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INTRODUCTION

In this talk we will :

@ introduce the notion of (o, §)-codes generalizing the #-codes as
introduced by D. Boucher, F. Ulmer, W. Geiselmann...

© show how to attach to such a code an ideal in some quotient of
Ore extension.

© give the control map .

A key role will be played by the
pseudo-linear transformations
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Left sigma derivation and left skew polynomial ring

Let A be a ring with 1 and o a ring endomorphism of A.

(a) An additive map 6 € End(A, +) is a left o-derivation if,

forany a,b € A, we have :
d(ab) = o(a)d(b) + o(a)b.

(b) The left skew polynomial ring is defined by
Alt;o,0]:={> I, ait'/a; € Aand n € N},

where elements of A[t; o, 0], are :
© added as ordinary polynomials
o multiplied by the commutation law : ta = o(a)t + d(a) for

acA

(c) The degree of a nonzero polynomial
f:ao+a1t+a2t2+...ant"e R:

deg(f) = max{ila; # 0} if f # 0 and deg(0) = —oc.
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Right sigma derivation and right skew polynomial ring

with 1 and o a ring endomorphism of A.

(a) An additive map § € End(A, +) is a right o-derivation ff,
forany a,b € A, we have :
6(ab) = d(a)a(b) + ad(b).

(b) The right skew polynomial ring is defined by :
Alt; 0,8, = {31, t'bj/b; € Aand n € N},

where elements of A[t; o, 0], are :

© added as ordinary polynomials
© multiplied by the commutation law : bt = to(b) + §(b).
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Sigma derivation and skew polynomial ring

Proposition

Let A be a ring with 1, o a ring automorphism of A and § a left
o-derivation, of A. Then we have

(a) ¢ := o~ is aright o~ derivation.
(b) A[t; 0] ~ Alt;o~ ", —607],.
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Examples of left skew polynomial rings

(1) Ifo=id.and § =0,
we have A[t; o, 6], = A[t],
the usual polynomial ring in a commuting variable.

(2) lfo=idand § #0
we denote A[t; id., d]; as A[t; d];,
and speak of a polynomial ring of derivation type.

(8) if6 =0and o # id.
we write A[t; o, d], as A[t; o],
and refer to it as a polynomial ring of endomorphism type.

(4) A =TFpn afinite field and, for a € A, define 4(a) = a°

We get Fg[t; 6] which has been used recently in the context of
noncommutative codes (Boucher, Ulmer...).
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Examples of left skew polynomial rings

(5) Forae A
o we define the inner o-derivation induced by a (denoted d; )
in the following way :
day: A— A
r — da(r) := ar —o(r)a, forany r € A.
And we have A[t; 0, d, ] = Alt — a,0];.
Remark : If Ais a finite field then all derivation on Ais a d, .

o And similarly for an inner automorphism induced by a € U(A)
denoted by /; and defined by :
lhL:A— A
x — I(x) = axa~', for x € A.
And we have Alt; ], = Ala~'{];.

(6) Let F be afield, A:= {a+ be/(a,b) € F? and ¢2 = 0} and

o(a+ be) = a— be. Then é(a + be) = be is a o-derivation witch is
not a inner derivation = A[t; o, J];.
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Non commutative polynomial maps

Let A, o and § be a ring an endomorphism and a left-o-derivation of A
respectively.

For any monic f(t) € A[t; 0, d]; and a € A there exists a unique

q(t) € A[t,0,9]; and a unique s € A such that :
f(t) =q(t)(t— a) + s.

Définition
With these notations, polynomial map associated to f(t) € A[t; o, 4],
is the map

frA— A

a— f(a):=s.
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Non commutative polynomial maps

Let A, o and ¢ be a ring an automorphism and a left-o-derivation of
A respectively.

For any monic f(t) € A[t; 0,0]; and a € A there exists a unique

(qi(t), gr(t)) € A[t, 0, 0]2 and a unique (s, s;) € A? such that :

f(t) = q(t)(t - a) + 5.
f(t) = (t — a)gr(t) + sr.

Définition
With these notations, polynomial maps associated to f(t) € A[t; o, ],
are maps
fi:A— A fi:A— A
a— fi(a) :=s;. a— f(a):=s.

v' Hereafter we denote f; by f. ‘
v For i > 0, we denote N; the polynomial map determined by t'.
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Left pseudo-linear transformation

Let A, 0,0 and V be a ring an endomorphism, a o-derivation of A and
a left A-module respectiveley.

An additive map T : V — V such that :
(Va e A)(Vv e V) :

T(av) =0o(a)T(v)+ é(a)v

is called a left (o, ) pseudo-linear transformation
(oraleft (o,6)-PLT ).

Examples : If a € Athe map :
T.,:A— A
X — Ta(x) = o(x)a+ 6(x)
is a (o, 6)-PLT defined on 4A.

oif o =id and § = 0 we get T(x) = xa.
oifa=0weget Tp=9¢
oifa=1and =0 we getthat T; = o.



Let A, 0,0 and V be a ring an endomorphism, a o-derivation of A and
a left A-module respectiveley.

Let: oV be afree left A-module with basis 8 = {ey,...,en}
oT : V — V be a (0, §)-PLT.
oT(e)) = X7 cjej
oCt = (¢ji) € My(A).
o For (ay...an) € My n)(A) put via,..a) = (a1,...,an) € A"

To: AT — A",

(31 PRERT) an) = TC(a1 PRERY) an) ‘= V(o(a)...o(an))C + (5(31)a ) 5(an))
is a left (o, §)-PLT on the left A-module A”".
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The left pseudo-linear transformation associated to a

monic polynomial

A useful example : the pseudo-linear transformation associated to a
given monic polynomial f of degree n
(or rather to its companion matrix Cy) :

Proposition-Définition

Let f € A[t; 0, 9] be a monic polynomial of degree n and Cs its
companion matrix. Then the map
Ti: Al — A",
(a1 PR} an) e Tf(ah ) an) = V(o(eﬁ)...a(a,,))C; + (5(31 )’ cey 5(an))
is a pseudo-linear transformation.

T; is called the left pseudo-linear transformation associated to the
monic polynomial f.
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Right pseudo-linear transformation

Let A, 0,0 and V be a ring an endomorphism, a right-o-derivation of A
and a right A-module respectively.

Définition

An additive map T : V — V such that :
(Va e A)(Vv e V) :

T(va) = T(v)o(a) + vi(a)

is called a (6, o) pseudo-linear transformation
(ora (6,0)-PLT).

Examples :
Ifac Athe map:
al :A— A
X — Ty(x) = ao(x) + 6(x)
is a (o, 6)-PLT defined on 4A.
oif o =idand § = 0 we get 5 T(x) = ax.
oifa=0weget Tp =9
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Let A, 0,9 and V be a ring an endomorphism, a right-o-derivation of A
and a right A-module respectively.

Let: oV be a free right A-module with basis 5 = {ey,...,en}
oT:V — Vbea (§,0)-PLT.
oT(e) = 37 ec
o1C = (cjj) € Mp(A).
o For (aj...an) € My 5)(A) put :
V' V(a,..a,) = (&1, ...,an) € A"
v'!(ay...ap) the transpose matrix of (aj...a,).

cl : A" — A"

(31, ) an) _>CT(a1a ) an) = C(tv(o(c’h)u.a(an))) + (5(31 )7 cey 5(an))
is a (o, 9)-PLT on the left A-module A".
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The right pseudo-linear transformation associated to a

monic polynomial

A useful example : the pseudo-linear transformation associated to a
given monic polynomial f of degree n
(or rather to its companion matrix Cy) :

Proposition-Définition

Letf € A[t; o, 6]; be a monic polynomial of degree n and Cs its
companion matrix. Then the map
T AT — AN,
(@1, .. @n) —¢ T(@1, ..., @n) = V,c(t(o(ar)...o(an))) T(6(@1); ---; 6(@n))-
is a right pseudo-linear transformation.

¢ T is called the right pseudo-linear transformation associated to the
monic polynomial f.
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Link between the pseudo-linear transformation and

polynomial map

Example :
For a € Athe map :
T.:A— A
X — Ta(x) = o(x)a+ d(x)
is the pseudo-linear transformation associated to f(f) =t — a.

Proposition

Leta e A and p(t) € A[t; 0, 0].
p(Ta)(1) = p(a).

In what follows we denote A[t, o, d], by A[t, o, d].
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(o, 0)-codes

Let Abe aring, 0,6 be an endomorphism and o derivation of A
respectively.

Proposition

Letf € R = A[t; 0,0] be a monic polynomial of degree n > 0.
The map
of - R/Rf — A"
p+ Rf — p¢(p + Rf) := p(T¢)(1,0,...,0)
is a bijection.

©r shows how to translate results from the R/Rf to A" if n = deg(f).

Définition

Let f be a monic invariant polynomial in R = A[t; o, 9].

A (0,8)-polynomial code C(t) is a left principal ideal | of R/ Rf.

A (o,6)-word code C in A" is the image of a (o, ¢ )-polynomial code via
the map ¢ described in the above proposition.
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(0,0)-codes and their generic matrices

Let f be a monic invariant polynomial in R = A[f; 0, d].

o For a left principal ideal / of R/Rf there exists g(t) = >_/_,git' € R
such that I = Rg/Rf

o there exists h € R such that f = gh.

Théoréme

With the above notations we have :

(a) The code Cq4 corresponding to Cy(t) := Rg/Rf is of dimension
n — r where deg(f) = n and deg(g) = r.

(b) Ifv:=(ao,a1,...,an-1) € Cq then T¢(v) € Cq.

(c) The rows of the generic matrix of Cy are given by
(T (90, g1,---,9r) for1 <k <n-—r.

M.Boulagouaz et A. Leroy (o, 8)-codes over rings



Examples of (o, §)-codes.

Examples :
Let A = Fp a finite field.
Qlfo=1Id,=0,f=t"—-1andf=gh
o get back the usual cyclic codes
o (b) gives the cyclicity condition for the code.

Qlfo=1Id,6=0,f=t"—Xand f=gh
¢ get back the usual constacyclic codes
o (b) gives the constacyclicity condition for the code.

Q f=t"-1e R=TF,[t;0] (9 =" Frobenius")and f =ghe R
o We get back 6-cyclic codes.
o Again (b) above gives "0-cyclicity”.
Q Ifo=0,0=0,f=t"—Xand f=gh
o get back the usual #-constacyclic codes
o (b) gives the #-constacyclicity condition for the code.
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Examples of (o, §)-codes.

(5) R =Tp[x]/(XP)[t; id., 5] where ¢ is defined by J(x) = x.
f(t) = t°P — tis central. f = gh we get "derivative codes”.
(6) Let Abe aringand R = A[X][t ,id ,X?% ].
We have
f(t) =12 = (t— X)(t+ X) # (t+ X)(t — X).
This shows that we have more factorizations than "usually”.

(7) Let A:=F3[X]/(X®) and consider R := A[t ,id , X*% ]. ¥ isa
central polynomial and, writing x := X + (X8), we have
3 = (t + x)t(t — x). We can thus consider the code given by
f=tandg=t(t—x)

(8) InFp[X][t,id , X?% ] we have f(t) = tP is central and f(ix) = 0
for 0 </ < p we then get factorizations of f leading to different
codes. Here we can replace F,[X] by Fp[XP]/(X") forany n > 1,
getting a finite ring as an alphabet.
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Control matrix of a (o, 9)-codes

Property (b) in the above theorem :

If v:=(ao,ai,...,an—1) € Cq then T¢(v) € C,.

characterizes the codes that can be obtained using a factor of an
invariant polynomial f.

What is a control matrix for the (o, §)-code Cy corresponding to the
left ideal Cy(t) := Rg/Rf?.

Key lemma :

If Cy(t) := Rg/Rf and h € R such that f = gh then :
Cg(t) = Iann,:,/,qfh.
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Correspondence between right modules and right

pseudo-linear transformations

Let A be aring, o, be an endomorphism and o derivation of A
respectively. Let f = }"7  t'a; be an invariant monic polynomial.
Then we have that the right action of t on A” ~ R/fR is given by :

il € End(R/fR,+) ~ End(A", +) defined by

/

(817 ey a,,).t == VIC(r(Uq(a)__'071(3,7))) 4 (5/(31 ), ) (a,,)),

Where §' = o
and ;C stands for the matrix :

0 O —dap
1 0 —aj
0 1 —as
0O 0 ... ... ...
0 0 0 ... —ap1
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Correspondence between right modules and right

pseudo-linear transformations

One way of obtaining the code as a kernel is to look at the right A
structure of R/Rf.

Let Abe aring, 0,6 be an automorphism and o derivation of A
respectively.

Lemme

Letf € R = A[t; 0, 0] be a monic invariant polynomial of degree n.
Then :

(a) fa=o"(a)f for all a € A.

(b) ft = (t+ c)f where c € A is such that cfy + i(fy) = 0.
() "9 —da" = b¢ on.
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Correspondence between right modules and right

pseudo-linear transformations

Let A be aring, o, be an automorphism and o derivation of A
respectively.

From the basic relation ta = o(a)t + d(a) for a € A, we get :
o at=to~'(a) - so~'(a).
o ¢ := 60~ "is aright o~ derivation, i.e.

§'(ab) = &' (a)o~"(b) + ad' (b).

o There is a one one correspondence between right R-modules and

some right (¢~1, §')-pseudo-linear transformations.

o If Vg is a right R-module the action of t on V gives rise to a map
T € End(V,+) such that

T(va) = T(v)o~'(a) + v&' ().
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(0, 0)-codes and their control map

Let f = Y7, t'a;, the right action of t on R/fR is given by :

(@1, ., @n).t = V,0((0-1(ar)..0-"(an)) T+ (0 (&1), ..., 0 (@n)),
Where §' = o 1.

The following theorem gives a control map for the code Cg.

Théoreme

Let f = gh € R be as above. Then, writing h = Y_, t'h;.
Then we have

|
’

!
Z i € Cg <, h(sT)(c) =0

/
Cq =ker h(; T) =ker(D> (s T')h).

i=0
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Coding with Wedderburn polynomials

We now define a code as the multiple of a Wedderburn polynomial.

(@) g € R = Alt; 0,6] monic is Wedderburn if there exist
{ai,...,a:} C A such that
og=|[t—ali=1,...,r]
odegg=r.
(b)
1 1 1 1
a ao R ar
V,,X,(a1,... ,a,) = Ng(a1) Ng(ag) Ng(a,)
Nn,1 (31) 200 200 Nn,1 (a,)

If f(t) = Y1, cit’ € A[t; o, 6] we then get :
(f(a1)...f(ar)) = (co-C1...Cn—1)Vixr(ai ... ar).
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(0,0) g-polynomial code

Définition

Letg € R= A[t;0,d] of degre r. A (o,0) g-polynomial code C is the
set of n-tuples, n > r, in A" corresponding to the coefficients of
polynomials in Rg of degree < n — 1.

We collect in the following proposition basic properties

Proposition
Letg € R = Al[t; 0,9] be a Wedderburn polynomial and C the
corresponding. Then
(a) The generating matrix of a (o, ) g =-polynomial code C is given
by the coefficients of g(t), tg(t), ..., """ g(t).
(b) (co,c1,...,cn—1) € C if and only if
(co.c1..... Cn—1)Vaxr(a..... ar)=(0..... 0), where
Voxr(ai,. .., ar) denotes the generalized vandermonde matrix
basedonay,...,ar
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(0,0) g-polynomial code

THANK YOU




