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170 H. Priifer,

z, B, alle inhomogenen linesren ¥charen und die Pavallelprojektionen einer
festen Ebene auf eine zweite zu il parallele Ebene

Eine Menge von Elementen A, B, ... soll cine Schar heillen, wenn
je drei Elementen 4. B, (7 ein viertes Element der Menge, das ich als
das Produkt 4 27°C bezeichne, so zugeordnet ist, dal stets

AR 'B=A
ist, dabB ferner das kommutative Gesetz
AR'C=0B'A

und das sssoziative (Gesetz

(ABT' QD" E=AB (CD"E)
gilt. Dab auch

A{BCT' DY E—{ABTC)DE
wird, ldle sich beweisen,

Wern man will, kann man, ohne Vieldeutigkeiten befiirchten zu
miissen, jede Vertanschung der Faktoren eines Produktes vornehmen, gleiche
Faktoren i Potenzen zusammenfassen und mit diesen nach den gewiha-
lichen Regeln technen. Der Ausdruck [ E', in dem die B, Elemente
einer Schar bedeuten, ist dann und nur dann ecklict, wenn e, =1 ist.

Ist jedes Element der Schar F zugleich Element der Schar 7, so
soll F eine [nterschar von @, G eine Oberachar von F heilen, Ich
schreibe dann F< & und @ = F. Haben die endlich oder unendlich vielen
Unterscharen Fy, Fy, ... einer Schar & liberhaupt gemeinsame Elemente,
g0 bilden diese eine Schar, den Durchechnitt

qljﬂ:-jf,::,i’:s:...
der Scharen F,. Darsus ergibt sich: Zu jeder Menge wvon Scharen
F,,F,,... a8 G gehiirt eine kleinste Schar, welehe alle F, enthilt, die
Vereinigungsschar der F..
Unter dem Produkt

RS RFT L Fo

sus einer ungeraden Anzahl von Unterscharen einer Schar 7 verstehe ich
die Unterschar von &, die von den Elementen

E:'E;Lgsx-u_l o By

gebildet wird, wenn E. alle Elemente von F, durchlioft, Insbesondere
ist F=AA""F fiir jedes Element 4 von & und

P AB'F=AF '"F=FA™'F = FF'F
fiir alle Elemente wvon F.

ang Baer, Zur Binfihrung dev Seharbegrifs.
Setzen wir bier (5) eln, so ergibt aleh:
[ AL AN R el b -] AR R T M
und hieraus folgt wic oben suksessive:
g=—Lyg=+1

RO Al TR
ergibe,
Anbog weiter schliolend arbhlt man!
16) M) = TR
wo et {3 Gy und notwendig m o= 1 und ungerads ist,
Seim o= 20418, 131
Danm st unser Sate bereita fir | = 1 bewioson; sei or auch fie § — 1 bewiesen;
ep st Ji ) =T g n,. wo ale n V. J bereits rationsl und durch Einsetsen avs
#(-) aatgebaat st dann st
T = P Y b B
womit umser Satz bewicsen ist.
Bomarkang: Dad FU-) i apesialien Fillm kein volisibediges Tvarivstorpion i, selgl das
Selgende Beisginl:
O sl Adelseh. wnd warda dureh & mit Al =1 (i~ 1,8,3,4,0) emengt. Dunn wind anch
JIE = R
durch A Bomarph abgebildet; dens die allgerssins Shulichs AbBdung inl:
Fesl - g

a0 daf sich:

alse it
T (00D = T fa Tl B = T B = 8 [Tigl 1L
and J:) bat sicht die Form (5). hrigens gt anser Sats @ auch fir Abelacha Grappes mis Elementen
saimdlich hokar Crdanng.

§ 2. Die Seharen.

Definttion %: Eine Teilmenge & der Gruppe @ heift danr und nur dann cine Schar,
wenn & mit den Elamenten oi = 1,2, 3) slets aueh dae Element ay 0790, enthill,

Satz 3: 1. Eine Schar @ in ® ist dann and sur dann eine Untergruppe von 0, wenn
& die Idensitdn von O enthals *).

2, Eine die Identitar enthaltende Teilmenge © von @ it dann und nur dane eine
Schar, wenn sie cine Uniergruppe von @ ist.

3, Eine Teilmenge & von @ ist dann wnd nar dann eine Schar in 0, @enn es eine
Untergruppe ©, besw, © vor @ gilt, so0 daf & rechis: benw, linksseitige Resthlasse nach
& besw. & ist. &, bezw. & sind Merdurch mnd durch & eindewtip bestimmd,

Boweis: 1, Bing Trilmenge S ven @ ist donn und nur dann eine Unbergruppe
von @, wenn sic mit o und b auch o<t und o - b enth&lt; sin anthult olao notwendig
art =1 und mit & b, c soch bt

) Fihrt man din Schasbegril abutrakt wia, wio o Prifee, L o p 39 tul, indem mas wser cimer
Sehar o Eloistopsbee vorstel, is dos | Elemeats o, B, ¢ tindeutic rm viertes 4 b1 ¢ be-
stimsar, 40 G0 L ab—2bm=bi—4a =g, 1 (0544 bbe =@ (he Bt m bt (606 = aB ey,
I #54 GL ab=tt = b sseh jadem des Elemente o, ¥, ¢ aaf mer eine Weisn wefldsbar st — din Lhsbar-
it Qherbaupt WG sich beweksen —, v kann man ven dar Schas jodecseit sar Gruppe Gbegiben, inbers
nan irgeadein Sestca Elomeat & als Einbeit sanseichort and aia Grappeakempesition 0 = au—b snfihit.




A heap is an algebraic system (H,[—,—, —]) consisting of a nonempty set H,

and a ternary operation
[_7_7_]:HXHXH_>H7 (az,y,z)l—>[w,y,z]
satisfying

the heap associativity [[z,v, 2], t,u] = [z, vy, [z, t,u]], = [z, [y, 2, t], u]
Mal'cev identities [z,z,y] =y = [y, z,z], #= [z, vy, 2]

where x,y,z,t,u € H. A heap (H,[—,—,—]) is abelian, if satisfies
the heap commutativity [z,v, 2] = [z, vy, z],

where z,y,z € H.

A heap homomorphism is a function ¢: (H,[—,—,—,]) — (H,[-,—,—,])

respecting the heap operations

o(lz,y,2]) = [p(x), (), ©(2)],
where z,y,z € H.



Theorem. Given a group (G,o,1), let

[—, —, -]o: GXGxG—=G, [z,y,2]lo  =z0y oz,

where z,y,z € G. Then

(a) (Ga [_7_7_]0) IS a heap-
Indeed, for any x,vy, z,t,u € G,
[[m,y,z]o,t, u]O — (33 o y_l o Z) o t_l U =xo y_l o (Z o t_l o ’Ll,) — [':U7y7 [Z7t7 U]o]o

1

[, 2,9]o =xox toy=y=yoax oz =[yz,zl.

(b) If (G,0,1) is an abelian group, then (G, [—,—, —]o) is an abelian heap.
Indeed, for any z,y,z € G,

1 1

[z,y,2]c =x0y T oz=z20y " ox = [z,y,x]o.

(c) Every group homomorphism ¢: (G,0,1) — (G,o0,1)

is an associated heap homomorphism ¢: (G, [—, —, —]o) — (G, [—, —, =]o).
Indeed, for any x,vy,z € G,

1

o([z,y,2]0) = p(xoy toz) =p(x)op(y) top(z) = [p(x), v(y), v(2)]o.



Theorem. Given a heap (H,[—,—,—]) and e € H, let

Oe:HXH—>H, 3306932[5’77679]7
where z,y € H. Then

(a) (H,oe,e) is a group, known as a retract of (H,[—,—, —]).
Indeed, for any x,y,z € H,

(xocy)oez = [[x,e,y],e,2] = [z,e, [y, e, z]] =z o0 (yoe2)

eoex = [e,e,x] = x = [x,e,e] = xo0c €

[e,x,e] oc x = [[e,x,€],e,x] = [e,z,[e,e,z]] = [e,z,2] = e =

= [z, z,e] = [[x,e,€e],z,e] = [z,e,[e,x,€]] = o [e,x, €],

so z71 = [e,x,e].

(b) If (H,[—,—,—]) is an abelian heap, then (H,o¢,e) is an abelian group.
Indeed, for any x,y € H,

zocy = [z,e,yl = [y,e,5] = yocz.




(c) If : (H,[—,—,-]) = (H,[-,—,—]) is a heap homomorphism,
then for any e € H, € €¢ H, the functions

@ (H,oc,€) = (H,05€), x> [p(x),p(e),e]

2°: (H,oc,e) = (H,o058), x> [& ¢(e), p(x)]

are associated group homomorphisms.

Indeed, for any x,y € H,

P(zoey) = [p(zocy), p(e), e] = [p([z,e,y]),ple),e] =
= [[e(z), w(e), p(y)], p(e), e] = [p(z), p(e), [¢(y), p(e),e]] =
= [e(z), p(e), p(y)] = [p(x), p(e), [e, e, p(y)]] =
= [[p(z), ¢(e),el, e, o(y)] = [p(z), e, p(y)] = P(x) oz p(y).

In a similar manner, @°(z o y) = &°(z) o= ¢°(y). []




A group (G,o,1)

Y

The heap (G,[—, —, —]o) associated to the group (G,o,1),

where [z,y,z]o ;== zoy Loz
N2
Ve € G, The group (G, oe, e) associated to the heap (G, [—, —, —]o),

where xocy ;= [x,e,ylo =z 0e * oy




A heap (H,[—,—,—])

U
Ve € H, The group (H,oe,e) associated to the heap (H,[—, —, —]),
where zocy = [z, e, y]

Y

The heap (H,[—,—, —]o.) associated to the group (H,oe,e),

1

where [z,y, 2], =z 0cy ™t 0c 2 = [[z,e,y7 ], e, 2] = [[z,¢,[e,y,€ll, e, 2]




Theorem. Given a group (G,o,1) and e € G,

let (G, [—, —,—]o) be the heap associated to the group (G,o,1),
let (G, o0e,e) be the group associated to the heap (G, [—, —, —]o).
Then (G,0,1) = (G, 0e,€e) aS groups.

In particular, o = oy.
Indeed, let ¢: (G,0,1) — (G, 0¢,€e), x+— xzoe. Then for any x,y € G,
p(rxoy) =(xoy)oe= (roe)oe lto(yoe)=

= p(z) oe o p(y) = [p(x), e, o(y)]o = w(x) o ©(y).

Hence ¢ is a group isomorphism with the inverse ¢o=!: (G, o0, e) — (G,0,1), x> zoe L,

zoy=zxzol loy=1[x,1,ylo=z019y. []




Theorem. Given a heap (H,[—,—,—]) and e € H,

let (H,oe,e) be the group associated to the heap (H,[—,—, —]),
let (H,[—,—,—]o.) be the heap associated to the group (H,o¢,e).
Then [_7 R _] — [_7 K _]Oe'

Indeed, for any x,y,z € H,
[z,y,2] = [z,y,[e e, 2]] = [[z,y,e],e, 2] =

= [llz,e,el,y,el,e,2] = [lz,e,[e,y,ell,e,2] =

1

oc z = [2,y, 2o,

= [[z,e,y '], e,2] =z 0cy~




Theorem. Let (H,[—,—,—]) be a heap.

(a) For any e,x,y € H, if [e,xz,y] = e oOr [x,y,e] = e, then x = .
Indeed, since

1 1

e=le,z,y]l = [e,z,ylo, =€0cx Loy =x t 0.y O

1 1

€ = [x,y,e] — [x,y,e]oeza:oey_ OeeszOey_ '

it follows that x = y.
(b) For any z,vy,z,t,u € H,

[z, [y, z, t], u] = [z, ¢, [z, y, u]].
Indeed, for any e € H,

[xa [y7 Zat]a u] — [5177 [y7 Z7t]0e7u]06 — X O¢ (y Oc¢ 271 Oe t)_l Oe U =

=z 0.t 1o, zo0, y‘l

Oe U = [CC,t, [z,y,’LL]oe]oe — [CU,t, [Z,y7 ’Ll,]]




(c) For any z,y,z € H,

[,y ly, 2, 2]] = [z, [y, 2, 2], y] = [lz, 2, 9], y,2] = 2.

Indeed, for any e € H,

[xaya [y7$>z]] — [ajay) [yaxa Z]oe]oe — X Oe¢ y_l Oe Y Oe 33_1 Ce 2 = 2

[z, [y, z, 2], y] = [z, 2, [2,9,9]] = [z, 2, 2] = 2

[[Zax7y]7y7x] — [[Z7aj7y]oe7y7$]oe — 2 O¢ x_l Oe Y O¢ ?J_l Oe X =— 2.

(d) If (H,[—,—,—]) is an abelian heap, then for any z1,25,...,23 € H,

[[331, L, 2133], [y17 Y2, y3]7 [217 9% 23]] — [[xla Y1, Zl]: ['CU27 Y2, 22]7 [333, Y3, Z3]]

Indeed,

[[z1, 2, 23], [y1, ¥2, y3l, [21, 22, z3]] = [[x1, z2, 3]0, [y1, Y2, Y3lo., [21, 22, 23]0. o, =
= 21 0e 22 L 0, x3 0¢ (Y1 Oc y2_1 O¢ y3)_1 Oc 21 O¢ 227 L 0 23 =
— I1 O¢ yl_l Oe 21 O¢ (332 O¢ y2_1 Oe 22)_1 Oe¢ I3 O¢ y3_1 O¢ 23 —

= [[z1, Y1, 21]o., [22, Y2, 22]0., [23, U3, 23]o.]o. = [[21,y1, 21], [T2, Y2, 22], [23, 3, 23]].
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Example. Let (G,0,1) be a group.

Assume that G has more than one element.

Let H = G be a subgroup of (G,0,1), and let z € G\ H.

Let (G, [—,—,—]o) be the heap associated to the group (G,o0,1).
Although the left coset zH is not a subgroup of (G,o0,1),

it is a subheap («H,[—,—,—]o) of (G,[—,—, —]o).
Indeed, for any a,b,c € H,

[toa,xobxoc]=z0ao(xob)loxoc=x0aoblocecxH. ]
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Ahstract

MNoa-degensrate cycle sets are equivalen! 10 non.degeserale unitary sel-thearsical sobstions of e quas-
tum Yang- Baxicr equatin. W embed such cycle sets into geserafiznd radical rings (braces) and study their
inicraction in this context. We establish a Galois theory between ideaks of beaces sad quoticst cycle sets
O main resak determines the relutionship between two square free cycle ssts aperating Lrsitively cn
cach otber.
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0. Introduction

The study of sct-theorotical solutions of the quantum Yang-Bauier equation was initiated
by Drinfcld [2) and pursised by several muthars [3-6,10-13]. In [12] we shawed that Jeft non-
degencrate unitary solstions arc equivalent Lo eycle sets, Le. sets X with o lefl invertible binary
operation satisfying the cquation

(x-y)-(
We shawed that finile cycle sets X give risc o (lef and right) non-degencrate solutions and can
be naturally extended to the free abelian group E™. The abave cquation is then replaced by

@+ c=(a-b)}-{a-ch
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DOZ1-B9315 - see fron matter & 2006 Flsevier 1oc. All rights reservad
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ARSTRACT. [n wn netemmpt Lo sndersiand. the orgion s the saten of the

twes greve operatioes togrher iko & skos b, immduced by
Gunmieri wed Vendramin w & nas-Abdinn versios of the brace distributive
e of Rump and Cods, Jogers, wed Omidaki, Uhe notios of & sbow e
propossd. A shiw Lrus comcsta of & st with & groep operatios wed @ semi-

Ectwinzs that of u ring wed & bracr, 1t i ahown (et n particslar action aed
ek chumeteradic cf st Bracs are alrendy prowst i & v Lo i
intaxpalating fenction i m 1-cncyel, (s bijecitiviey of wkich in

T an operatian tbal burm & trow isko n brace

the greup wirecture in n teo-sidee] tresm ia Abelian, then thers o an mescinted

mnotbes fmbun: chunctatic of o twowided brce. To chamcterize o
gk of roso, n pith in defined o pacticules aubwet of the domais
conmiming of mibects termed chambers, whick costaies (ke kersel of the mer
phism na & group bomarmorphiem. |5 L cue of both rngs
csincide with bneds. |n generad the pitk of
of the domais and, if wdditizeal pr
werrigroup. Fisally, givieg hoed o idow of Angicnn, Gulisde, ned Vesdrusis,
s limemrins trioomen ol thun e Hopf erunses med wtudy their propertis,
Eram wikick, in pallel 40 (e wt-shumrete: cue, wme propertios of Hept o
v shows 4o fallow

L. INTRODUCTION

The quantum Yang-Baxter equation has its arigios in statistienl mechanics and
quantam Beld theoey [1]-3], : rlopment of
Hamiltoninn methods in the theoey of imtegroble systems (4], [5], lenting to the in-
traduction of quantum groupe [6]. Since the lte 1960, t Yang Baxter
ar besid equation has been the subj ; mathemat-
ical physics and pure mothematies. The study of o set-thearetie variant of the
Yang Baxter equation wos proposed by Drinfeld i Though nttracting mther
limited nttesttion nt the beginning, ; grounds , aaticns
such s 10, the set. theoretic Yang-Haxter equation hus become o sabject of
intensive study mare recently nfter the discavery of ricines of the algeboaie strue-
ture of scts that admit imvalutive, pondegenernte soluticns to the Yang Baxter
equation, and its impact an theary. We eoanment on this richness of stroc-
ture presently and in mare detail, ux it & oeither the histocy or the developament

Recsived by the aditoms

2010 Mathemeticr Subject Clansfications

Koy words aoad phreses -

The rewemech promented in this paper in puetinlly wepported by Polish Naticand Science Certrs
T1 jo2438.
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A truss is an algebraic system (T, [—, —, —],-) consisting of a nonempty set T,

a ternary operation

[_7_7_]:T><T><T_>T7 (a:,y,z)l—>[x,y,z],

and a binary operation

T xT—T, (r,y)—~x-y
such that

(T,[—,—,—]) is an abelian heap,

(T,-) is a semigroup,

the truss distributivity x-[y,2z,t] =[xz -y,x -2,z -],
[z,y,2] -t =[x -t,y-t, 2 t] holds,

where z,y,z,t € T'.

15



A truss (T,[—, —,—],-) is commutative, if the semigroup (T,-) is commutative.

A truss (T,[—,—,—],-,1) is unital, if the semigroup (7,-,1) is a monoid.
A trass homomorphism is a function ¢: (T, [—,—,—.1,") = (T, [-,—,—.1,")
such that

o: (T,[-,—,—,]) = (T,[-,—,—,]) is a heap homomorphism,

o: (T,) = (T,-) is a semigroup homomorphism.

16



A brace is an algebraic system (B, +,-,0,1) consisting of a nonempty set B,
and binary operations

+:BxB—B, (x,y)—z+uv,

.:BxB—B, (r,y)m—x-y
such that

(B,+,0) is an abelian group,

(B,-,1) is a group,

the brace distributivity z-(y4+2)=z-y—ax 4z z,

(r+4+vy) - z=x-z—24+ vy -2z holds,

where z,vy,z € B.

17



Theorem. In a brace (B,+,-,0,1), 0 =1.

This element will be denoted by 6.

Indeed, from the fact that O is the additive identity element
and that 1 is the multiplicative identity element,

it follows that 1+0=1and 0-1=0.

Hence
0-1=0-(140)=0-1-04+0-0=0-0+4+0-0=0-0,

and since - is a group operation,

it follows that 1 = 0.

18



Theorem. Given a brace (B, +,-,0),

let (B,[—,—,—,]+) be the abelian heap associated to the abelian group
(B,+,0).
Then (B,[—,—,—]4,,0) is a unital truss.

Indeed, for any x,y,z,t € B, since

r=x-0=x-(z—2)=x-z—ax+x-(—2),

it follows that

z-(—2)=x—x-2+ =z,

and thus

z-ly,z,tl+ =2 (y—z+t)=zx-y—z+ax-(—2z)—z+z-t =
=z-y—az+(@x—x2-24+z2)—axt+z-t=
=z-y—z-zt+or-t=[z-y,x-z,x-t]+.

In a similar manner, [z,y,z]+ -t =[xz -t,y-t,z - t]+. []




Theorem. Given a ring (R, +,-,0),

let (R,[-,—,—,]4+) be the abelian heap associated to the abelian group
(R,+,0).
Then (R,[—,—,—]4,-,0) is a truss.

Indeed, for any x,vy, z,t € R,
z-ly,z,tly =2 (y—z4+t) =x-y—x-z+c-t=[zr -y,xz-z,x- t]+.

In a similar manner, [z,y,z]+ -t =[z-t,y-t,z - t]+.

20



Theorem. Given a truss (T,[—,—,—],-) and e T,
let (T, +¢,e) be the abelian group associated to the abelian heap (T, [—, —, —]).

Then (T, +e,-,¢e) is a ring iff
e-r—=e=ux-e forany xel.

An element e € T with this property is called an absorber.

If an absorber exists, then it is unique.

Indeed, if (T, 4-.,-,¢e) is a ring, then since e is the zero element,

it follows that ez =e=ax-¢e for any x € T.

If e is an absorber in the truss (T, [—, —, —],-), then for any z,y,z € T,
z-(Y+ez)=a-[y,e,z] =[z-y,x-e,x-2z]=[z-y,e,x-2] =x-y+ecx- 2.

In a similar manner, (z4.y) - 2=z 24y - 2.

If e, f are absorbers in the truss (T,[—,—,—],:), thene=¢- f = f. []




Example. Let (H,[—,—,—]) be an abelian heap.

Assume that H has more than one element. Let
- HxH—H, x-y.=uwx,
where x,y € H. Then

(a) (H,[—,—,—],-) is a noncommutative truss.
Indeed, for any x,vy,z,t € H,
r-(y-z)=c=z-2=(x -vy) 2

x-(ly,z,tl =z =[z,z,2] =[xz -y,x- 2,2 1]

[:c,y,z] = [CE,y,Z] — [xtvytZt]

r-y=xFy=y-x aslong as xz F*y.




(b) (H,[—,—,—],-) is nonunital,

and hence (H,[—,—,—],-) is not arrising from any brace.
Indeed, if the truss (H,[—,—,—],-) was unital,

the operation - would need to have the identity element, say 1.
But foranyxze H, ifx#=1then 1-2=1%* x.

Thus 1 cannot be the identity element.

(c) (H,[—,—,—],+) has no absorbers,
and hence (H,[—,—,—],-) is not arrising from any ring.
Indeed, if the truss (H,[—,—,—],+) was arrising from a ring,

it would need to have the absorber, say O.
But for any x € H, if £ %2 0 then -0 =x # 0.

Thus O cannot be the absorber. []




Example. Let (Z,4,-,0,1) be the ring of integer numbers,
and let (Z,[—,—, =]+, ) be the truss associated to the ring (Z,+,-,0,1).

Although the set of odd integer numbers 2Z+1 is not a subring of (Z,+,-,0,1),

it is a subtruss (2Z+1,[—, —, —]4+,-) of (Z,[—,—, —]4+,").

VAT R
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Theorem. Let (H,[—,—,—]) be a heap, and let S C H be a nonempty subset.
Then the following statements are equivalent

(a) S is a subheap (S,[—,—,—]) of (H,[—,—,—]).

(b) For every e € S,

S is a subgroup (S, o¢,e) oOf the associated group (H,oe,e€).
Indeed, for (a)=(b), let s,t € S. Then

soct ™t =[s,e[e,t,e]] = [[s,e,e],t,e] = [s,t,e] € S.
(c) For some e € S,

S is a subgroup (S, o¢,e) of the associated group (H,oe,e).
Indeed, for (c)=-(a), let s,t,u € S. Then

s, t,u] = [s,t,ulo, =so.t Lo, u€S. []
[ e




A subheap S of a heap (H,[—,—,—]) is normal, if
Jdeec SVse SVee H Jdte S, [x,e,s] = [t, e, x].

Theorem. Let (H,[—,—,—]) be a heap, and let S C H be a nonempty subset.
Then the following statements are equivalent
(a) S is a normal subheap (S,[—,—,—]) of (H,[—,—,—]).

(b) Ve, s€e SVxec H dt € S, [z,e,s] = [t, e, x].
Indeed, for (a)=-(b), let e € S be such that
Vse SVxe H Jte S, [z,e,s] = [t e, x].
Then for any f,s€ S, x € H and for some u € S, since [z,¢,[e, [, s]] = [u, e, 2],
it follows that [[z,e, €], f,s] = [u,e, [f, [, z]],

and thus [z, f, s] = [[u,e, f], f,z], where [u,e, f] € S.




(c) Ve,s € SVx € H, [[z,e,s],z,e] € S.

Indeed, for (b)=(c), lete,s € S, z € H,

and let t € S be such that [z,e,s] = [t,e,z]. Then
[[z,e,s],z,e] = [[t,e,x],z,e] = [t,e, [z, x,e]] = [t,e,e] =t € S.
For (c)=(a), lete,se€e Sz € H,

and let t € S be such that [[z,e,s],x,e] = t.

Then since [[[x, e, s],x, €], e, x] = [t, e, ],

it follows that [z,e, s] = [t, e, z].
(d) For every e € S,

S is a normal subgroup (S, o0, e) of the associated group (H,oe,e).
Indeed, for (b)=(d), lete,s € S, x € H,

and let t € S be such that [z,e, s] = [t, e, z].

Then since zo,s =to.x,

it follows that zo.s0., 271 =t € S.




(e) For some e € S,

S is a normal subgroup (S, oe,e) of the associated group (H,oe,e€e).
Indeed, for (e)=(a), let s€ S, z € H,
and let t € S be such that zo.s0, 271 =¢.

Then since zo,s =to.x,

it follows that [z,e,s] = [t, e, z]. []
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Given a subheap S of a heap (H,[—, —, —]),

let the subheap relation ~g¢ on H be defined as
r~gy & forsomeseS, [x,y,s] €S

In the associated group (H,os,s), this means that

1

xosy_l =x o5y - 0ss=[x,y,58lo, = [z,y,5] €.

Theorem. Let S be a subheap (S,[—,—,—]) of a heap (H,[—,—,—]). Then

() x~gy <« foreveryseS, [x,y,s] €S.
Indeed, let x ~g y, and let s € S be such that [z,y,s] € S.
Then for any t € S,

[z,9,t] = [z, y, [s,5,t]] = [z, y,s],s,t] € S.




(b) ~g is an equivalence relation on (H,[—,—, —]).

Indeed, for any x,y,z € H, s € S,

since [z,x,s] = s € S, it follows that x ~g x.

If x ~g vy, then since [x,y,s] € S, it follows that [y, z, [z,y,s]] =s € S, and thus y ~g .
If + ~5y and y ~g z, then since [z,y,S] C S and [y, z,s] € S, it follows that

[527273] — [[mayay]azas] — [maya [y,z,s]] S Sv and thus z ~S Z.

T he equivalence class with respect to the subheap relation ~¢ will be denoted
by
T = {a;’ € H|for some se€ S, [¢/,z,5] € S} =
= {:1;’ c H|for every s€ S, [¢/,z,s] € S}.
(c) For every se€ S, 5= S.
Indeed, for any x € H, from the fact that [z, s, s] = z,

it follows that z € s if and only if z € S.




(d) For every x € H, T is a subheap (z,[—,—,—]) of (H,[—,—,—]).
Indeed, for any y,z,t €x, s&€ S, since y € z,

it follows that [[y, z,t],z,s] = [y, 2, [t,z,s]] € S,

and thus [y, 2z, t] € 7.

(e) For any z,y € H, the function

7 (H [= =, =] = (H,[-,—, -], 71,(2):=[zy,7]
is a heap automorphism with the inverse (7)~! = .
Indeed, for any z,t,u € H,
(7 (2), 7y (), 7y (w)] = [[2,y, 2], 7 (1), 7y (w)] = [2, v, [z, [t, y, 2], 7y (w)]] =

= lz,y, =, z, [y, ¢, 7y (W]]] = 2,9, [y, t, 77 (w)]] =

= llz,y, 9], ¢, 7y (W] = [2, ¢, [u, y,z]] = [[2,¢,ul,y,2] = 7/([2, 1, u]).




(f) For any z,y € H, = = 7,/(7).
Indeed, if £’ € , then since

v = (r2 o T)(@) = ([, ),

and since for any s € S,

[[a}/? x’ y]7y7 8] — [wl, x) [y7 y’ S] — [x/7$7 8]] E SY

it follows that ' = 7/([z', z,y]) € 7,/(¥).
If v € 5, then for any s € S,
7y (v), z, 8] = [, y, zlz, s] = [V, y, [z, 2, s]] = [V, y, 8] € 5,

and thus 77 (y) € .

(9) For any z,y ¢ H, (z,[—,—,—]) = (¥,[—, —, —]) as heaps. ]




Theorem. Let S be a normal subheap (S,[—,—,—]) of a heap (H,[—,—, —]).

Then
(a) ~g is a congruence in (H,[—,—,—]), that is,
~g¢g iS an equivalence relation on (H,[—,—,—]) and

r~gx, y~gy, z~g 2 imply that [z,y, 2] ~g [2/,9/, 2],

where z,2/,...,2' € H.

Indeed, if x ~g 2/, y ~5 1y, 2z ~g5 2, then for any e € S,
' ex=71e) =717(S5)

y eg=r1i(e) =T1(5)

ez =r1%(e) = T17(5).

In the associated group (H,o.,e), this means that

T=75(s) = [s,e,x] =socx
ngéy(t) — [t767y] :tOey
z=71(u) = [u,e,z] = zo0.2z

for some s, t,u € S. Then
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[x/,y/,zl] = [3 Oc L, 1 Oe Y, U O¢ z]oe — 80e X O¢ (t Oc¢ y)_l Oc U Oc 2 =—

1 1 1

= S0cXOclY oet_loeuoeyoe:v_ Oe X Oy ~ Oz =

= U O [x,y, Z]oe — [’U, €, [xa Y, Z]]v

1 1

where v = s 0, T 0, Yy~ oot 1 Oc U Oe Y Oe T .
From the fact that S is a normal subgroup (S, o.,e) of (H,o.,¢e), it follows that v € S.
Hence

[, o, 2] = [v, e, [z,y, 2]] = 70°¥ () € 71%3(9) = 7lv () = [z, y, 2],

and thus [z,v, z] ~5 [Z/, v/, Z/].

(b) the set of equivalence classes H/ ~g is a heap with the ternary operation
[_7_7_]: H/ ~S XH/ ~S XH/ NS_> H/ ~S [fay7z] L= [xayaz]a

where z,y,z € H.

Indeed, ifz=12a/, g =1/, 2= 2/, then since z ~gz/, y ~g 9y, 2z ~g 2,

it follows that [z, vy, 2] ~5 [x,vy, 2], and thus [z,vy, 2] = [2/, v/, Z]. []




Given a heap homomorphism ¢: (H,[—,—,—]) — (ﬁ, [— —,—D.

let the kernel relation of ¢ on H be defined as

r Kerpy & o) =p(y).
Theorem. Let (H,[—,—,—]) be a heap.
(a) For any heap homomorphism o: (H,[—,—,—]) — (H,[—, —, —]),

Kery is a congruence in (H,[—, —,—]).
Indeed, if x Kerp o/, y Kerp vy, z Kery 2/,

then since p(z) = p(z'), (y) = e(¥'), v(2) = p(2),
it follows that

o([z,y, 2]) = [p(x), (y), p(2)] = [p(), o(¥), ()] = o([', ¥, 2]),

and thus [z,vy, z] Kery [2/,v, 2'].




(b) If p is a congruence in (H,[—,—,—]), then

(i) the set of equivalence classes H/p is a heap with the ternary operation

AN AN

[_7_7_]H/pXH/pXH/p_>H/p7 [@\,y,Z] .= [:I:,y,z],
where z,y,z € H, and xz, y, z mean the equivalence classes with respect to the
relation p.

(ii) the function
90: (Ha [_7_7_])_>(E7 [_7_7_])7 33'_>§3\
IS @ heap homomorphism such that p = Kerop.
Indeed, for any x,y,z € H,

AN

o([z,y,2]) = 1,9, 2] = [5,5, 2] = [p(), 0 (1), p(2)]

rpy & T=y & p@)=¢ply) & =z Kerpy. H




The equivalence class with respect to the kernel relation Kery will be denoted
by

T = {a:/ e H|p(x)= go(:c/)}.
Theorem. Under the above notations, for every x € H,

z is a normal subheap (z,[—,—,—]) of (H,[—,—,—]).
Indeed, for any s,t,u €z, y € H, since
o([s,t,u]) = [p(s), p(1), p(w)] = [p(x), p(x), p(x)] = ¢(z),
it follows that [s,t,u] € z.
Since
o([ly, s, t],ys]) = [le(y), p(s), p(D], v(y), p(s)] =
= [le(y), p(x), p(2)], 9(y), ()] = [p(¥), v(y), p(z)] = w(z),
it follows that [[y, s, t],y, s] € T,

and thus z is a normal subheap (z,[—,—,—]) of (H,[—, —, —]). []




Given a heap homomorphism ¢: (H,[—,—,—]) = (H,[—,—,—]), and e € Im,

the e-kernel of ¢ is the subset of H defined as
kerep = {:c e H|p(r)= e}.

Theorem. Under the above notations,

(a) for every e € Im,

kerep is @ normal subheap (kerep, [—,—,—]) of (H,[—,—,—]).
Indeed, for any z € ker.p, Since

yckerep & py)=e & oy =p@) & zKerpy <& yez,
it follows that

ker.po = T, the equivalence class with respect the kernel relation Kero.
Thus

kerep is a normal subheap (kercp, [—,—,—]) of (H,[—,—,—]).




(b) For any e, f € Imyp, (kerep, [—,—,—]) = (kersp, [—,—,—]) as heaps.
Indeed, let x € kerep, y € kersp.

It suffices to prove that ker.p = 7] (kersyp).

If z € ker.p, then since

2= (1y o) (2) = 7/ ([z, 2, 9]),

and since

oz, z,y]) = lp(2), o(z), p(y)] = le,e, f1 = f,
it follows that

z=1,([2,2,y]) € ) (kercp).

If z € keryp, then

o(77(2)) = o([z,9,2]) = [0(2), 0(¥), p(x)] = [f, f,e] = e,

and thus 77(z) € kercp.
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(c) For ane e € Imy, ~pep = Kerep.

Indeed, if © ~per, y, then for any s € kerep,

[x,y,s] € kercp by the definition of the subheap relation ~je, .
From this it follows that

e = ¢([y, z,s]) = [p(x), p(y), p(s)] = [p(z), ¢(y), €],

which means that ¢o(z) = ¢(y), and thus

x Keryp y by the definition of the kernel relation Kerep.
If x Kery y, then since o(z) = ¢p(y),
it follows that for any s € kercp,

o([z,y,s]) = [o(x), o(y), o(s)] = [p(x), (x),e] =,

which means that [z, vy, s] € kercop,

and thus = ~gero y. ]




Corollary. Let (H,[—,—,—]) be a heap,

and let p be an equivalence relation on (H,[—,—, —]).

Then the following statemants are equivalent

(a) p is a congruence in (H,[—,—,—]).

(b) There exists a heap homomorphism ¢ : (H,[—,—,—]) — (H,[—,—, —])
such that p = Keroyp.

(c) There exists a normal subheap (S, [—,—,—]) of (H,[—, —,—])

such that p =~g. L]




Let (T,[—,—,—],-) be a truss.
A subheap (S,[—,—, —]) of the heap (T,[—,—, —])

is an ideal of the truss (T, [—,—, —],-), if
s-x €S, x-s€8,
where se€ S, x € T.

Theorem. Let S be an ideal of a truss (T,[—,—,—],-). Then
~g¢ iS a congruence in the truss (T,[—,—, —],-), that is,
~g is a congruence in the heap (7, [—,—, —]),

T ~g ZU/, Yy r~g y/ |mply that - -Yyn~g x/‘y/,

where z, 2, y,y' € H.




Theorem. Let ¢: (T,[—,—,—],") = (T,[—,—,—],) be a truss homomorphism,
and let e € Imp. Then
(a) For any s € kerep, x €T, s-x € kerep <«  forany y e Imyp, e-y=e.

(b) For any s € kerep, x €T, x-s € kerep << foranyyelmp, y-e=ce.
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Theorem. Let ¢: (T,[—,—,—],") = (T,[—,—,—],) be a truss homomorphism,

and let e € Imyp. Then for any p,q € kerep, x € T,

[x-p,x-q,q] € kerep, [p-x,q-x,q] € kerep.

Let (T,[—,—,—],-) be a truss.
A subheap (P,[—,—,—]) of the heap (T,[—, —,—])
is a paragon of the truss (T, [—, —,—],-), if

[x'pax'Q7Q]€P7 [p'ZU,Q°$,Q]€P,
where p,qe P, x € T.




Example. Let (R,+,-,0) be a ring.

Assume that R has more than one element.

Let I = R be an ideal of (R,+,-,0), and let z € T'\ I.

Let (R,[—,—,—]4+, ) be the trass associated to the ring (R, +,-,0).
Although the coset = + I is not an ideal of (R,+,-,0),

it is a paragon of (R,[—,—,—]4+,").
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Theorem. Let (T,[—,—,—],-) be a truss,

and let p be an equivalence relation on (7, [—, —, —],").

Then the following statemants are equivalent

(a) p is a congruence in (T,[—,—,—],").

(b) There exists a truss homomorphism ¢ : (T, [—, —, —],-) = (T, [—,—, =],-)
such that p = Keroyp.

(c) There exists a paragon P of (T,[—,—,—],")

such that p =~p. L]




Thank you very much for your attention!

Merci beaucoup pour votre attention!
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