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R := a ring with identity
J := the Jacobson radical of R

An element a € R is called regular if there exists b € R such
that a = aba.

R is called regular if every element of R is regular.

(von Neumann, 1936).

These rings were introduced by von Neumann as co-ordinate
rings of infinite dimensional projective and continuous
geometry.
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|dempotents lift modulo .J if whenever a® — a € J for any

a € R, there exists e2 = ¢ € R such that a — e € J.
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TFAE for ° ring R: 1. Semiregular
Q R/J is regular and idempotents lift modulo J. RiES

Q For any a € R, there exists a regular element d in R
such that a —d € J.

Q For any a € R, there exists a regular element d € aR
(resp. d € aRa) such thata —d € J.

Q For any a € R, there exists an idempotent e € aR such
that (1 —e)a € J.

Q For any a € R, there exists an idempotent e € Ra such
that a(1 —e) € J.

(Oberst-Schneider, 1971; Nicholson, 1976; Nicholson-Zhou,
2005)
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An element of a of R is called (one—sided) unit-regular if
there exists a (one—sided) unit u € R such that a = aua.

R is called (one-sided) unit—regular if every element of R is 2. Semi
(one—sided) unit regular (Ehrlich, 1968). e venir

R is said to have stable range 1 if for any a, b € R satisfying
aR + bR = R, there exists y € R such that a + by is (right)
invertible (Bass, 1964).

If R is regular, then
R has stable range 1 < R is unit-regular (Goodearl, 1979).
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A ring R is said to have weak stable range 1 if for any ?c;niirsri‘(iied)

a, b € R satisfying aR + bR = R, there exists an element y it regilac
in R such that a + by is a one-sided unit (Wu, 1994).

If R is regular, then
R has weak stable range 1 & R is one—sided unit—regular.
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i

¢ R is semiregular with weak stable range 1.
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R such that a = eu and eu = ue

(Goodearl, 1979)
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TFAE for a ring R:
Q R/J is strongly regular and idempotents lift modulo J.

Q For any a € R, there exist a unit u and an idempotent e
in R (resp. in aR) such that a — eu € J and ey, Stronely
eu —ue € J.

Q For any a € R, there exists a unit u and an idempotent
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idempotent in R/J.

Q For any a € R, there exists a unit v and an idempotent
e € Ra such that a(1 —e) € J and au = ua is an
idempotent in R/J.
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R =17,
© is semi strongly regular
¢ does not have unit stable range 1 3. Semi strongly

regular

R = My(Zs)
o is semiregular
o has unit stable range 1 (Chen, 2000)
¢ is not semi strongly regular since it has non-central
idempotents
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An element a of R is called m—regular if a power of a is
regular.

If every element of R is m—regular, then R is called 7-regular
(Kaplansky, 1951).

4. Semi w—regular

R is m—regular < for any a € R, there exist a positive integer
n and a w—regular element d € R such that a" — d = 0.
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TFAE for a ring R:
Q R/J is m—regular and idempotents lift modulo J.

Q For any a € R, there exist a positive integer n and a
m—regular element d of R such that a™ —d € J.

4. Semi w—regular

Q For any a € R, there exist a positive integer n and a
m—regular element d € a™R (resp. d € a™Ra™) such
that a” —d € J.
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TFAE for a ring R:
Q R/J is unit m—regular and idempotents lift modulo J.

Q For any a € R, there exist a positive integer n and a
unit (7-)regular element d € R (resp. d € aR) such
that " —d € J.

Q For any a € R, there exist a positive integer n, an fr'-f;'::a':"it
idempotent e € R and a unit b € R such that e € a"R,
(1 —e)a™ € J and ba™ — (ba™)? € J.
Q For any a € R, there exist a positive integer n, an
idempotent e € R and a unit b € R such that e € Ra",
a™(1—e) € J and a"b — (a™b)? € J.
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An element a of R is called strongly m—regular if there exist
a positive integer n and = € R such that " = "2 and
a® = xan+1_

R is called strongly m—regular if every a € R is a strongly
m—regular element, equivalently R has DCC on the set
{a"R} for any a € R (Kaplansky, 1950).

Strongly m—regular rings are m—regular (Azumaya, 1954).
Strongly m—regular rings have stable range 1 (Ara, 1996). 6. Semi strongly
Strongly m—regular rings are unit w—regular. m—regular

R is strongly m—regular ring < for any a € R, there exists a
positive integer n such that a”™ = eu = ue for some
idempotent e € R and some unit u € R (Chin, 2004).
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Q R/J is strongly m—regular and idempotents lift modulo
J.

Q For any a € R, there exist a positive integer n, an
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such that a™ —eu € J and eu — ue € J.

Q For any a € R, there exist a positive integer n, an
idempotent e € "R and a unit u € R such that

(1—e)a™ € J and a™u = wa™ is an idempotent in R/.J.
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If, for any a € R, there exist a positive integer n and
strongly m—regular element d such that a” — d € J, then R
is semi strongly m—regular ring.

The converse of Theorem 6.3 is an open question.
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exists a positive integer n such that a"R = (a"R)?.
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weakly m—regular element d € R such that a” —d = 0. il L
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() For any a € R, there exist a positive integer n and a
right weakly m—regular element d € R such that o —d € J.

o Any local ring satisfies (x).

o (%) # right weakly m—regular:

Example: Let D be a division ring and R = D|[[z]].

o R is local.

¢ R satisfies (k).

o R is not right weakly m—regular because 2" ¢ =" Rz"R 1. S i
weakly w—regular

for all positive integer n.
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weakly m—regular and idempotents lift modulo J.

If R satisfies (), then R/J is a right weakly m—regular ring.
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R is called semi right weakly m—regular rings if R/J is right 1. Semiregular

. . Rings
weakly m—regular and idempotents lift modulo J. 5 ot

(one—sided)
unit-regular

3. Semi strongly
regular

If R satisfies (), then R/J is a right weakly m—regular ring.

4. Semi m—regular

5. Semi unit

Open Question m—regular

6. Semi strongly

If R satisfies (x), then do idempotents lift modulo J7 r-regular

7. Semi right
weakly w—regular

((*) For any a € R, there exist a positive integer n and a right

weakly m—regular element d € R such that a™ —d € J.) o Geners!
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If R is right weakly m—regular, then J is nil.
(Tuganbaev, 2002)

But if R satisfies (x), then J need not be nil.
For example, the Jacobson radical of the local ring Z,) is
not nil.
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o R is not right quasi—-duo (Hong, Kim, Kwak, Lee, 2000).
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