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Linear code C of length n and dimension k over F, : subspace of g of
dimension k.

e Hamming weight of ¢ € g :

wr(c) = #{i€{1,...,n} | c #0}.

@ Minimum distance for the Hamming metric :
d= i .
LRl ()
@ Singleton bound : d < n—k+ 1.

@ MDS codes : d =n—k +1.
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Definition

Consider aj, ..., a, € F, pairwise distinct. The Reed-Solomon code of length n
and dimension k is

C = {(f(on), ..., Flan) | f € Fy[X],deg(f) < k}.

MDS Theorem
The Reed-Solomon code C is MDS (d = n — k + 1).

A classical proof

As f # 0 € Fg[X]<« has at most k — 1 roots and as a4, .. ., a, are pairwise
distinct, the number of zero coordinates of ¢ = (f(a1),...,f(an,)) is less than k
and the weight of c is greater than n — k.
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Another proof using the two facts :

® ai,...,a, € Fy pairwise distinct : deg(lemi<i<n(X — ) = n;

P
o for c € Fy, wy(c) = deg(leme,40(X — ;).
—_———

w
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Skew Reed-Solomon codes
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@ A : a division ring,
# : an automorphism of A,
d : a derivation of A,
R = A[X;0,0], ring of skew polynomials (Ore, 1933) :

Vae A X-a=0(a)X + d(a).

@ R euclidean on the right : r_rem, lclm, gerd exist;

R euclidean on the left.
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e Evaluation of f € R at « € A (Lam & Leroy, 1988)

f(a) = rrem(f, X — «).

@ Product formula (Lam & Leroy, 1988) : consider f,g € R,a € A

(F- ) = { 707 <8l

if g(a) #0
if g(a) =0

where for « € A and y € A%,

o = 0(y)ay 4+ 6(y)y* (conjugation).
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@ P-independance (Lam & Leroy, 1988) : consider aq,...,a, € A,
aq,. .., P-independant : deg(lclmi<j<n(X — i) = n.

P
@ Skew polynomial weight of ¢ (Martinez-Penas, 2018; B., 2020) : consider
ai,...,a, € A, P-independant,

wo(c) = deg(lelme4o(X — af'))
—_——
w

— Maximum Skew Distance (MSD) code (M.P. 2018) :

d= min w,(c)=n—k+1.
ceC,c#0
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Definition (B. & Ulmer, 2014 ; Martinez-Penaz, 2018)

Consider a4, .. .,a, € A, P-independant. The skew Reed-Solomon code of length
n and dimension k is

C = {(f(ar), ..., Flan)) | f € AIX;0,0], deg(F) < k}.

MSD Theorem (Martinez-Penas 2018 ; B., 2020)

The skew Reed-Solomon code C is MSD.
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A proof using the two facts :

@ ai,...,a, € Fy P-independant : deg(lclmy<j<,(X — «;)) = n;

P

o for c € F”

7 Wa(c) = deg(lclmeo(X — af')).
—_—————

w
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Decoding algorithms : an overview
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Decoding Reed-Solomon codes (Berlekamp-Welch).

require : r = (ry,...,r,) = c+ e with ¢ = (f(aa), ..., f(apn)), f € Fg[X]<k,
wr(e) <t = |(n—k)/2].
ensure : f.

1 : Compute nonzero @, Q1 € Fy[X] such that

Vie{l,...,n}, Qo)+ ri x Q(a;) =0,
deg(Qy) <n—1-—t,
deg(@) <n—1—t—(k—1).
2: f+ —Qo/Cr.

3 : return f.
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Decoding Reed-Solomon codes.

require : r = (ry,...,r,) = c+ e with ¢ = (f(aa), ..., f(an)), f € Fg[X]<k,
WH(e) < t.
ensure : f.

0 : g < interpol((«;), (r7))-

1 : Compute nonzero @, @1 € Fy[X] such that
Vi e {1, ey n}, Qo(a,') +ri X Ql(Ot,') =0,
deg(QO) <n-— 1-— t,
deg(@1) <n—1—-t—(k—1).

2 f « —Qo/Ql.

3 : return f.
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Decoding Reed-Solomon codes.

require : r = (ri,...,r,) = c+ e with ¢ = (f(au), ..., f(an)), f € Fq[X]<k,
wi(e(a), . e(an)) < t,
~—_—

e = g — f and g = interpol((«;), (r;))-

ensure : f.

0 : g < interpol((a;), (r;)).
1 : Compute nonzero @, @1 € Fy[X] such that

Vie{l,...,n},(Q + Qi-g)(a;) =0,
deg(Qo) S n—1-— i
deg(Q)) <n—1-t—(k—1).

2 : f < quotient in the division of Qy by —Q; in Fq[X].

3: return f.
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Decoding skew Reed-Solomon codes with the skew polynomial metric (B. 20).

require : r = (r1,...,r,) = ¢+ e with c = (f(ay), ..., f(an)), f € Rey,
wao(e(a1), ..., e(ay)) < t.
e
e =g — f and g = r_interpol((«;), (7))
ensure : f.

0: g < rinterpol((«;), (7))
1 : Compute nonzero Qqy, @1 € R such that
Vie{l,...,n},(Qo+ @ - g)(e;i) =0,

deg(Qo) < n—1-—t,
deg(@) <n—1—t—(k—1).

2 : f < quotient in the left division of Qg by —Q; in R.

3 : return f.
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Proof :

Consider 7 — Qo+ Q1 £ and E = lelmz(q,)0(X — af ™).
—

deg<n—t
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Proof :

Consider and E = lelmz(,)20(X — o).
~—_———

For iin {1,...,n},
Q (E-Z)(ej)=0—
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Proof :
Consider 7 — Qo+ Q1 £ and £ = lelmz(q,)0(X — af ™).
—

deg<n—t

For iin {1,...,n},
© (E-2)(a)=0— PLE. 7.
Q Z(ai) = (Qo+ Q- () = (Q+ Qu-g)(evi) = (—Qu- (g — F))(cv)
0

Consider a, b € R.
If b ra then wey (a(ac), - - - , a(an) < wa(b(e); - - -, b(arn)-

Delphine Boucher (Univ Rennes 1, IRMAR, France) About Skew Reed-Solomon Codes 6th July 2021 15/18



Proof :

Consider and E = lelmz(q,)40(X — aZ?).
—_———

Foriin {1,...,n},
Q (E-Z2)(aj)=0—
Q Z(ai) = (Qo+ Q- () = (Q+ Q- g)(evi) = (—Qu- (g — F))(cv)
—_——

0

Lemma

Consider a, b € R.
If bl a then we (a(ce)s - - - s a(an) < wa(b(e); - - -, b(cun)).
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Proof :

Consider and E = lelmz(q,)40(X — aZ?).
—_———

Foriin {1,...,n},
Q (E-Z2)(aj)=0—
Q Z(ai) = (Qo+ Q- () = (Q+ Q- g)(ev) = (—Qu- (g — F))(cv)
—_——

0
Consider a, b € R.
If bl a then we (a(cey)s - - - a(an) < wa(b(e), - - -, b(cun)).

We get that E-Z =0 and
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List decoding of Reed-Solomon codes (Sudan).

require : r = (r,...,r,) = c+ e with ¢ = (f(ea), ..., f(ayn)), f € Fg[X]<k,

e=g—f=gcdlg —f,...,g" — f*) and g = interpol((«;), (r;)).
ensure : L, list containing f.

0: g < interpol((e;), (1))
1: Compute Qo, Q1, ..., Q¢ nonzero in Fq[X] such that

Vie{l,...,n},(Q+Q-g+ +Q-g") (i) =0,
deg(Q) <n—1—171—j(k—1).

2: L {f €Fe[Xlak | Qo+ Q- F+ -+ Q- £ =0},
3: return L.
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List decoding of skew R.-S. codes with the skew polynomial metric (B. 20).

require : r = (ry,...,r,) = c+ e with ¢ = (f(aa),. .., f(an)), f € Rex,
wole(ar), ..., e(an)) <1,
\_;z_/
e=gerd(g —f,...,g° — f)# g — f and g = r_interpol((cy), (1;)).
ensure : L, list containing f.

. g < rinterpol((«;), (r;)).

1: Compute Qp, Q1, ..., Q¢ nonzero in R such that

Vie{l,...,n},(Q+ @ -g+ -+ Q-g"a;)=0,
deg(Q)) <n—1—7—j(k—1).

2: L {fER4|Q+Q-Ff+ - +Q-Ff =0}
3: return L.
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Thank you for your attention !
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