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Throughout we let KK be a field of characteristic 0.

All vector spaces are assumed to be over K.

A vector space L. = Ly &® Ly graded by Zo together
with a bilinear map [-,+]: L x L. — L is called a Lie
superalgebra if:

1L, Lj] © Liy;

2. [2,9] = —(~1)ii[y, @

3. (= 1™z, [y, 2] + (=1)"[y, [z, 2] + (=1)¥[2, [z, y]] = 0

foralli,j,k € Zo, x € Lj, y € Lj and z € Ly.




Example.

Let R = Ry® R be an associative algebra graded by
Zo. Putting
xy +yx, ifx,y e Ry
z,y] = .
xy — yr, otherwise

we obtain a Lie superalgebra.



Let o be an automorphism of order 2 of an algebra R

and let
Do =10 € Endg(R) | 0(zy) = d(z)y + zd(y)
do(x) = od(x) for all z,y € R}
D1 =10 € Endg(R) | 0(zy) = o(x)y + o(z)o(y)
do(x) = —od(x) for all z,y € R}.

Then Dery(R) = D@ D1 is a Lie superalgebra via
60 + 09, if 9,0 € D
DUER S 1
00 — 00, otherwise

The elements of ®( and 3 are called derivations and

superderivations respectively.




For any elements a,b € R, by ad, and J;, we denote

the inner derivation adjoint to a and the inner super-

derivation adjoint to b respectively, i.e.

adq(r) = ax — xa and Oy(x) = bx — o(x)b.
The automorphism ¢ induces a grading R = Ry® Ry
by Zo, where

Ry={r € R|o(x)=ux}
Ri={r e R|o(x)=—x}.

Observe that
adao- — O-ada <I;> a E RO

abO' = —O'ab & be Ry

Let

Jo={adg | a € Ry} and Jg={0, | b € Ry}
Then Inng(R) = Jg @ J1 is a Lie subsuperalgebra of
Ders(R).



We say that a Lie superalgebra L = Ly &® L1 acts on

the algebra R if there is a homomorphism of Lie super-
algebras ¥: L — Der,(R) satisfying ¥(L;) C 3,
for all 7 € Zo.

To simplify notation, we assume that L C Detrs(R)

identifying the elements of L with their images under
Y.
The subalgebra of invariants RL is defined as

{re R|dx)=0forall § € L}.




Theorem (J. Bergen, P. Grzeszczuk, 1996).

Let R be a semiprime algebra over a field K of char-

acteristic 0 and let L be a finite dimensional nilpotent
Lie algebra which acts on R as algebraic derivations.

If RL C Z(R) then R is commutative and the action
of L on R is trivial.



Example (J. Bergen, P. Grzeszczuk, 1996).
Let R = M>(K) be the algebra of 2 x 2 matrices

over K. Let o be the inner automorphism of order 2

of R induced by the diagonal matrix a = diag(1, —1)
and let 9, and 0, be the inner superderivations of R
induced by

b U1 € R{and b Ul c R
— an — .
1 10 1 2 10 1

respectively. The superderivations 9, and J, span an
abelian Lie superalgebra L = Ly & L1 where Ly =0
and Ly = spang{0y,,dp, . The subalgebra of invari-
ants RL = K.



Question.

If R is a semiprime algebra over a field K of charac-
teristic 0 acted on by a finite dimensional nilpotent Lie
superalgebra L. = Ly® L1 of algebraic derivations and
algebraic superderivations, and RL C Z(R), must the
Lie algebra L act trivially on R 7



Example (P. Grzeszczuk, M.H., 2009).

Under the notations of the Bergen-Grzeszczuk Exam-

ple, let R = Ms(R) be the algebra of 2 x 2 matrices

over . Let o be the inner automorphism of order 2
of R induced by the diagonal matrix d = diag(a, a)
and let (9[;1, . ,8& be the inner superderivations of

R induced by

~ b1 O ~ ~ bo 0 -

b1 — ! - Rl, bQ = : - Rl,
0 bg 0 —bo

~ 0 b ~ ~ 0 b -

bg — : - Rl, b4 = : - Rl,
—by 0 by 0

respectively. The superderivations 5’51, . ,(9& span

~

an abelian Lie superalgebra L = EO D Z1 where
Lo = 0 and L] = SpanK{c‘?gl,...,a&}. The sub-

algebra of invariants RL =K.
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~

Finally, let R = M>(R) be the algebra of 2 x 2 ma-
trices over R and let o be the inner automorphism of

order 2 of R induced by the diagonal matrix diag(a, a).
Put

0 a; 0 a
Ar= M eRyandcoi=| ') eR,,
—a; 0 0 0
here a; b c R
where a1 = 0,
—1 —1
AQ( NO a2+1>€R0and02<0 a2+1>€R0,
—ay+1 0 0 0

_ 0 01b9 ~
where a9 = c Ry,
bibs O

a0
Agz 43 Al N N ER(),
0 as + a1

b1b b1b ~
where a3 = R = Ry,
—b1by —b109
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b; 0 by 0
Bi=| ' <] €Rjand By = b c Ry
0 b, 0 —by

fore=1,2,3,

0 d: 0 by 0 by
Bs=1 ~ ° € R, Bg= ~ ! €cRiand B = | ~ ! € Ry,
by 0 —by 0 by 0

- by +by by +b ~ (b +by —b +b ~
whered5:<1+2 1+2>,b5:< 1+ 02 1+2>€R1,

—by — by —by — by by — by, by — by

0 ds 0 by
Dr = + B7 € Ry and D¢ = c R;.
() emenman (1) cn

The inner derivations ad¢,, ad¢,, ad 4, and the inner
superderivations dp,, . .., dp,, dp,, dp, span the Lie
superalgebra N = Ny & N of nilpotency class 4,
where
N = [Ny, Ny] = spang{ad¢,, adc,, ad 4, }
and
Ny =spang{0p,,...,0p,,0p., Op;}

(see Table 1). The subalgebra of invariants RN = K.
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['a ] Cl 02 AS Bl BQ B3 B4 D5 DG
Cy 0 0 0 —2Ds 2Dg 0 By+ By |0
Cy 0 0 2Dg 0 0 2Ds  |—(By — By)| 0
As 0 0 —2(By + B3)—2(B; — By)2(By — B))~2(Bo + B3)| 0 0
B —2Dg | 2(Bs + Bs) 21 0 0 0 20, |0
Bs|  2Ds 0 |2(B,— By —21I 0 0 —2C, |0
Bs| —2Dy 0 |-2(B;— By) 0 21 0 2C, |0
By 0 —2Dg | 2(B, + Bs) 0 0 —21I 2C, |0
Ds||—(Bs + B3)B; — By 0 20, —20, 20, 20, 2A; — 1) -1
Ds 0 0 0 0 0 0 0 1 |0

TABLE 1. operation table of N
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The inner derivations ad 4, ad 4,, ad 4, and the inner
superderivations dg,, . .., 0p,, IB.+ B, OB, span the
Lie superalgebra M = My & M of nilpotency class
0, where
M = [M,M] = spang{ad,,ad4,,ad 4.}
and
Ml — SpanK{aBla R ,5)34, aB5—|—B77 836}
(see Table 2). The subalgebra of invariants RM = K.
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Finally, observe also that M is a subalgebra of a nilpo-
tent Lie superalgebra L = Ly® Ly of nilpotency class
0, where

Ly = [Ly, L1] = spang{ad 4,,ad 4,, ad 4, }
and

Ly = spang{0p,,...,0B,,9B.,0p,,0B.}
(see Table 2). Obviously, R = K.

Starting with the algebra R and the Lie superalgebra
L, and again applying the above procedure, we can

produce successive examples.
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L A A As B | B B; B, |B| Bs |B
A 0 —243 0 0 —2Bs 2Bg 0 0 |-2(By+ B3) 0
As| 243 0 0 2Bs 0 0 2Bs 2(B1 — By) | 0
As 0 0 0 —2(By + B3)—2(By — B4)2(By — B4)—2(By + Bs) 0 0
B 0 —2Bs | 2(Ba + Bs) 2r 0 0 0 24, 0 0
By|| 2B 0 2(B) — By) —2I 0 0 —24, 0 0
Bs|| —2Bg 0 —2(B) — By) 0 21 0 24, 0 0
By 0 —2Bs | 2(Ba + Bs) 0 0 —2I |24 0 0
Bs 0 0 0 24, —2A9 245 2A4 0 —2A3 0
Bg|2(By + B3)—2(B;y — By) 0 0 0 0 0 —2A4  2I 0
By 0 0 0 0 0 0 0 0 0 —21]

TABLE 2. operation table of L

1
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Theorem (P. Grzeszczuk, M.H., 2009).

Let R be a finite dimensional algebra over a field K of

characteristic 0 and let o be an automorphism of order
2 of R. Suppose R is o-simple. Let L = Ly & Ly be
a nilpotent Lie superalgebra such that [Lg, L1]| = 0. If
L acts on R with RY C Z(R) then Ly = 0.
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