+ wx +w? = (X2 +wx +w)(x+w) # (x+w)f(x) for any
f € Falx; 0,00].



MDS Codes

Theorem (Singleton Bound'#)

In an [n, k]gq code over Fq with minimum Hamming distance dy,

k<n—dy+1.

14R. C. Singleton, “Maximum distance g-nary codes”, IEEE Trans. Inform.
Theory 10 (1964), 116-118.
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Theorem (Singleton Bound'#)

In an [n, k]q code over Fy with minimum Hamming distance dp,

k<n—dy+1.

Definition
An [n, k, dy|q code over Fy is maximum distance separable (MDS)
provided k = n—dy + 1.

Theorem
IfC is MDS, so is C1E.

14R. C. Singleton, “Maximum distance g-nary codes”, IEEE Trans. Inform.
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MDS Codes

Theorem (Singleton Bound'#)

In an [n, k]q code over Fy with minimum Hamming distance dp,

k<n—dy+1.

Definition
An [n, k, dy|q code over Fy is maximum distance separable (MDS)
provided k = n—dy + 1.

Theorem
IfC is MDS, so is C1E.

Open Problem
Classify all MDS codes.

14R. C. Singleton, “Maximum distance g-nary codes”, IEEE Trans. Inform.
Theory 10 (1964), 116-118.



Evaluation Codes

Example (Narrow-Sense Reed—Solomon Codes)

e A Reed-Solomon (RS) code C over Fy is a BCH code of
length n = g — 1. In this case, each g-cyclotomic coset
modulo n contains a single element. If C has designed
distance is 4, C is narrow-sense provided its defining set is
{1,2,...,0 —1}. Cis an [n, k, dy]q code with dy =6 and is
MDS.



Evaluation Codes

Example (Narrow-Sense Reed—Solomon Codes)

e A Reed-Solomon (RS) code C over Fy is a BCH code of
length n = g — 1. In this case, each g-cyclotomic coset
modulo n contains a single element. If C has designed
distance is 4, C is narrow-sense provided its defining set is
{1,2,...,0 —1}. Cis an [n, k, dy]q code with dy =6 and is
MDS.

e A narrow-sense [n, k]q RS code C of length n=¢q — 1 and
designed distance = n — k + 1 can be formulated as an
evaluation code:

Let o be a primitive element of F. Let Py 4 be all
polynomials in Fy[x] of degree less than k including the zero
polynomial. Then

C={(f(1),f(a),...,f(aT2) | f € Py}



Evaluation Codes (cont.)

Example (Generalized Reed—Solomon Codes)

e Let1<n<gq. Let y=(v1,72,-.-,7n) be an n-tuple of
distinct elements of Fy and v = (vq, v, ..., v,) an n-tuple of
nonzero (not necessarily distinct) elements of Fq. A
generalized Reed—Solomon (GRS) code is

GRS(’}/’V) = {(Vlf(71)7 V2f(72)a LR an(’}/n)) | fe Pk,q}-



Evaluation Codes (cont.)

Example (Generalized Reed—Solomon Codes)

e Let1<n<gq. Let y=(v1,72,-.-,7n) be an n-tuple of
distinct elements of Fy and v = (vq, v, ..., v,) an n-tuple of
nonzero (not necessarily distinct) elements of Fq. A
generalized Reed—Solomon (GRS) code is

GRS(’%V) = {(Vlf(’yl)v V2f(72)a R an(’}/n)) | fe Pk,q}-

e GRS(v,v) is an [n,k,n— k + 1], MDS code.



Polynomial Evaluation in Skew Polynomial Rings

Selected References

e D. Boucher and F. Ulmer, “Linear codes using skew
polynomials with automorphisms and derivations”, Des.
Codes Cryptogr. 70 (2014), 405-431.

e T.Y. Lam, “A general theory of Vandermonde matrices”,
Exposition. Math. 4 (1986), 193-215.

e T.Y. Lam and A. Leroy, “Vandermonde and Wronskian
matrices over division rings", J. Algebra 119 (1988), 308-336.

e T.Y. Lam and A. Leroy, “Wedderburn polynomials over
division rings. 1", J. Pure Appl. Algebra 186 (2004), 43-76.

e T.Y. Lam, A. Leroy, and A. Ozturk, “"Wedderburn
polynomials over division rings. |I", In: Noncommutative
Rings, Group Rings, Diagram Algebras and Their
Applications, vol. 456 of Contemp. Math., pp. 73-98. Amer.
Math. Soc., Providence, RI, 2008.



Polynomial Evaluation in Skew Polynomial Rings (cont.)

Theorem (Ore)

If R is a division ring (i.e. a finite field if R is finite), then
R[x; 0,0,] is a left and right Euclidean ring in which left and right
gcd's and Iem'’s exist.



Polynomial Evaluation in Skew Polynomial Rings (cont.)

Theorem (Ore)

If R is a division ring (i.e. a finite field if R is finite), then
R[x; 0,0,] is a left and right Euclidean ring in which left and right
gcd's and Iem'’s exist.

Definition
Let R be a division ring. For f € R[x;0,d,] and a € R, the right
evaluation of f at ais , where r € fR is the remainder upon

right division of f by x — a in R[x;0,0,]. So, f =g -(x—a)+r
for some g € R[x; 0,0,]. If f(a) =0, 2 is a right root of f.



Polynomial Evaluation in Skew Polynomial Rings (cont.)

Definition

Let R be a division ring, o € Aut(R), and J, a o-derivation of fR.
The map /\/,m R — A, called the ith norm on A, is defined
recursively by

NG () = 1,

N (@) = a(NT% (a))a + 0,(NT ().



Polynomial Evaluation in Skew Polynomial Rings (cont.)

Definition
Let R be a division ring, o € Aut(R), and J, a o-derivation of fR.
The map , called the ith norm on A, is defined
recursively by
Ng’ég(a) = 1
0,00 0,00 0,00
N7T (@) = o(N7% (a))a + 65 (N7 ().

Theorem (Lam—Leroy (1988))
Let f(x) = Y.1_,aix' € R[x; 0,8, where R is a division ring. Let
a € M. Then f(a) = 37 aiN"" ().



Skew Evaluation Codes

Definition
Let 2R be a division ring, o € Aut(fR), and d, a o-derivation of fA.
Let a = (a1, a2,...,an) € R". The (0, d,)-Vandermonde matrix
of a is
1 1 1
_ Ni”‘*’(m) NP7 (a2) o NP ()
0'6 o 0',6[;
N, 1(041) N~ ( 2) - N7i(an)

€ Mat,x,(R).



Skew Evaluation Codes (cont.)

Definition (Boucher—Ulmer (2014))

Let o € Aut(Fg) and d, a o-derivation of Fy. Let be all
polynomials in Fg[x; 0, d,| of degree less than k including the zero
polynomial. Suppose a = (a1, 2, ..., an) € Fg with

rank( Vg (a)) > k. The remainder evaluation skew code of
length n and support « is

Cula) = {(F(cn), F(a2),.... Fan)) | F € PE7).



Skew Evaluation Codes (cont.)

Definition (Boucher—Ulmer (2014))

Let o € Aut(Fg) and d, a o-derivation of Fy. Let be all
polynomials in Fg[x; 0, d,| of degree less than k including the zero
polynomial. Suppose a = (a1, 2, ..., an) € Fg with

rank( Vg (a)) > k. The remainder evaluation skew code of
length n and support « is

Cula) = {(F(cn), F(a2),.... Fan)) | F € PE7).

Theorem (Boucher-Ulmer (2014))
Ck(«) is an [n, k|q code with generator matrix the first k rows of
V%% (). Furthermore if rank(V,y (a)) = n, then Ci(a) is MDS.



Decoding Ci ()

e There is a Welsh—Berlekamp type decoding algorithm of
Ci(a) when rank(VZ%7 (a)) = n and R = Fq due to
Boucher-Ulmer (2014). As dy = n— k + 1, Cx(«) can correct

t= L”EkJ errors. We assume n — k is odd and so t = ”_Tk_l




Decoding Ci ()

e There is a Welsh—Berlekamp type decoding algorithm of
Ci () when rank(VZ (a)) = n and R = F,, due to
Boucher-Ulmer (2014). As dy = n— k + 1, Cx(«) can correct

t= L”EkJ errors. We assume n — k is odd and so t = %

e Every o-derivation d, on Fg is determined by some /7 € IF,
where §,(a) = B(c(a) — a) for all a € F,.15

15 Wexler-Kreindler, “Sur une classification des extensions d'Ore”, C. R.
Acad. Sci. Paris Sér. A-B 282 (1976), 1331-1333.



Decoding Ci ()

e There is a Welsh—Berlekamp type decoding algorithm of
Ci () when rank(VZ (a)) = n and R = F,, due to
Boucher-Ulmer (2014). As dy = n— k + 1, Cx(«) can correct

t= L”EkJ errors. We assume n — k is odd and so t = %

e Every o-derivation d, on Fg is determined by some /7 € IF,
where §,(a) = B(c(a) — a) for all a € F,.15

o Simplification: Let N7 (a) = Nj(a).

15E Wexler-Kreindler, “Sur une classification des extensions d'Ore”, C. R.
Acad. Sci. Paris Sér. A-B 282 (1976), 1331-1333.



Decoding Cy(«) (cont.)

Algorithm
e c € C(w) is transmitted and y = ¢ + e is received where
wty(e) < t.
e Compute a solution qg, g1, ..., g, of the system of n

equations in n 4+ 1 unknowns:
if Yi = 0: ijiot qij(a,-) =0
ifyi £0: S qiNj(ar) +
Z}:o Ghterjr1 N (i o (yi)(ei + 8) = Byi = 0

Let Qo= Y"1 3 qjxd and Q1 = 3F_g Guesrajr1.
Compute the quotient f of the left division of @y by — Q1 in
FQ[X; g, 50]'

c=(f(a1), f(a),...,f(an)).



Skew-Cyclic Codes

Selected References

e D. Boucher, W. Geiselmann, and F. Ulmer, “Skew-cyclic codes”,
Appl. Algebra Engrg. Comm. Comput. 18 (2007), 379-389.

D. Boucher and F. Ulmer, “Codes as modules over skew polynomial
rings”, In: Cryptography and Coding, vol. 5921 of Lecture Notes in
Comput. Sci., pp. 38-55. Springer, Berlin, 2009.

M. Boulagouaz and A. Leroy, “(o,d)-codes”, Adv. Math. Commun.
7 (2013), 463-474.

N. Fogarty and H. Gluesing-Luerssen, “A circulant approach to
skew-constacyclic codes”, Finite Fields Appl. 35 (2015), 92-114.

H. Gluesing-Luerssen, “Introduction to Skew-Polynomial Rings and
Skew-Cyclic Codes”, Chapter to appear in W. C. Huffman, J.-L.
Kim, and P. Solé, editors, Concise Encyclopedia of Coding Theory,
CRC Press, Boca Raton, FL.



Setting for Skew-Cyclic Codes
The skew polynomial ring considered will be Fgm|[x; 0, §5] where
o : Fgm — Fgm is the Frobenius automorphism for
a € Fgm and 0, = 0. To simplify, = Fgm[x;0,d5]. So

xa = a%x for a € Fgm.



Setting for Skew-Cyclic Codes
The skew polynomial ring considered will be Fgm|[x; 0, §5] where
o :Fgmn — Fgm is the Frobenius automorphism o(a) = a9 for
a € Fgm and 0, = 0. To simplify, [, [x; 0] = Fgm[x; 0,0,]. So

xa = a%x for a € Fgm.

Notation
e Let f € Fgm[x; o] be monic of degree n. °(f) = Fgm[x; o]f is
the left ideal generated by f.
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is the modulus of Rr.



Setting for Skew-Cyclic Codes

The skew polynomial ring considered will be Fgm|[x; 0, §5] where
o : Fgm — Fgm is the Frobenius automorphism for
a € Fgm and 0, = 0. To simplify, = Fgm[x;0,d5]. So

xa = a%x for a € Fgm.

Notation
e Let f € Fgm[x; o] be monic of degree n. = Fgm[x; o]f is
the left ideal generated by f.
o Let Ry =Fym[x;0]/*(f), which is a left Fgm[x; o]-module; f

is the modulus of Rr.
e For g € Fgm[x; 0], let g =g+ *(f) € Rr.



Setting for Skew-Cyclic Codes

The skew polynomial ring considered will be Fgm|[x; 0, §5] where
o : Fgm — Fgm is the Frobenius automorphism for
a € Fgm and 0, = 0. To simplify, = Fgm[x;0,d5]. So

xa = a%x for a € Fgm.

Notation
e Let f € Fgm[x; o] be monic of degree n. = Fgm[x; o]f is
the left ideal generated by f.
o Let Ry =Fym[x;0]/*(f), which is a left Fgm[x; o]-module; f

is the modulus of Rr.
e For g € Fgm[x; 0], let g =g+ *(f) € Rr.
o Let where

n—1
tf(a0, a1, an-1) = E aix’.
i=0



Skew-Cyclic Codes

Theorem

Let M be a left submodule of R¢. Then M = *(g) = R¢g, where
g € Fgn[x; 0] is the unique monic polynomial of smallest degree
with g € M. Alternately, g is the unique monic right divisor of f
(i.e. f = hg) such that *(g) = M. Also g is a right divisor of

h € Fym[x; o] when h € M.



Skew-Cyclic Codes

Theorem

Let M be a left submodule of R¢. Then M = *(g) = R¢g, where
g € Fgn[x; 0] is the unique monic polynomial of smallest degree
with g € M. Alternately, g is the unique monic right divisor of f
(i.e. f = hg) such that *(g) = M. Also g is a right divisor of

h € Fym[x; o] when h € M.

Definition
A subspace C C Fgn is called (o, f)-skew-cyclic if t¢(C) is a left
submodule of R¢; 1£(C) will also be called (o, f)-skew-cyclic.



Skew-Cyclic Codes

Theorem

Let M be a left submodule of R¢. Then M = *(g) = R¢g, where
g € Fgn[x; 0] is the unique monic polynomial of smallest degree
with g € M. Alternately, g is the unique monic right divisor of f
(i.e. f = hg) such that *(g) = M. Also g is a right divisor of

h € Fym[x; o] when h € M.

Definition
A subspace C C Fgn is called (o, f)-skew-cyclic if t¢(C) is a left
submodule of R¢; 1£(C) will also be called (o, f)-skew-cyclic.

Example (Skew-Constacyclic Codes)
If f =x"— X for some \ € Fgm with A # 0, then

(co,¢15---ycn1) EC= (A _1,¢g,---scl 5) €C

q q
as tr(Ac,_1,¢55- - -

’ n )_XZI OC’X’



Skew-Cyclic Codes (cont.)

Remarks

e In Fy[x], f = x!® — w has 8 monic divisors leading to 8
w-constacyclic codes over Fy of length 15. In Fy[x; o], f has
32 monic right divisors leading to 32 (o, f)-skew-cyclic codes
over [y of length 15.



Skew-Cyclic Codes (cont.)

Remarks

e In Fy[x], f = x!® — w has 8 monic divisors leading to 8
w-constacyclic codes over Fy of length 15. In Fy[x; o], f has
32 monic right divisors leading to 32 (o, f)-skew-cyclic codes
over [y of length 15.

e In Boucher—-Ulmer (2009), a table is given showing that many

of the best (highest dy given n, k) known [n, k]a codes with
3 < n < 22 arise as (o, f)-skew-cyclic codes.



Skew-Cyclic Codes (cont.)

Definition
Let & € R¢. The (o, f)-circulant matrix of g is

@ -] fxg) € Mat,yp(Fgm).

17 (x"1g)



Skew-Cyclic Codes (cont.)

Definition
Let & € R¢. The (o, f)-circulant matrix of g is

17 (8)

71 —_
e (x8)
7(g) = : € Matpxn(Fgm).

17 (x"1g)

Example (Gluesing-Luerssen)

F,s has primitive element o with a3 = o+ 1 and o(a) = a°. In Fg[x; o],
g = a+a®x® 4+ ax® + x* is a right divisor of f = x” 4+ a.. Then
[« 0 &@ o 1 0 0]
0 & 0 o &> 1 0
0 0 o 0 o o 1
MFE=| a 0 0 a 0 & a
a® o> 0 0 & 0 &
1 a® o* 0 0 o' 0
L 0 1 & a 0 0 a |




Skew-Cyclic Codes (cont.)

Theorem (Fogarty—Gluesing-Luerssen)

Let C C Fym be a (o, f)-skew-cyclic code over Fgm where

tf(C) =*(g) € R¢ with g a right divisor of f in Fgm[x; o] of
degree n — k. Then 1¢(C) has basis {g,Xg,...,x*"1g} as a left

[Fgm-vector space, and C has generator matrix the first k rows of
r?(g)-



Skew-Cyclic Codes (cont.)

Theorem (Fogarty—Gluesing-Luerssen)

Let C C Fym be a (o, f)-skew-cyclic code over Fgm where

tf(C) =*(g) € R¢ with g a right divisor of f in Fgm[x; o] of
degree n — k. Then 1¢(C) has basis {g,xg,...,xk"1g} as a left
[Fgm-vector space, and C has generator matrix the first k rows of
r7(g).

Remark

If g is a right divisor of f, the first k rows of I'7(g) do not depend
on f. They involve cyclic shifts of the first row and conjugation by
o only.



Skew-Cyclic Codes (cont.)

Theorem (Fogarty—Gluesing-Luerssen)

Let C C Fym be a (o, f)-skew-cyclic code over Fgm where

tf(C) =*(g) € R¢ with g a right divisor of f in Fgm[x; o] of
degree n — k. Then 1¢(C) has basis {g,Xg,...,x*"1g} as a left
[Fgm-vector space, and C has generator matrix the first k rows of
r7(g).

Remark

If g is a right divisor of f, the first k rows of I'7(g) do not depend

on f. They involve cyclic shifts of the first row and conjugation by
o only.

Definition
is the generator polynomial of C (or ¢t¢(C)) if g is monic.



Skew-Cyclic Codes (cont.)

Theorem (Fogarty—Gluesing-Luerssen)

Let C C Fym be a (o, f)-skew-cyclic code over Fgm where

tf(C) =*(g) € R¢ with g a right divisor of f in Fgm[x; o] of
degree n — k. Then 1¢(C) has basis {g,Xg,...,x*"1g} as a left
[Fgm-vector space, and C has generator matrix the first k rows of
r7(g).

Remark

If g is a right divisor of f, the first k rows of I'7(g) do not depend

on f. They involve cyclic shifts of the first row and conjugation by
o only.

Definition
is the generator polynomial of C (or ¢t¢(C)) if g is monic.
Example (Gluesing-Luerssen (cont.))

The generator matrix of the [7, 3]s code
L% (o + a®x2 + ax® + x*)) is the top three rows of I'%(g).



Dual Skew-Cyclic Codes

Remark

The dual of a (o, f)-skew-cyclic code may not be a

(o', f')-skew-cyclic code for any o’ € Aut(Fym) and any
' € Fgm[x; 0'] with deg(f) = deg(f’).



Dual Skew-Cyclic Codes

Remark

The dual of a (o, f)-skew-cyclic code may not be a

(o', f')-skew-cyclic code for any o’ € Aut(Fym) and any
' € Fgm[x; 0'] with deg(f) = deg(f’).

Example (Gluesing-Luerssen)

Let f = w? + x? + x3 and g = w + wx + x? be in F4[x; o] where
o(a) = a°. Then f = (w+x)g. tr*(*()) is a [3, 1]4 code with
generator matrix G = [ w w 1 |. There does not exist

o' € Aut(Fy), ' € Fa[x; '] with deg(f’) = 3, and h a right divisor
of " in F4[x; 0'] such that H = I'% (h) has rank 2 and GHT = 0.



Dual Skew-Cyclic Codes (cont.)

Definition
Let g = Y o &ix' € Fgm[x; o] with g, # 0. The left reciprocal of
gis pi(g)=2io0 (gr-i)x".



Dual Skew-Cyclic Codes (cont.)

Definition
Let g =Y &ix' € Fgm[x; 0] with g, # 0. The left reciprocal of
gis =i o0 (g—i)x".

Theorem (Fogarty—Gluesing-Luerssen (2015); Boucher-Ulmer
(2009))
Let f = x" — X € Fym[x; o] where A\ € Fgm with X\ # 0. Suppose
f = hg in Fgm[x; o] where degh = k and degg = n— k. Let
f' = x"— A"1 and h* = p;(c="(h)). Consider the [n, k]q
(0, f)-skew-cyclic code C = 1;*(*(g)). The following hold.
o C={ce€Fyn |T%(h*)cT =07} (where h* is a coset in Ry:).
e The first n — k rows of ['%,(h*) forms a parity check matrix of
C.
o Cle = L;I('(F)) is an [n,n — kg (o, f")-skew-cyclic code
with generator matrix the first n — k rows of I'%,(h*) and
parity check matrix the first k rows of I'¢(g).



Skew-BCH Codes

The Norm Revisited
The norm was useful in evaluating polynomials. In the case R = Fgm,
o : a+ a% (the Frobenius automorphism of ]qu), and 6, =0, for0 </

N7 (a) = all where [/] = il



Skew-BCH Codes

The Norm Revisited
The norm was useful in evaluating polynomials. In the case R = Fgm,
o : a+ a% (the Frobenius automorphism of ]qu), and 6, =0, for0 </

N7 (a) = all where [/] = il

Theorem (Skew-BCH Bound, Boucher—Ulmer (2014))

Let b >0 and A > 2 be integers. Let o be in the algebraic closure of
Fym such that ol ol o= are distinct and g(a’*') = 0 for
0 < i< A —2 for some right divisor g of f. Then 1;'(*(g)) has
minimum Hamming weight at least A.



Skew-BCH Codes

The Norm Revisited
The norm was useful in evaluating polynomials. In the case R = Fgm,
o : a+ a% (the Frobenius automorphism of ]qu), and 6, =0, for0 </

N7 (a) = all where [/] = il

Theorem (Skew-BCH Bound, Boucher—-Ulmer (2014))

Let b >0 and A > 2 be integers. Let a be in the a/gebraic_: closure of
Fym such that ol ol o= are distinct and g(a’*') = 0 for
0 < i< A —2 for some right divisor g of f. Then 1;'(*(g)) has
minimum Hamming weight at least A.

Definition

If g is a right divisor of f of minimum degree satisfying the conditions of
the above theorem, then 17 (*(g)) is called a skew-BCH code.



Skew-BCH Codes (cont.)

Flashback: Hartmann—Tzeng Bound?!®

Theorem

Let C be a length n cyclic code over Fqm with defining set T
relative to some primitive nth root of unity in an extension field of
Fgm. Let b>0, A>2,5>0,t; >0, and tp > 0 be integers with
t1, to relatively prime to n. Assume

{b+iti +jtr |0<i<A—-2 0<,;<s}CT. ThenC has
minimum Hamming distance at least A + s.

16C. R. P. Hartmann and K. K. Tzeng, “Generalizations of the BCH bound”,
Inform. and Control 20 (1972), 489-498.



Skew-BCH Codes (cont.)

Theorem (Tapia Cuitifio and A. L. Tironi'")

Let b>0,A>2,s>0,t; >0, and t, > 0 be integers. Assume f
has a nonzero constant coefficient and g is a right divisor of f. Let
o be in the algebraic closure of Fqm such that

o glaPthti)y =0 for0<i<A—-2and0<j<s, and

o (el £1for1<i<n—1,andifs>0, (a?)l1 £1 for
1<i<n-1.

Then Lf_1(°(§)) has minimum Hamming weight at least A + s.

7. F. Tapia Cuitifio and A. L. Tironi, “Some properties of skew codes over
finite fields”, Des. Codes Cryptogr. 85 (2017), 359-380.
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Conclusion

e Whatever concepts, properties, theorems are understood or proven for
codes over fields, are there analogous concepts, properties, theorems that
can be understood or proven for codes over rings?

e Conversely, are there ideas and results about codes over rings that shed
light on codes over fields?

Topics
e Linear/cyclic/additive codes
e Canonical methods to generate codes
e Code metrics
e Dual codes and the MacWilliams ldentity
e Code equivalence and the MacWilliams Extension Theorem
e Optimum codes and nonlinear codes
e Code classification
e Encoding and decoding

e Applications of codes to other areas of mathematics and beyond
mathematics including engineering.



Merci

Beaucoup!!
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