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Motivation - A theorem of Polya

Let K be a field and

S=) spix" e K[x]
n=0

the (formal) power series expansion of a rational function
S5=P(x)/Q(x) with polynomials P, Q@ and Q(0) # 0.
Equivalently, the sequence s, satisfies a linear recurrence relation.

Definition

S is a Pélya series if there exists a finitely generated subgroup G
of K*, such that s, € Gy == Gu {0} for all n>0.

K = Q: Equivalently, there are finitely many prime numbers pi,
.., pr such that every nonzero coefficient is of the form

Sp = £pitepyr (ei € Z).



Example
0 g 1 _ o n_n
Geometric series, e.g., To5x = 20 27"

»Merges" of geometric series, e.g.,

o0 [ee]
Z 2nX2n +5. Z 3nX2n+1‘
n=0 n=0

If S is a rational Pdlya series, and P is a polynomial then
S + P is a rational Pdlya series.



Pélya: All (univariate) rational Pélya series are essentially of this
form (=merges of geometric series, plus a polynomial)!

Theorem (Pdlya 1921; Benzaghou 1970; Bézivin 1987)

Let S € K[x] be a rational series. Then S is a Pélya series if and
only if there exist a polynomial P € K[x] such that

d-1 arx”
= s e—— P rys r K *
SC)= % 75 PO (G20, anfek)



(Noncommutative) rational series




Noncommutative (formal) power series

Let ...
m K be a field;
m A={a, b,c,...} afinite, non-empty set (alphabet);
m A* the free monoid over A
(E.g., if A={a, b}, then A* = {¢,a, b, ab, ba, 3%, b*,a%,...}).

Let K{A)) be the algebra of formal, noncommutative power
series:

S= > S(w)w.

WEA* S——
eK

(S+T)(w)=5(w)+T(w) and (S-T)(w) = Eyvear S(u) T(v).

w=uv



Rational series

S e K({A)) is rational if it can be obtained from noncommutative
polynomials by the operations +, -, and *, where

* 1 — n H —
S _m_gos (if S(¢) =0).

m Subalgebra of K({A).

m Univariate case (A = {x}) recovers “usual” rational series.



Schutzenberger's Theorem

Theorem (Schiitzenberger)

For S € K{(A)) the following statements are equivalent.

S is rational.

There exists d > 0, a row vector u € K9, column vector
v e K91 and a monoid homomorphism : A* - K9*? such
that

S(w) = up(w)v.

S is recognized by a weighted finite automaton (WFA).

Note: Many different linear representations/WFAs give rise to the
same series!



A:{a,b,C}, K:Q

u=(1 1 1) v=(1 0 1)7

2 0 0 000 000
,u(a)=(0 -2 o) u(b):(o 0 1) u(c)=(0 0 0)
0 0 3 110 005




m For we A%, find all
accepting paths (from initial
@ 94 to terminal state) labeled by
m For each path form the
product of all weights along
the path.

3a m S(w) is the sum of all these
products.

S(a*h)=3-3-1+3-3.1=18.

S=2+2b+8a°+10ch +6ab + - +18a°b +--- € Q(a, b, c))






Polya series

Definition

S e K({A) is a Pélya series if there exists a finitely generated
subgroup G of K*, such that S(w) € Gp = G u {0} for all words
we A”.

Reutenauer (1979): Conjecture characterizing noncommutative
rational Pdlya series.



Polya's Theorem for noncommutative series

Theorem (Bell-S., '19)

Let S € K{A) be a rational series. TFAE.
S is a Pdlya series.

S is an unambiguous rational series.
S is recognized by an unambiguous WFA.

There exist A1, ..., Ax € K*, linearly bounded rational series
ai, ..., ak € Z{A)), and a regular language £ ¢ A* such that
supp(a;) € L for all i€ [1,k] and

(w) (w)
S(w) = AT 2w !f weL,
if wéL.

S is Hadamard sub-invertible (X, csupp(s) S(w) twis
rational).

Also works over completely integrally closed domains (e.g. Z).



Unambiguous rational series

A rational series S is unambiguous if it can be constructed from
noncommutative polynomials using unambiguous operations:

m T+ T if supp(T) nsupp(T’) = 2.

m TT'if for every w € supp(T)supp(T’) there exist unique
uesupp(T), vesupp(T') with w = uv.

m 7" if supp(T) is a code (=the basis of a free monoid)



Unambiguous/sequential WFAs

a

%@ﬁ @&@ﬁ %@ﬁ

ambiguous unambiguous sequential

unambiguous: at most one accepting path for each word
sequential: reading a word left to right, at each step there is at
most one branch to follow

sequential = unambiguous



Ingredients of the proof




Linear Zariski topology

Definition

K9 2 X is closed if it is a finite union of vector subspaces.

Let (u, u,v) be a minimal linear representation for a rational Pélya
series S (+suitable change of basis).

Definition

The (left) linear hull of (u, 1, v) is the closure Q of

Q={up(w):weA*} c K9

Irreducible components:
Q=Vyu---uV,.
New linear representation (u’, i/, v') of S on

Vie-a V.



Example

2 b 5¢c
b b
b 2a 2a\3a 3a
3a 5¢ @ 6

Linear hull: 5(a2b):3-3-1.2:18,
(e1+ e, e3) U (e1 — €2, €3) € K13

0 02 0 0 0,0 0 0000

(@)= 2000 3 ppyo| 2000 0 o[ 05200
@t 0 | P oo o | O 000 0
0 3/00 1 00 0 0 0/05

v'=(1,1,0,0), v/ =(2,0,0,0)7



Unit equations

Suppose K has characteristic 0.

A solution (y1:...:y,) e P"L(K) of
Xi++X,=0 (1)

is non-degenerate if, for all @+ / ¢ [1,n] one has ¥y # 0.

Theorem (Evertse 1984; van der Poorten-Schlickewei 1982)

Let G < K* be a finitely generated subgroup. There exist only
finitely many non-degenerate solutions (y; : ... :y,) e P"1(K) of
(1) with yi1, ..., yn € G.



Unit equations - The key lemma

QnV;is dense in V.

Lemma

Let char K =0, G < K* finitely generated.

Let V be a vector space with basis eq, ..., e,, and suppose
Q c Ggey +--- + Gpep

with Q = V.

Then, if ¢ €e Homk (V, K) with () € Gy, there exists at most
one i € [1,n] with ¢(e;) #0.

Positive characteristic: similar idea but harder; using a theorem of
Derksen—Masser 2012.



m Noncommutative rational Pélya series admit a natural
structural characterization (resolving a conjecture of
Reutenauer from 1979).

m Proof mixes elements from algebra, automata theory, and
number theory.
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