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Some preliminaries q P a
P Linear code over R ¢ and its dual code

Mass Formulae for self-orthogonal codes over finite fields

Re  a finite commutative chain ring with the nilpotency index e
u a generator of the maximal ideal of R,

Re Re/(u), the residue field of Re
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Some preliminaries

Linear code over R ¢ and its dual code
Mass Formulae for self-orthogonal codes over finite fields

n positive integer

RZ  Re-module consisting of all n-tuples over R,

Linear code

A linear code C of length n over R is defined as an Re-submodule of R7.

Generator matrix for a linear code

A generator matrix for a linear code C is defined as a matrix over R. whose rows form
a minimal generating set of the code C.
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Some preliminaries q a
P Linear code over R ¢ and its dual code

Mass Formulae for self-orthogonal codes over finite fields

Next for positive integers k and ¢, let My, ¢(Re) denote the set of all k x ¢ matrices
over Re.

Theorem [Norton and Salagean (2000)]

Every linear code C of length n over R. is permutation equivalent to a code with a
generator matrix G in the standard form

Iy, A1n A1 - Aje—1 Ale
0 ulk2 ’U,A272 cee uA2 e—1 ’U,AQ76
G=|: : : : : ; , (1)
0 0 0 te Ue_2Ae—1,e—1 UE_ZAe—l,e
0 0 0 e ue I ut 1A, .
where the columns of the matrix G are grouped into blocks of sizes k1, k2, - -+, ke—1,

ke, key1 =n — (k1 + k2 + - - - + ke), the matrix Iy, is the k; x k; identity matrix
over Re and the matrix A; j; € My, xx,;,, (Re) is considered modulo wl —i 1 for
1<i:<j<e

j+1

A linear code C of length n over R is said to be of the type {k1, ko2, k3, - ,ke} if it
is permutation equivalent to a code with a generator matrix G of the form (1).
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Some preliminaries

Linear code over R ¢ and its dual code
Mass Formulae for self-orthogonal codes over finite fields

Euclidean bilinear form

The Euclidean bilinear form is a mapping (-, ) : R X R? — Re, defined as

n
(z,y) = Z TiYi
i=1

for o = (x1, @2, -+ ,Zn), y = (¥1,Y2, - ,Yn) € RZ.

| A

The dual code

The dual code CL of a linear code C of length n over R is defined as

ct ={yeR?| (x,y) =0 forall z €C}.

A

Note that
@ the dual code CL is also a linear code of length n over Re.

@ if the code C is of the type {k1,k2, -+ ,ke—1,ke}, then the dual code C is of
the type {n — (k1 + k2 + -+ + ke), ke, ke—1,- -+ , ka}.
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Some preliminaries q a
P Linear code over R ¢ and its dual code

Mass Formulae for self-orthogonal codes over finite fields

Definition

A linear code C of length n over R, is said to be
O self-orthogonal if it satisfies C C C+.
Q@ self-dual if it satisfies C = CL.
@ linear with complementary dual (LCD) if it satisfies C N C+ = {0}.
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Some preliminaries q P a
P Linear code over R ¢ and its dual code

Mass Formulae for self-orthogonal codes over finite fields

For an integer k satisfying 0 < k < n and a prime power ¢, let

oq(n, k) the number of distinct (Euclidean) self-orthogonal codes of
length n and dimension k over the finite field [y

Note that
e o4(n,0) =1.
o gq(n,k) =0for k> 3.
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Some preliminaries q P a
P Linear code over R ¢ and its dual code

Mass Formulae for self-orthogonal codes over finite fields

Theorem [Pless (1968)]

For an integer k satisfying 1 < k < 7 and a prime power g, we have

k—1 .
II (qn—l—inl)
i=0

= if n is odd;
11 (@7 -1)
j=1
k—1 .
(@*-1) T[ (¢"~%-1)
T if both n and ¢ are even;
_ 1(qf—l)
oq(n, k) = ]:n n k—1
(@ 7*=q2 " g2 1) TT ("7 1)

3 if n is even, ¢ is odd and
jl;[1(q371) (—1)% is a square in Fy;

B n_g n k=1
(@"F+q2 " —q2-1) .Hl(q” 2i_1)
L

if n is even, ¢ is odd and

k X
11 (@ -1)
=]

(—1)% is not a square in .

8/53



Self-orthogonal codes over R ¢
Mass formulae Self-dual codes over R ¢
LCD codes over R ¢

From now on, let

ki,ka, - ket non-negative integers, not all zero
n = ki+ket+-+ketr
For integers t, ¢ satisfying 2 <t < |'€21'\ and 1 < £ <t —1, let us define
ho(kiska, - ke) = (ky k4 k) (n— (b + koo k) = 1),
ng(k1, k2, - kt) = (k1+k2+~~~+kz)(n—(k1+k2+~~~,ke+1)—1)

+(kn ko 4 R g) o (b o ba oo+ e)
*(kl+k2+---+kz+1))<n*(k1+k2+---+kt75)
~(k1+ k2 -+ ko)),

where 8 =1 if e is even, while 3 =0 if e is odd.
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Self-orthogonal codes over R ¢
Mass formulae Self-dual codes over R ¢
LCD codes over R ¢

Mass formula for self-orthogonal codes of the type {k1, ko, -,
length n over R, |

Theorem [M. Yadav & A. (2021)]

Let Ne(n; ki1,k2,- - , ke) denote the number of distinct self-orthogonal codes of the
type {k1,k2,--- ,ke} and length n over Re. Let Re =~ Fpr, where p is an odd prime
and r is a positive integer.

@ When e is odd, we have
Ne(n§ klsz"" 7k6717ke)

e+1

2
opr (n, ky + ko4t kegl) .l:[l [k1+k2l:m+ki]pr
e—1

—

e+ 2
2 ) _ > ng(kika, - keg1)
={ x II [Mthen=h] ryés E

j=2 k; p"

if kl S ke+1 and k’s = k5_5+2 for 2 S S S €5

0 otherwise.
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Self-orthogonal codes over R ¢
Mass formulae Self-dual codes over R ¢
LCD codes over R ¢

Mass formula for self-orthogonal codes of the type {kq, ko, - -
length n over R, Il

@ When e is even, we have

Ne(n§ ki,ka,--- :k'eflyk‘e)

[t

)

> ng(ky, ko, ,k%+1)+92(k1,k2w“ ,k%+1)

x H [k +ke+17k1] T(pr)gzl

J

[N

[| Tl
—

I .

opr (nk1 ko o 4k
+

o

if kl S ke+1 and k‘s = k‘e_3+2 for 2 S S S €;

0 otherwise,

where
G:(klvk%"' ,k%+1) = —(kl 4+ ko4 k

2

o

) (k1+k2+.,+k%+2ke+1—2k1—1>
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Self-orthogonal codes over R ¢
Mass formulae Self-dual codes over R ¢
LCD codes over R ¢

Mass formula for self-orthogonal codes of length n over R, |

Theorem [M. Yadav & A. (2021)]
Let Ne(n) denote the number of distinct self-orthogonal codes of length n over Re.
Let Re >~ Fpr, where p is an odd prime and r is a positive integer.

@ When ¢ is odd, we have

Ne(n) = 3 our (mok+ka + o+ ks )

k1,k2, -,k eqy1 >0€NU{0}
2
0<ki+ka+- - +kepr <[%]
2

e—1
et1 -
2
kit koo ki 3 ek ke

x H [ b ] @) 2

i=1 P
et

2 [kj+n—2(k1+k2+“~+k#)]

X

=2 kj pr
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Self-orthogonal codes over R ¢
Mass formulae Self-dual codes over R ¢
LCD codes over R ¢

Mass formula for self-orthogonal codes of length n over R, I

@ When e is even, we have

Ne(n) = > gpr,-(n,k1+k2+-~+k%)
k1ok2, ke g €NU{0}
0<2ky+---+2ke +keyy <n
2 2

e
2
> ng(ky,ka,- yk%+1)+@e(k1,k2w~ Jc§+1)

5 by ko 4o+ ko
XH[1+ 22; + z] T(pr)ezl
i=1 p
€41
le—[ |:kj+n72(k1+k‘2k+.---+k%)fk%+1:| ’
Jj=2 J pT

where
Oc(k1, k2, - key1) = —(h1+ka+ -+ k) (

(Here N denotes the set of positive integers.)

2n—3(k1+k2+-~-+k%)—2k%+1—1)
5 .
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Self-orthogonal codes over R ¢
Mass formulae Self-dual codes over R ¢
LCD codes over R ¢

Mass formula for self-dual codes of the type {ki, ko, - - -
over R |

and length n

Theorem [M. Yadav & A. (2021)]

Let Mc(n;ki,ka2,- - ,ke) denote the number of distinct self-dual codes of the type

{k1,k2, -+ ,ke} and length n over Re. Let Re ~ Fpr, where p is an odd prime and r
is a positive integer.

@ When ¢ is even, we have

Me(n;klvk% e 7ke)

opr (n,k1+k2+-~~+k%)

[[Rem(N
A

[

3

ol

> he(ki,ka, ke 1)+ Ae(ki,ka, ke 1)
— = 2 2
=9 x(")=t

if ks = ke—st2 for 1 <s<e+1;

0 otherwise,

where Ae(k17k27"' 7k%+1) = _(kl +kot+---+k

wlo

) (k1+k2+~~+k% 71)
—_——2 ).
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over R Il

Mass formulae

Self-dual codes over R ¢
LCD codes over R ¢

Self-orthogonal codes over R ¢
Mass formula for self-dual codes of the type {k1, k2,

@ When e is odd, we have

-, ke} and length n
Me(n;ky, k2, -+ ke)
-1

e+
2
_ b=1

2 T1 (prb+1) I [k1+k2f---+ki]

-

e—1
i=1

i

2
> he(ki,k2, o key1)
()= 2
p"
if n is even, (71)% is a square in R and ks = ke—syaforl1 <s<e+1;
0 otherwise.
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Self-orthogonal codes over R ¢
Mass formulae Self-dual codes over R ¢
LCD codes over R ¢

Mass formula for self-dual codes of length n over R, |

Theorem [M. Yadav & A. (2021)]

Let Mc(n) denote the number of distinct self-dual codes of length n over Re. Let
Re >~ Fpr, where p is an odd prime and r is a positive integer.

@ When e is even, we have

LI S
Me(n) = > UPT(”vk1+k2+"'+k%)H[ ' Qk. 1]
k1,kz,~~,k%eNu{0} i=1 g p"
0§k1+k2+'-~+k%§L%J
€_1
> he(ki,ka, o ke )FAC (k1 ko, ke)
x(p") =1 2 z°
ki+ko+---4+ke -1
where A (k1 k2, -+ ke) = (k1 + ka2 + -+ ke) 5 2 )
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Self-orthogonal codes over R ¢
Mass formulae Self-dual codes over R ¢
LCD codes over R ¢

Mass formula for self-dual codes of length n over R, Il

@ When ¢ is odd, we have

n_q e—1
2
b k1+ko+---+k
2T (o +1) [T Mtk
k1,k2, - ke—1 €ENU{0}  b=1 i=1 P
2
0<kytkot-thke—1 <%
2
e—3
2
Me(n) n > hp(ki,ka, o ke1 )+AE (k1 k2, ke1)
X[ 2 ] (pT =1 P] 5
ki+ko+-+ke_1
2 pT
if n is even and (—1)2 is a square in Re;
0 otherwise,

where \* (k1 ka, - - - 7k%):(§—1) (k1+k2+...+k%>.
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Self-orthogonal codes over R ¢
Mass formulae Self-dual codes over R ¢
LCD codes over R ¢

LCD codes over R.

Theorem [Bhowmick et al. (2020)]

Any LCD code C of length n over the finite commutative Frobenius ring R is a free
code, i.e., the code C is a free R-submodule of R™.

Any LCD code C of length n over the finite commutative chain ring R is a free code,
i.e., the code C is a free Re-submodule of RY.

As a consequence, the LCD code C is permutation equivalent to a code whose
generator matrix G is in the standard form

G =[Ix | 4],
where I, is the k X k identity matrix and A is a k X (n — k) matrix over Re.

The integer k is called the rank of the code C.
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Self-orthogonal codes over R ¢
Mass formulae Self-dual codes over R ¢
LCD codes over R ¢

Mass formula for LCD codes of length n and rank k£ over R, |

Theorem [M. Yadav & A. (2021)]

For 0 < k < n, let L¢(n; k) denote the number of distinct LCD codes of length n and

rank k over Re. Let Re >~ [Fyr, where p is a prime and r is a positive integer. Then

we have L(n;0) = Le(n;n) = 1. Further, for 1 < k < n — 1, we have the following:
o When p = 2, we have

sy

r(k(n—k)(2¢—1)4+n—1)
2 2

if both k and n are odd;

227

[E::f;;g]ﬁr if k is odd and n is even;

Le(ny k) = rk((n—k)(20—=1)41)
(n; k) 2 3 [(nk/lz)/Q]er if k is even and n is odd;

(zrk 427 — 1) [(”_2)/2

r(k(n—k)(26—1)—2)
2 2 ( k/2 }221-

H(2r(n=k+1) _gr(n=k) 4 1) [Ezjgﬁ]w) if both k and . are even.
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Self-orthogonal codes over R ¢
Mass formulae Self-dual codes over R ¢
LCD codes over R ¢

Mass formula for

o When p is an

Le(n;k) =

CD codes of length n and rank &k over R, Il

odd prime, we have

r(n—k)(2kl—k+1) _
- 3 [2273;5} o if both k and n are odd;

r(k(n—k)(26—=1)—1)  rn (n—2)/2
2 (= — 1)[(k—1)/2]p2r

with either p” =1 (mod 4) or n =0 (mod 4) and p” = 3 (mod 4);

if kis odd and n is even

r(k(n—k)(20—1)—1 rn
(ke(n—k)(2£—1)—1) (p2 +1) [EZ:?;;S] 2 if k is odd, n is even,

p" =3 (mod 4) and n = 2 (mod 4);

rh((n—k)(26—1)+1) . _ o )
p z [("k/lz)m]p% if k is even and n is odd;
rk(n—kQ)(Ze—l) [n/2

k/Q] ) if both k and n are even.
p ks

p
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Self-orthogonal codes over R ¢
Mass formulae Self-dual codes over R ¢
LCD codes over R ¢

Mass formula for LCD codes of length n over R, |
Theorem [M. Yadav & A. __ (2021)]

Let Le(n) denote the number of distinct LCD codes of length n over Re. Let
Re ~ Fpr, where p is a prime and 7 is a positive integer.

o When p = 2, we have

n—1 rh((n=k)(@E=1)%1) [, 1y/9
2+ k; 2 2 "%/ ]227«
k=0 (mod 2)
n=1 r(n=k)@RE=htD) gy ey
n > 2 3 [Ek—ﬁfz]w if n is odd;
k=1 (mod 2)
Le(n) = n—1 (k(n—k)(20—1)+n—1)
rlk(n—k)2e=Dtn=-1) (o9
24 P 2 2 [(k—l)/2]22r
k=1 (fnod 2)
n— PoR@E1=2) ¢
+ kz=:1 2 3 ((2 +2r =" ]zzr
k=0 (mod 2)
+(2r(n7k+1) _ gr(n—k) -+ 1) [Ez:g));g] 227‘) if n is even.
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Self-orthogonal codes over R ¢
Mass formulae Self-dual codes over R ¢
LCD codes over R ¢

Mass formula for LCD codes of length n over R, Il

o When p is an odd prime and n is even, we have

n—1 rk(n—k)(26—1) 2
2+ — [
o p [k/Q]p27‘
k=0 (mod 2)
n—1 r(k(n—k)(2—1)—1)  rn _
P SHEE e R B DI e[

k=1 k(;})d 2)
if either p” =1 (mod 4) or n =0 (mod 4) and p"” = 3 (mod 4);

n—1 rk(n—k)(2¢—1)
2

2+ > P

k=1
k=0 (mod 2)
n—1 r(k(n—k)(26—1)—1)  rn
2

mmy[(n-2)/2
(2 + 1)[(271)/2]1327-

n/2
[k;Q] p27

+

kzlk(;})d 2)
if p" =3 (mod 4) and n = 2 (mod 4).
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Self-orthogonal codes over R ¢
Mass formulae Self-dual codes over R ¢
LCD codes over R ¢

Mass formula for LCD codes of length n over R, Ill

o When p is an odd prime and n is odd, we have

n—1
B rn=m@ke=k+1) (n—1)/2
Le(n) = 2+ I; P : [(k—l)/Z]pm
k=1 (mod 2)
n—1
rh((n=k)(2¢=1)+1) (n — 1)/2
ey e -
= [ k/2 :|p27'
k=0 (mod 2)
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Self-orthogonal codes
Self-dual codes
Classification LCD codes

Classification of self-orthogonal, self-dual and LCD codes over R,

Two self-orthogonal (resp. self-dual, LCD) codes of length n over R, are said to be
equivalent if one code can be obtained from the other by a combination of operations
of the following two types:

A. Permutation of the n coordinate positions of the code.

B. Multiplication of the code symbols appearing in a given coordinate position by
the element —1 € Re.
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Classification

Self-orthogonal codes
Self-dual codes
LCD codes

Total number of self-orthogonal and inequivalent self-orthogonal codes of a
given type and length 3 over F5[u]/ < u? >

Type Total number of self-orthogonal | Number of inequivalent self-orthogonal
{k1,k2} | codes of the type {k1,k2} and codes of the type {k1, k2} and
length 3 over F5[u]/ < u? > length 3 over Fs[u]/ < u? >
{1,0} 30 2
{1,1} 6 1
{0,1} 31 5
{0,2} 31 5
{0, 3} 1 1

There are precisely 14 inequivalent non-zero self-orthogonal codes of length 3 over

Fs[u]/ < u? > with generator matrices
uls, 1 o 2], [1

[u 2u

u 2] s [u 0 0] R [u u u] s
1 0 2 u 0 0

e &, [0 u 0} ’ {0 u 0} ’

0 4du u 0 4du

u  2ul’ 0 u wul’

25/53



Classification

Self-orthogonal codes
Self-dual codes
LCD codes

Total number of self-orthogonal and inequivalent self-orthogonal codes of a
given type and length 4 over F5[u]/ < u? >

Type Total number of self-orthogonal | Number of inequivalent self-orthogonal
{k1, k2} codes of the type {k1,k2} and codes of the type {k1,k2} and
length 4 over F5[u]/ < u? > length 4 over Fs[u]/ < u? >
{1,0} 900 10
(1,1} 1080 14
(1,2} 36 2
(2,0} 60 2
{0,1} 156 8
{0,2} 806 18
{0,3} 156 8
{0,4} 1 1
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Self-orthogonal codes
Self-dual codes
Classification LCD codes

There are precisely 63 inequivalent non-zero self-orthogonal codes of length 4 over
Fs5[u]/ < u? >, whose generator matrices are as listed below:

o [1 wu yu 2] with(z,y) € {(0,0),(1,1),(1,2),(0,2)};

o [1 wu+1 yu+2 zu+2]with (z,9,2) € {(0,0,0),(0,1,4),(1,0,2),(1,3,4),
(0,3,2),(2,4,0) };

[(1) . (2)} with (2, y) € {(0,0), (1,0), (0,1), (1,1), (0,2), (1,2)};

1 1 zu+2 yu+2 .
o o T V2] with (s € {(0,0,0,2).1,4,0,2),2:3,0.2),

(0,0,1,1),(1,4,1,1),(3,2,1,1),(0,0,3,4), (1,4,3,4) };

10 0 21 11 2 2
o ula, [(1) (1) (2) 3][(1) (1) " 424, 0w 0 ofl,|0 uw 0 2ul;
0O 0 w O 0 0 u A4u

o [u zu yu zu] with (z,y,2) € {(0,0,0),(1,0,0),(1,1,0),(1,1,1),(2,3,4),
(1,2,4),(2,1,0),(2,0,0) };

° [’5 2 ”Z”Z i’;} with (z,y, z,w) € {(0,0,0,0),(1,0,0,0), (1,1,0,0), (3,0,2,0),
(0,3,1,2),(1,0,0,1), (4,0,2,1), (3,4,2,1), (1,0,0,2), (0,0,0,2), (0,0,1,2), (4,2,1,2),
(4,2,2,2),(4,2,2,1),(4,4,4,0), (4,2,4,1),(2,0,0,2),(1,0,1,0) };

v 0 0 =zu
° |0 w 0 yul with (z,y,2) € {(0,0,0),(1,0,0),(4,1,0),(2,0,0),(3,1,0),
0 0 u zu

(1,4,1),(4,4,3),(2,4,3)}.
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Classification

Self-orthogonal codes
Self-dual codes
LCD codes

Total number of self-orthogonal and inequivalent self-orthogonal codes of a
given type and length 5 over F5[u]/ < u? >

Type Total number of self-orthogonal | Number of inequivalent self-orthogonal

{k1, k2} codes of the type {k1,k2} and codes of the type {k1,k2} and
length 5 over F5[u]/ < u? > length 5 over Fs[u]/ < u? >

{1,0} 19500 27

(1,1} 120900 109

(1,2} 24180 41

(1,3} 156 3

0,1} 781 11

10,2} 20306 49

10,3} 20306 49

{0, 4} 781 11

{0,5} 1 1

2,01 19500 16

2,1} 780 4

28/53



Self-orthogonal codes
Self-dual codes
Classification LCD codes

There are precisely 321 inequivalent non-zero self-orthogonal codes of length 5 over
Fs5[u]/ < u? >, whose generator matrices are as listed below:

o [1 =zu yu zu 2]with(z,y,2) € {(0,0,0),(0,0,1),(0,1,1),(0,1,2),(1,1,1),

(1,1,2)};

° [1 Tu  yu+1 zu+2 u+2] with (z,y, z,w) € {(0,0,0,0),(0,0,1,4),
(0,0,2,3),(0,1,0,2),(0,1,3,4), (0,2,0,4), (3,0,2,3), (1,0,0,0), (1,0, 1,4), (1,0, 2, 3),
(1,1,0,2),(1,1,1,1),(1,1,3,4),(1,2,0,4),(1,2,1,3) };

o [1 au+1l yu+1l zu+1l wu+1]with (z,y,2,w) € {(0,0,0,0),(0,0,1,4)
(0,0,2,3),(0,1,1,3),(0,1,2,2),(1,2,3,4) };

1 0 zu w2 .

° [0 u oo 0} with (z,y, 2, w) € {(0,0,0,0),(0,1,0,0), (1,1,0,0),
(1,2,0,0), (4,2,0,1), (0,0,0,1), (0,1,0,1),(1,0,0,1),(1,1,0,1), (4,2,1,1), (0,0,1, 1),
(0,1,1,1),(0,0,0,2),(0,0,1,2),(0,1,0,2),(0,1,1,2),(0,1,2,0), (0,1,2,1), (1, 1,4, 3),
(1,1,0,2),(1,1,1,3) };

1 0 1 2 2

° [0 v zu g Z}wnh( Ly, 2) € {(0,0,0),(0,1,4), (0,2,3), (1,0,2), (1,3, 4)

(2,1,3)};
1 0 1 uw+2 4du—+2 .
°lo w au  yu u } with (z,y,2) € {(0,0,0),(0,1,4),(0,2,3),(1,0,2),

(1,1,1),(1,3,4),(2,0,4),(2,1,3), (3,3,3)};

1 0 1 2u+2 3u+2 .
[0 o o Pk 2] i ) € (0,0,00, 01,9, 0,2:3),1,0,2),

(1,1,1),(1,3,4),(2,0,4),(2,1,3),(2,2,2) };
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Self-orthogonal codes
Self-dual codes
Classification LCD codes

1 0 wu+1 2 2u + 2
0 u U yu Zu

(1,2,0),(1,3,4),(2,1,3) };

} with (z,y,2) € {(0,0,0),(0,1,4),(0,2,3), (1,0,2),

1 u+1 3u+2 4du—+2 .
[0 0 Vb2 it (2,5.2) € 00.0,0),0,1,4),(0,2,3),

(1,0,2), (1 1, 1),(1,2,0),(1,4,3),(1,3,4),(2,0,4),(2,1,3),(2,2,2),(2,3,1),(2,4,0)};

1 2u+1 2 4u+2
0 u yu Zu
(1,2,0),(1,3, 4),(2,1,3)};

:

1 1 w+1 4u-+1
O U TU yu zZu

(2,0,2),(2,1,1),(2,3,4) };

] with (z,y, 2) € {(0,0,0),(0,1,4),(0,2,3),(1,0,2),

1 1 1 1

L g ] it ) € {0,0,0,0,13), (23,0}

o =

} with (2,9, 2) € {(0,0,4),(0,1,3),(0,2,2),(0,4,0),

0w su it sy | With (@, 2,w, 5) € {(0,2,0,0,4),

(0,2,0,4,0),(0,2,2,0,2),(0,2,2,1,1),(1,1,0,2,2),(1,1,2,4,3) };

1 3 1 3 U .
[0 0 g S o] i o) € (010,4,0).0,1,2,00,(1,2,0,0),

(1,4,1,0),(0,0,4,0),(0,1,2,0), (0,2,0,0) };

[1 1 zu+1l yu+1 3u+1l
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Self-orthogonal codes
Self-dual codes
Classification LCD codes

3 u+1 3u+3

ru .
w oyu u wu} with (z,y, 2, w) € {(0,0,4,0),(0,1,2,0),

(0,2,0,0),(1,0,4,0),(1,1,2,0),(1,3,3,0), (1,4,1,0), (1,2,0,0) };

o o Cubtodus ff,’;] with (2,3, 2, w) € {(0,2,0,0),(1,2,0,0),
(1,0,4,0) };

I 1 1 1 1 1 w41 2u+1 2u+1]
“5lo 1 w42 3u+3 u+4|’ w  3u 2u du |’

E

[eNeRal

S O

3 2u+l u+3 xui| witha:E{O,l};

u 4u u 0

o 0 0 2 1 0 1 2 2 1 1 1 1 1

v 0 0 O 0O w 0 O 0 0 v 0 0 A4ul.

0O « 0 Of”|0 0 w O 2u|l’”|0 0 wu u 3ul’

0 0 uw O 0O 0 0 u 4u 0 0 0 u 4u

0 0 zu 2

uw 0 yu Of with (z,y,2) € {(0,0,0),(0,0,1),(0,0,2),(1,0,0), (1,0, 1),
0 w =zu O

(1,0,2),(3,1,1),(4,1,2),(0,1,3),(0,1,1) };
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Classification

yu + 2

with (z,y, z,w, v, s) € {(0,0,0,4,1,3),
1,4,0,4,0,4),(0,0,1,3,3,1),(2,3,0,4,1,3),

zru

} with z € {0,1};

0
0

4u
3u

wu] with (z,y,z, w) € {(0,0,0,2),(0,1,2,2),(1,1,1,1),

(0,0,0,0),(1,0,0,0),(1,1,0,0), (1,1,1,0),(2,1,1,0),(2,3,1,1),(2,3,3,3),(2,1,0,0) };

zZu

yu

Tu
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Classification

} with (z,y, z,w,v,s) € {(0,0,0,0,0,0),

zZUu
Su

U Yu
wu VU

° |¥ 0
0 wu

(0
0
0
0
0
0
0
0
1

©
0
0
0
0
0
0
0
0
1
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u 0
° 0 wu
0o 0

0o 0
(0,0,1
° 1 0
0 1
0,1,1
° 1 0
0 1
(0,0,1
(2,3,2
1 0

e |0 1
0 0

1 0

e ([0 1
0 0

0,

Tru
zZu

zu+2 wu+1 su+ 3

3
0
0
0
u

N =

1

3

)1(
)}

Self-orthogonal codes
Self-dual codes

Classification LCD codes
0 zu
0 yu .
0 ou| With (z,y,2,w) € {(0,0,0,0),(0,0,0,1),(0,0,0,2),
u wu,
0,1,2),(0,1,1,2),(0,1,2,3),(0,1,1,4),(1,1,1,2),(1,4,2,3),(1,4,1, ) };

w2 | with (2,9, 2,w) € {0,0,0,0),(0,0,1,0), (0, 1,0, 4),

zu + 2 y“+2] with (z,y, z,w, s) € {(0,0,0,0,0),

0,0,2,3,1),(1,4,0,4,2),(1,4,1,3,0),(1,4,2,2,3),(2,3,0,3,4),
TU 2

2 yu| with (z,y) € {(0,0),(1,4)};

0 0

xu + 2 yu + 2
zut 1 wu+t 3| with (z,y,2,w) € {(0,0,0,0), (1,4,4,2)}.
4u 3u
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Self-orthogonal codes
Self-dual codes
Classification LCD codes

A self-orthogonal code of the type {k1,k2} and length n over Fqlu]/ < u? > is
self-dual if and only if
2k1 + ko = n.

There are precisely
o 2 inequivalent self-dual codes of length 3 over F5[u]/ < u? > .
o 5 inequivalent self-dual codes of length 4 over F5[u]/ < u? > .
o 8 inequivalent self-dual codes of length 5 over F5[u]/ < u? > .
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Self-orthogonal codes
Self-dual codes
Classification LCD codes

Total number of LCD and inequivalent LCD codes of a given rank and
length 4 over Falu]/ < u? >

Rank | Total number of LCD codes | Number of inequivalent LCD codes
k of length 4 and rank k of length 4 and rank k
over Folu]/ < u? > over Folu]/ < u? >
1 64 8
2 320 24
3 64 8
4 1 1
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Self-orthogonal codes
Self-dual codes
Classification LCD codes

There are precisely 41 inequivalent non-zero LCD codes of length 4 over
Fao[u]/ < u? >, whose generator matrices are as listed below:

o [1 TU  Yu zu} with (z,y, z) € {(0,0,0),(1,0,0),(1,1,0),(1,1,1)};
o [1 14zu 14yu zu] with(z,y,2) € {(1,1,1),(1,1,0),(0,0,1),(0,0,0)};

1 0 =zxu U .
[ 0 o ue] with oz € {00,000, (1,0,0,1, (11,0, (1.1,2,1),

(0,1,0,1),(0,0,0,1),(0,0,1,1) };

1 0 1+4+zu 1+9yu .
°lo 1 2 wf ] with (z,y, z,w) € {(0,0,0,0),(1,0,1,1),(1,1,1,1),
(0,1,0,0) };

[1 0 1+ zu 1+ yu

0 1 u 1+wu} with (z, 9, 2,w) € {(0,0,0,0,),(1,1,1,1)};

0o 1 1+ zu 1+ wu
(0,1,0,1),(0,1,1,0) };

[1 0 1dau 1“’”} with (. y, 2, w) € {(1,1,0,0), (1,1,1,0), (1, 1,1,1),

[

1 0 1+zu u .
[0 1 1+ iu} with (z,y, z,w) € {(0,1,0,0),(0,1,1,1),(0,0,0,0),

(0,0,1,0),(0,0,1,1) };

ollouu_
0 1 1 1
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1+ yu
ZUu

Self-orthogonal codes
Self-dual codes
Classification LCD codes

with (z,y,2) € {(0,0,0),(1,0,0),(1,1,0),(1,1,1)};

with (z,y,2) € {(1,1,1),(1,1,0),(0,0,0),(0,0,1)}.
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Self-orthogonal codes
Self-dual codes
Classification LCD codes

Total number of LCD and inequivalent LCD codes of a given rank and
length 5 over Falu]/ < u? >

Rank | Total number of LCD codes | Number of inequivalent LCD codes
k of length 5 and rank k of length 5 and rank k
over Folu]/ < u? > over Folu]/ < u? >
1 256 14
2 5120 81
3 5120 81
4 256 14
5 1 1
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Self-orthogonal codes
Self-dual codes
Classification LCD codes

There are precisely 191 inequivalent non-zero LCD codes of length 5 over
Fo[u]/ < u? >, whose generator matrices are as listed below:
o [1 =zu yu zu wu] with(z,y,2w) € {(0,1,0,1),(0,0,1,0),(1,0,1,1),
(0,0,0,0), (1,1,1,1) };

o [1 14zu 14yu zu wu] with(z,y, 2z w) € {(0,0,0,0),(1,0,0,1),
(0,0,0,1),(1,0,1,1),(1,1,0,0), (0,0, 1,1) };

° [1 l4+zu 1+yu 14 zu 1+wu] with (w,y,z,w)e{(0,0,l,l),
(1,1,1,1),(0,0,0,0)};

o 9 on v ] with s w0 € {(0,1,0,0,1,0,(1,0,0,0,1,1),
0,0,0,0,1,0,(1,1,1,0,1,0),(0,0,0,0,0,0), (1,1,1,0,0,0), (1,1,0, 1, 1, 1),
(1,1,0,1,0,1), (1,1,0,1,1,0), (1,1,0,0,0,0, (0,0, 1,0,0,1), (1,1,1,1, 1, 1),
0,0,1,0,1,0)};

° [(1) ru yu Z“} with (z,y, z,w, s,t) € {(0,0,0,1,0,0),

0

1 l1+wu 14+su tu
,1010)(110111)(100110)(00
1,0,0 1,1,

,0),(1,0,0,0,0,0),
,0),(0,0,0,0,1,1),(0,0,0,0,0,0), ( )

1,1,1
1,0,0,0),(0,1,1,0,1,0) };

L0 l4zu  yu zu ] with (z,y, z,w,5,t) € {(0,1,1,0,0,0),

o|:0 1 l1+wu 14+su 14+tu
(1,1,0,1,0,1),(0,0,1,0,1,1),(0,0,1,1,0,1) };
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Self-orthogonal codes
Self-dual codes

Classification LCD codes
° [(1) Do Tow e ‘;ﬂ with (z,y, 2, w, s,1) € {(1,1,0,0,1,0),
(1,0,1,0,1,0),(0,1,1,0,1,1),(0,0,1,0,0,0),(1,1,0,0,0,0),(0,0,1,1,1,0),
(1,0,0,1,0,1),(0,1,1,1,1,1),(1,1,0,1,1,0), (1,0,1,0,0,0), (0,1,0,1,0,0),
(1,0,0,1,0,0),(0,0,0,0,0, 1), (1,0,0,0,0,1),(0,0,0,0,0,0) };
1 0 1+ zu 1+ yu zZUu .
° |:0 1 14w 1 +zu tu] with (z,y, z,w, s, t) € {(1,0, 1,0,1,0),
1

° [(1) Vohouown B with 2,y 2w,s,0) € {(1,1,0,0,0,1),
(0,0,1,0,1,1),(1,1,1,1,1,1),(0,1,1,1,0,0), (0,1,1,0,1,1), (1,1,0,0, 1, 1),
(1,0,1,0,0,0),(1,0,0,0,0,0),(1,0,1,1,0,1), (1,0, 1, 1,0,0), (0,0, 0,0, 0, 0) };

° [(1) (1) IZS"“ ltuy“ iﬂ with (z,y, z,w, s,t) € {(1,1,1,1,0, 1),
(1,1,0,1,1,0),(0,0,1,1,1,0),(0,1,1,0,0,1), (0,0, 1,0,0, 1), (0,0,1,1,0, 1),
(1,1,1,1,0,0),(1,1,1,1,1,1),(0,0,1,0,0,0) };

0
0
1 0 14zu yu zZu
0o 1 l1+wu 14+su tu
(0,0,1,0,1,0),(1,0,1,1,0,1),(1,0,0,0,0,1),(0,1,1,0,1,0) };

with (2, y, z,w,s,t) € {(0,1,1,1,1,0),

0 1 l4wu 14su 1+tu| With@y,zwst)e{(1,01,1,01),

(1,1,1,1,0,0),(0,0,0,0,1,0),(0,0,0,0,0,0) };

[1 0 1+ zu 1+yu 1+ zu
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Self-orthogonal codes
Self-dual codes
Classification LCD codes

[1 0 Ideu ldyu 1+2u with (z,y, z,w, s,t) € {(1,1,1,1,0,1)7

0 1 1+wu sU tu
(0,0,0,1,0,0),(0,0,1,0,0,0), (1,0, 1,1,0,0), (1,0,0,0,0,0) };

1 0 0 zu yu

0 1 0 zu wu| with(z,y,zwst) € {(1,1,0,1,1,1),

0 0 1 su tu
(1,1,0,0,1,1),(1,0,1,1,0,1),(0,0,0,1,1,0),(0,0,0,0,1,0),(0,1,1,1,0, 1),
(0,1,0,1,0,0),(1,0,1,1,0,0),(0,0,1,1,0,0),(1,1,1,1,1,1),(1,0,1,0,0, 1),
(1,0,1,0,1,0),(0,0,0,0,0,0) };

1 o0 o TU 1+ yu

0 1 0 14+z2u 14wu with (z,y, z,w, s, t) € {(0,1,1,0,07 0),

_O 0o 1 su 1+ tu
(0,0,0,0,1,0), (1,0,1,1,1, 1) J;

[1 0 0 1+4azu 14 yu

0 1 0 14zu 14+wu with ( zy,zwst)E{(OOlOOl)
_0 0o 1 1+ su 1+ tu
(1,1,1,1,1,1),(0,1,0,1,0,1),(0,0,0,0,0,0) };

1 o0 o Tu

0O 1 0 zu wu with (2,9, z,w, s, t) € {(0,0,0,0,0, 1),

0O 0 1 14+su 1+ tu
(0,0,1,0,1,0),(0,1,0,1,0,1), (1,0,1,1,0,0),(0,1,1,1,1,0), (1,1,1,1,0,0) }1
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Classification

0 0 Tu yu

1 0 1+4+zu 14+wu
0o 1 su 1+tu_
0,1,1

0 0 14 zu 1+yu_
1 0 Zu 1+ wu
0o 1 su tu
0,1,0,0),(1,0,0,0,0,0)};
0 O Tu yu ]
1 0 14z2u 14+ wu
0o 1 1+ su 1+tu_
1,0,1,0)};

0 0 1+ zu 1+ yu
1 0 2u wu

0 1 1+su 1+4+tu
0,1,0

0 O Tu yu

1 0 1+4+z2u wu

0o 1 1+ su tu
0,1,0

0 0 xTu 1+ yu
1 0 Zu wu

0o 1 1+ su 1+ tu
0,1,0,1),(1,1,1,0,1,1) };

Self-orthogonal codes
Self-dual codes
LCD codes

with (z,y, z,w, s, t) € {(0,1,1,0,0,0),

,0),(1,0,0,1,0,0),(0,0,0,1,0,1) };

with (z,y,z,w,s,t) € {(1,0,1,1,1,0),

with (2,9, z,w, s, t) € {(0,1,1,0,0, 1),

with (2, y,z,w,s,t) € {(0,1,1,1,1,0),

;1),(0,0,0,0,0,1),(1,1,0,0,1,1) };

with (z,y, z,w, s, t) € {(0,0,0,0,0,0),

;0),(0,1,1,0,1,0),(1,1,0,1,0,0),(1,1,0,0,0,0) };

with (z,y, z,w,s,t) € {(0,0,1,1,1,0),
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[1 0 0 1+4azu
0O 1 0 1+ zu
_O 0 1 su
(0,1,0,0,0,0), (0,0,
1 0 0 1+4+zu
0 1 0 1+ z2u
_0 0 1 su
(1L1L,1,1,1, D}
[1 0 0 1+azu
0O 1 0 ZU
_0 0o 1 1+ su
(1,1,1,0,1,1), (1,0,
(1,1,1,1,1,0), (0,0,
1 o0 o Tu
0 1 0 1+4zu
_0 0 1 su
(0,0,0,0,1,1), (0,1,
1 0o o zu
0 1 0 14 z2u
0O 0 1 su
(0,0,0,0,0,0)};

Self-orthogonal codes
Self-dual codes

Classification LCD codes

yu
wu
tu

1,1,1,1),(0,1,0,0,0,1),(0,0,0,0,0,1) };

with (z,y, z,w,s,t) € {(1,1,1,0,0,0),(0,1,1,1,0,1),

14+ yu
1+ wu
tu

with (z,y,z,w,s,t) € {(1,1,1,0,1,1),

with (z,y, z,w,s,t) € {(1,0,0,0,1,0),(0,1,1,0,1,1),

1,1,0,0,1,1),(0,0,1,1,1,0),(1,1,0,1,1,1),

1+ wu
tu

1,0,0,0)};

with (z,y, z,w, s,t) € {(1,0,1,1,1,0),

1+ yu
1+ wu
tu

with (z,y, z,w, s,t) € {(1,0,0,1,0,0),
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Self-orthogonal codes
Self-dual codes
Classification LCD codes

1 0 O TU 1+ yu

0o 1 0 zu 14+ wu with (z,y, z,w, s, t) € {(1,0,1,0,0,1),
_0 0o 1 1+ su 1+ tu
(0,0,1,1,0,1),(0,0,0,1,0,0),(1,0,1,1,0,1),(0,1,0,1,0,0)};

1 0 0 1+w 1 1 0 0 0 u

0o 1 0 u 1{,10 1 0 14w O0];

0 0 1 0 1 0o 0 1 1 1

1 0 0 1+zu 1+ yu

0o 1 0 zu wu with (z,y, z,w, s, t) € {(0,0,0,1,0,0),
_0 0 1 sU 1+ tu
(1,1,0,1,1,1),(0,0,1,0,0,0)};

1 0 0 1+4+zu 1+yu

o 1 0 2Zu wu with (z,y, z,w, s, t) € {(1,1,0,1,1,1)7
10 0 1 su tu
(0,0,0,0,0,0)};

n o 0 0 =zu

0O 1 0 O u .

0 0 1 0 Lwlowith (2,y,2,w) € {(0,1,1,1),(0,0,0,0), (1,1,1,1),
10 0 0 1 wu
(0,1,1,0),(0,0,1,0) };

r- o o o0 1+ zu

0 1 0 0 14yu .

00 1 0 1+4zu with (z,y,z,w) € {(0,1,1,0),(0,0,1,0),(0,0,0,0) };
10 0 0 1 14 wu
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Self-orthogonal codes
Self-dual codes
LCD codes
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Self-orthogonal codes
Self-dual codes
Classification LCD codes

Total number of LCD and inequivalent LCD codes of a given rank and
length 4 over F3[u]/ < u? >

Rank | Total number of LCD codes | Number of inequivalent LCD codes
k of length 4 and rank k of length 4 and rank k
over Falu]/ < u? > over Falu]/ < u? >
1 648 15
2 7290 63
3 648 15
4 1 1
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Self-orthogonal codes
Self-dual codes
Classification LCD codes

There are precisely 94 inequivalent non-zero LCD codes of length 4 over
F3[u]/ < u? >, whose generator matrices are as listed below:

o [1 au yu zu] with(z,y,2) € {(2,0,0),(0,1,1),(2,1,1),(0,0,0)};
o [1 14azu yu 2zu] with(z,y,2) € {(0,0,2),(2,1,1),(0,1,1)};
° [1 2+ zu  yu zu} with (z,y, z) € {(07070)7 (2,2,0), (1,0, 0)};

o [1 14zu 14+yu 2+4zu] with(z,y,2) € {(1,1,1),(2,2,1),(0,0,0),

[
(2,0,1)};
0[1 14+4u 24 2u 2+2u];

V)

1 0 24zu 1+yu .
0 1 14w wuy} with (2,5, z,w) € {(0,1,0,2),(0,2,0,1),(2,1,2,0) };

0 1 14z2u w with (2,9, z,w) € {(0,1,0,2),(2,1,2,0),(2,1,1,0),
(2,0,1,0),(1,0,2,1),(0,0,0,0), (1,1,0,0) };

1 0 1+ zu 2+ yu .
[0 1 14z 2+f’uu} with (z,y,z,w) € {(0,1,0,1),(1,0,1,0),(1,2,0,0),

(1,1,0,0),(1,0,0,2),(0,2,2,2) };

1 0 14+azu 24yu
u

1 0 1+4+zu u .

o fo 0 TEI U] with ooy € {(201,0.00.1,0,0,00,(0,1,2,0),
(1,1,1,0),(0,1,0,1),(1,2,0,1),(1,2,1,1),(2,1,2,1),(2,0,0,1),(2,0,1,1)
(0,0,0,2),(0,0,2,0) };
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Self-orthogonal codes
Self-dual codes
Classification LCD codes

1 0 1+zu u .

o 0TI Y] i @) € {0101,1,0),011,0,0),2,0.2,0,
(1,0,0,0),(2,2,2,2),(1,1,1,2),(1,1,0,2),(1,0,2,0), (1,2,1,1),(0,2,0,0),
(2,0,0,2),(0,2,1,0),(0,0,0,0) };

1 0 2+42u yu .

b0 1T L r] v e € {220, @ 2200 @000,
(2,2,1,0),(2,2,0,2),(1,2,1,2),(2,1,1,2),(0,0,1,0), (0,0,2,0) };

[0 1t ] it o) € {0,0,0,0),2:2,0,0) 2:2.01),
(0,0,0,1)};

1 0 =zu yu .

[0 0 o su] with (s € {202,0,00,0,0,0,0),(1,2,1,1),
(1,2,1,2),(2,2,2,0),(1,0,2,0),(0,2,0,0),(0,2,2,0)};

1 0 1 24+ u 1 0 14w u .

0 1 2+wu 1 10 1 u 1+ul’

1 0 0 =zu

0 1 0 wyu| with(zy,z2)e€{(1,1,0),(2,0,0),(1,1,1),(0,0,0)};
_0 0o 1 U

1 0 o xu

0 1 0 2+4yu| with(z,y,2)€ {(1,2,1),(0,2,0),(2,0,1),(0,0,2)};
_O 0o 1 Zu

1 0 0 1+4zu

0 1 0 24yu| with(z,y,2)€ {2,1,0),(0,0,1),(0,0,2)};

_0 0o 1 1+ zu

49/53



0 Iy,

=

o~ @O

oo @-©°

_ o RO o

Classification

1 0 O
0 1 0
0o 0 1

Self-orthogonal codes
Self-dual codes
LCD codes

1 0 0
1o 1 0
0 0 1
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